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Suggested Solution
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dy 2 2
2xya =y =x, x#0 Substitute

2x(vx)(x%+v):(\;x)2_x2 y=vx :sza_,_v

dv
2vx° ol 277 =vx" —x

dv

3 2.2 2
2vx —=—vx"—x

2 2
x # 0, thus ﬂz—le)
dx 2vx

dv v+l

Thus, —=-
dx 2vx

2

(shown)

(i)

dv v+l

dx 2vx

2v 1
‘[v2+1dv——J.;dx
In(v’ +1) =—In|x|+c

Vi+l=e

v2+1=A(lj,A=iezc
X

)=

y* +x* = Ax , where 4 is an arbitrary constant.
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(iii)

When x=2,y=0, A=2
Y +xt=2x
LY (=17 =1

yﬂ

=V

0 (1,0)




Qn | Suggested Solution
2 dy . dy —sint
COSt——ysint =cost =>—+y- =1---(*
dt 4 dt 4 cost ©)
J‘—sint ‘ X .
LF.=¢ st =¢"“ =cost
. d .
Multiply DE (*) throughout by L.F, cos td—y — ysint =cost
t
i(ycost) = cost
dt
ycost=sint+c
GS: y =tant+csect , where c is an arbitrary constant.
(i) t=0,y=0: c=0. Thus we sketch y =tant
(i) 7

=l=>y= NG

dy
Sub r=-—— ——OlntoDE *
5 4 (*): y[

¥

= ,y NEE f——— = ¢ =2. Thus we sketch y =tan¢+2sect
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Question requested
for sketch in a single
diagram.
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3(a)

Method 1: Variable separable

(1+cos6’)£+x=1
do

(1+cost9)£:1—x
do
1 dx 1

1-xd@ (1+cosb)

1 1
= do
Il J.2c052(9

—1n|1—x| :J.%seczg do

—1n|1—x| = tan€+C
2

—tangfc
|1 - x| =e

—tan—
(1-x)=Ae 2, where A=%¢™* is an arbitrary constant

4
tan

x=1+ce 2, where cis an arbitrary constant.

Method 2: Integrating factor

(1+c0s0)ﬂ+x:1
do

dx X 1
=+ = *)
d@é 1+cos@ 1+cosl
1
. I ! de ZCOSZQ J‘lseCZQ do tang
Integrating factor = ¢’ "¢ = 2 =2 2 =e ?
Multiply (*) throughout by 7,
tan? dx tan? X tan? 1
e 2—+e ? =e ?
do 1+cosé 1+cosd
0 0
i xetanz _ tanE 1
dé 1+cos@
tan? tan— 1
xe 2=|e ? do
1+cosf@
tan— tang . .
xe % =e 2+c, where c is an arbitrary constant
0
—tan—

x=1+ce *?




(b)

d—y+1=2yzlnx

dx x

1 du 1 2
———+—=—Inx
u-dx ux wu

du u

———=2Inx - *
. (*)

1
. S dr
Integrating factor = eJ =™

Multiplying (*) throughout by 7,

1du u 2
——— ——=—"Inx
xdx x* X
d( lj 2
—|u—|=——Inx
dx\ x X
3:—2jllnxdx
X X

2
z__z(h’lx) +C
X 2
u=—x(lnx)2+Cx
1 2
—=—x(Inx) +Cx
L= a(in)
y:

Cx—x(lnx)

Substitute

1
y=— =
u

5, where C is an arbitrary constant

dy _
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4@ | o dv _

ar Y

d : . . . .
When y=0, ay =0. Thus, y =0 is a solution to the differential equation.

When y =0, we have ld_y:%
ydx x
1 1
~odv=[— dx
el

1 1
Therefore, 1n|y| =—l+C = |y| =e_;+c =Ae_;, where 4=¢“>0.
X

1
So, y=Be * where B is an arbitrary real constant.

(i) | y>2asx—>oo.

=2=Be’ p y=2
. P —
Le.B=2
1
Sketch y=2e * for x> 0.
—0 x

(®)) d—V+LV:lt+1.
de 20 4

1 1
—t

—dt
Integrating factor =e¢’2 =e?

1, 1,
24 e | e (lmj
dt 4
1, 1, 1
Ve?0 :Iezo (—t+1} dt
4
L 1,
=20 [—z+1j—j5ezo dr
4

1

1
=52 (1+4)=100¢® +C

L,
V=5(t+4)-100+Ce *
_1
SV =5t-80+Ce 20[, where C is an arbitrary constant.

V=0whent=0: C=80
1,
SV =5t—-80+80e 2°

1
For large values of 7, 80e T 0, therefore V' = 5t —80.

(ii) | Since ¥ ~ 5¢—80 which increases indefinitely with time, the tank will overflow in time
to come.




5(@) (lJr)c)y—x%=x3—x2

dx X
J.i(HTXJ dr _ —lnx—x 1 —X

Integrating factor = ¢ =e =—c

y=x"+Cxe", where C is an arbitrary constant.

(a) Y

(b) Step size, h = 0.2,

t=0,N,=1: u,=1+(0.2)[3(0)-1"|=0.8

[3(0)—1>]+[3(0.2) - 0.8°]
2

N, = 1+(0.2){ } =0.896
t,=0.2,N, =0.896 : u, =0.896+(0.2)[ 3(0.2)-0.896* | = 0.8554368

[3(0.2) —0.8962]+[3(0.4)—0.85543682]}
2

N, =0.896+ (0.2){

=0.9225 (4 d.p.)

6 ) | £(=0.1)~f(0)+(-0.1)f'(0)=1-0.1(0-1*)=1.1




£(-0.2) ~ 1.1+(-0.1)(2(~0.1)~(1.1)") =1.241

() | d*y dy > 3
> :2—2ya=2—2y(2x—y )=2-4xy+2y
2
); is positive in the 2" quadrant because x <0 and y>0.
dx
Thus, the approximation is an under-estimate as all the solution curves in the 2"¢ quadrant
are concave up.
7(i) Rate of X added into cooler = 30x4 =120 grams per minute
Total amount of mixture at time t = 50+ 4¢ -3¢ =50+¢
. . . amount of X in cooler X
Concentration of X in mixture at time ¢ = - =
total volume in cooler 50 +¢
Rate of X flowing out of cooler = grams per minute
Hence dx =120- 3% .
dt 50+¢
(ii) % 3x — 120
dt 50+¢

3
A
Integrating factor = eJ 011 (E0+) (50+ t)3

%(smzf +3x(50+7)" =120(50+17)’

%[x(50+l)3}=120(50+t)3

(50+1)"

x(50+1)" =120- +C

x=30(50+1)+C(50+7)"
187500000

When £=0, x=0.Hence C =-187500000 = x=30(50+17)— 50417
—+

There are 51 litres in the cooler when #=1.

Then - 20(s1) - 00000

Amount of chemical X'is 117 grams (3 s.f.)

=116.52 grams

Let f(¢,0) = % = 60e"* [c0s(0.010) —1]

t,=0,0=60: u,=60+0.5f0,60) = 54.760




0.5

0, = 6O+7[f(0,60) +1(0.5,54.760 )] = 55.142

1, =0.5,0,=55142: u, =55.142+

6, =55.142+

0.5(0.5,55.142) = 50.606

O—;[f(0.5,55.142) +1£(1,50.606)] = 50.917

Hence after 1 minute, temperature of mixture is 50.9 °C (1 d.p.).




