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1. ALGEBRA

Quadratic Equation
For the equation ax® + bx + ¢ =0,

—b++vb%?-4ac

2a

X =

Binomial expansion

(@+b)"=a"+ (Ba“b + [gJa“bz + .+ (:Ja’”br +...+b",

n | _ B
where n is a positive integer and __nt_n(h-D)..(n-r+1)
r) (n—r)ir! rl

2. TRIGONOMETRY
Identities

sin?A + cos?A =1
sec’A =1 + tan’A
cosec?A =1 + cot?A
sin(A £ B) = sinAcosB + cosAsinB
cos(A + B) = cosAcosB F sinAsinB

tan A+tan B
l1xtan Atan B

sin2A = 2sinAcosA

c0s2A = cos?A — sinA = 2c0s?A — 1 = 1 — 2sin%A

tan(A £ B) =

tan2A = 2ta—n2A
1-tan“ A

Formulae for AABC
a b C

sinA:sinB :sinC
a®=Db?+c? - 2bc cos A

A= 1absinC
2
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1

2

form (a 5+ b), where a and b are constants.

3

Find the gradient of the normal to the curve y = x2 +4x at x=5, leaving your answers in the

dy 3{
—=—/x+4
de 2
Atx=5,

3
Gradient of tangent = 5\/5 +4=

Hence, Gradient of normal
2

"~ 3J5+8

2 3J5-8

T 30548 345-8
—6/5+16

T 19

16 6
= —f5
19 19J_

3548

2

B1 — Correct Gradient Function

M1 — Using Gradient Function to
find gradient of normal
M1 — Rationalising denominator by

multiplying correct conjugate surds

Al

Integrate > _

3x+1 (1_ x)

4 ,
> With respect to x.

I5—4
3x+1 (l_x)2

5 -2
= —4(1- dx
J‘?Jx+1 ( x)

_Sn(3x+1) 4(1-x)"

3 (=1(-1)

:éln(3x+1)—i+c
3 1—x

+c

Bl - ln(3x+l)

B1 — correct coefficient for
In function

Bl — 1

1—x
B1 — correct coefficient for
power function and arbitrary
constant
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3 (@) Express 1-16x—16x%in the form a(x+ b)2 +c and hence state the coordinates of the turning
point of the curve y =1-16x-16x>. [4]

1-16x—16x"
=—16(x2+x)+1

2 2
=-16 x2+x+[1] —[1] +1
2 2

=-16 x+%)2 +(—16)(—ZJ+1

M1 — factorising coefficient of x?

B1, B1 —correct b and ¢

1 2
==l x+—) +5
2

Hence,
Coordinates of Turning Point

( 1 ] FTAL
=—,5
2

(b) Hence, explain why the curve y =1-16x—16x*will never intersect y = 7 for all values of x. [2]

As a=-16<0,

Turning point is a maximum point B1 — turning point is max point
Since 7 > maximum value of curve =5, B1 - 7 is larger than max value
The curve y =1-16x—16x" will never intersect ofy=5

y = 7 for all values of x

OR
1 2
—16[x+—} +5=7
2 1)
2 M1 — Showing | x+— | is
(3] - 2
X+—| =—=
2 8 equals to negative
2
Since (x+%} > 0, the curve y =1-16x—16x" Al — Conclude appropriately

will never intersect y = 7 for all values of x
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4 The equation of a curve is y=acosbx+c, where a>0.
(a) Given that the maximum and minimum values of y are 1 and — 9 respectively, state the values

of aand c. [2]
a=5 c=—4 B1, Bl
(b) Given that the period of y is =, find the value of b. [1]

b = number of cycles = 2 2
T
Bl

(c) Hence, sketch the curve y=acosbx+c for 0 < x < 2nradians, labelling the maximum and
minimum points clearly. [3]

B1 — correct shape (cosine)
B1 — 2 complete cycles

B1 - correct max and min
points
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6

5  The function f(x)=ax®+5x*+bx+1has a factor (2x—1) and leaves a remainder of 9 when divided by

(x+1).
(@) Show that b =-5 and find the value of a.

Since (2x—1)is a factor,

3 2
a(l) +5(1] +b(1]+1=0
2 2 2
a+4b=-18
a=-4h—-18

f(-1)=9
a(-1) +5(=1)" +b(-1)+1=9

Equating both equations,
—4b-18=-b-3

3b=-15
b=-5 =a=2
na-b=2-(-5)=7

M1 — Correct use of factor
theorem to form equation

Since f(x) leaves a remainder of 9 when divided by (x+1),

M1 - Correct use of remainder
theorem to form equation

M1 — Solving to find b

Al — Correct value of a.

(b) Given that the quadratic expression x* + px—1 is also a factor of f (x), find the value of the

constant p.

2x* + 5% —5x+1 =(2x—1)(x2 +px—l)
Comparing coefficients of x° terms:
5=2p-1

p=3

OR

Comparing coefficients of x terms:
-5=-2-p

p=3

M1 — comparing x”or x terms

Al
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33 —4x® +4x-17
3x2—-x-4

6 Express in partial fractions. [7]

As fraction is improper,
using long division/synthetic division:

) x3_1 - M1 — Correct use of long
3x°-x—-4 )3x —4x" +4x-17 division or synthetic division to
s express improper fraction into
—(3x o +4x) mixed terms
—3x" +8x-17
—(—?,x2 +x +4)
Tx-21
3x3—4;762+4x—17:x_1+ 72x—21 Al
3x"—x-4 3x"—x—-4
Tx—21 Tx-21 L
2x = o M1 - Correct factorisation of
33" —x—4 (x+1)(3x-4) denominator
7x-21 A B
(x+1)(3x—4) ] * 3x—4 B1 — Correct identification of

artial fractions
7x—21=A(3x—4)+B(x+1) P

M1 — Using appropriate

Subst x =-1 L .

Clesth 25 ’ substitution to find A
—28=74

A=4
Subst x =0, M1 — Using appropriate
—21=-44+RB substitution to find B
21=-16+18

B=-5

WA+ ax-17 L 4 S

o 3Ix’—x—4 x+1 3x-4 —
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The number of bacteria cells, N, in millions, in a circular patch after t hours is given by N =ke*,
where k is a constant. The initial number of bacteria cells is 10,000,000.

(@)

(b)

(©)

Explain why k =10.

[1]

Att=0,N=10

Hence,
N = ke*
10 = ke’
k=10

M1 — substitution of
t=0,N=10

Find the rate at which the number of bacteria cells is increasing after 30 minutes. [2]

N =10e*

b _ 20e”
dr

After 30 minutes, ¢ = %

av _ 20@2(3 =20e=54.366
di

= 54.4 million/hour

M1 — Differentiating N w.r.t t

Al

As the number of bacteria cells increases, the area, A units?, of the circular patch also increases.
Given that 4A = N?, find the rate of change of A after 5 hours, leaving your answer in exact

form.

[4]

a4 _ 1

dN 2

When t =5,
%lezl(IOQZ(S))zkm
dN 2

ﬁ =20e) = 20¢"

dr

d4_d4 dv

de dN df

=100¢” units’ /hour

M1 — Differentiating A w.r.t N

M1 — Finding values of dd and
dN

d—Nwhen t=5
dt

M1 — Substituting values into
correct connected rates of change
equation

Al
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8 In the diagram, CR is a tangent to the circle at C, and line QR cuts the circle at points A and B.

D lies on the circumference of the circle.

Q

C R

(a) Prove that triangle CBR and triangle ACR are similar.

ZBRC = ZCRA (common angle)
ZBCR = ZCAR (alt. segment thm)

M1

. By AA test, triangle CBR is similar to triangle ACR AL - AA test

(b) Giventhat Z/ADB = #BRC , show that AC is the diameter.

Let ZBRC = ZADB = ZACB = x (angles in the same segment)

Let ZBAC = ZBCR = y (alt. segment thm or properties from similar triangles)
Considering triangle ACR,

x+y+x+y=180° (angle sum of triangle)

x+y=ZACR=90°

.. AC is diameter (rad L tangent)

M1

M1

M1

Al
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10

9 (a) Provetheidentity =237 1SN0 5 eco. [4]

1+singd cosé@

LHS
7 0 2
_ o8 QJ.F(HSIHG) M1 — Making into common
(1+sind)cosd denominator
cos” @+1+2sin@+sin” @ _
= . M1 — Correct expansion of
(1+sin@)cosd T,
. (1+sin8)
_ 2+2sind
(1+sin@)cosd M1 — Using the identity
~ 2(1+sind) sin® @+ cos” @ =1 to simplify
(1+sin@)cosd - L
5 M1- Factorising and simplifying
— (1+sin@)to get RHS
cos @
=2secl

= RHS (shown)

0 . 0
C0S— 1+sin—

(b) Hence solve the equation 2_, 92 =5 for —180°< 6 <180°. [4]
1+sinE COS—

2

Using (a),
QSGCQ =5 = 2 =5

2 7

COS
2
0 2 M1 — Finding the correct

cosE =2 equivalent equation

Since —180°<#8<180°,
-90° < 4 <90°.
2

M1 - Finding basic angle using

1

Basic Za =cos™ % =66.422°

cos
o . .. 6 . .
As COSE is positive, B is in Quad 1 and 4
0
5:66.422° or —66.422°
@=132.8° or —132.8° Al, Al
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10 (a) Giventhat log, x+log, (1-y)=1, express y in terms of x. [4]

log, x +log, (lfy)zl

— log, (1-y)=1 M1 — Change to common base
g

log, x* +log, (1-y) =1 M1 — Use of Product rule to
I combine terms into single term
10g2[ }=1

x (1-y)

1 M1 — Removing logarithms by
¥ (1-y)=2 using log,2=1 or by expressing

1o 2 logarithmic form in index form
o
3
y—]—i or y—l—i Al
; &
2x-3
(b) Solve the equation T 2. [4]
5 =2(37) M1 — Correct use of Product rule
g 5% = lgz(?’x) to express 1g2(3*') =lg2+1g3*
(2x-3)lg5=1g2+Ig3" M1 — Correct use of Power rule to
2xlg5-3lg5=1g2+xlg3 remove variable from power
2xlg5—xlg3=1g2+31g5
SRR = M1 - Isolating x terms on one
.- lg2+31g5 side of the equation
21g5-1g3
x=2.6041 ~2.60 Al
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12

11  The diagram represents the circular cross-section area of a commercial plane, with center O. Cargo is
stored in a rectangular container in the lower half of the plane, touching the fuselage at points P and Q.
The plane is 6 m wide and the width of the rectangular container is 2x m.

4—2xm—>

P 0
(@) Show that the area, A m?, of the cargo container, is given by A=2xv9—x*> m2 [3]
From the diagram, as cross sectional area is circular,
OP = Radius of circle = 3m.
. B1 — Correctly identifying OP = 3m
3m
P — 0
Using Pythagoras theorem, M1 - Finding the height of the
Height of container =32 —x> =v9—x container using Pythagoras Thm.
Area of container, A = base x height
= 2x\,'9—x2 AG1
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(b) Given that x can vary, find the stationary value of A and determine its nature.

A=2xJ9—-x*

At stationary point,
d4 18— 4x
=

)
dx VI —x
9 9 .
x=,—= or —,—(re
2 \/g( /)

Using the first derivative test,

u=2x , v=+9-x’
_, L ¥__ 1 5y
dx dx 29— 47
. —X
9—x?

M o x|
dx 9—x’
zw—xﬂ—zf

\/9—)c2
_18-4%7

9y’

=0 =18-4x*=0

B1, B1 — Correct differentiation
using Product rule

M1 — Combining derivative into a
single fraction and equating to 0

Al

X 2.1 \/g or2.121 2.2
% + ve — Ve
dx

tangent pd

M1 — Using First or Second
Derivative test

A is a maximum when x = \/z

Al
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12 (a) Thecurve y*= % x+2 and the line 3y + 2x =0intersect at the points A and B. Find the

coordinates of A and B. [4]
y2=§x+2————ﬂ)
3y+2x=0
2
e T 2
y==3 (2)

Subst (1) into (2),

2
(—sz =%x+2
3 3

4, 2

M1 — Substitution

—x"==x+2

9 3

4x* =6x+18 M1 — Factorisation/ Quadratic
7% —3x-9=0 Formula

(2x+3)(x-3)=0

x=—= or x=3
2

1
:Jﬁ—%J} B(3,-2) Al Al
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(b) The curve of y* = % X+ 2 is made of two parts; the part above the x-axis is given by y = /% X+ 2

and the curve below the x-axis is given by y=— /§x+ 2 . The diagram shows the curve

2_2

y =3x+2 and the line 3y +2x=0.

Find the area of the shaded region bounded by the curve, the line 3y+2x =0, and the

vertical line AC.

3
J‘_gx_ _ }2x+2 dx B1 — Correct limits
3 3 M1 — Line minus curve

Il
e
|
(VSRS
=
+
TN
W | b
=
_I_
()
—
[3~]

=[—3+8]—[—j+1]

=4% or 4.75 units’ Al

(2x+2j )
2 \3 M1, M1 — for each correct integral

[5]
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13 The diagram, which is not drawn to scale, shows the line L, : y =2x+3 and the line L, :y=-3x-a.
Lines L and L, intersect at A. Points B and C lie on the y-axis.

L:y=2x+3
N y
. A
\
= >
0 D~ o
A
\\\\\L3
C
Ly:y=-3x-a
(@) Given that the area of triangle ABC is 10 units?, show that a=7. [3]

Since Lines Z,and L, intersect at A,
2x+3=-3x—-a

-3-a (3+aj
X = = —
5 5

M1 — Equating Z, and L,

Hence,
1 3+a - . .
Area = 5(3+a)( ] M1 — Finding base and height using
> the intercepts and coordinates of A
2
e (3+a)
10
2
(3+ a) =100 M1 — Solving equation to geta =7
3+a=10 or —10(rej)
a="17 (shown)

CHIJ ST. THERESA’S CONVENT
SECONDARY FOUR EXPRESS / FIVE NORMAL(ACADEMIC)
2023 PRELIMINARY EXAMINATION ADDITIONAL MATHEMATICS PAPER 1



(b)

(©)

(d)

17

Gradient of BD = —;

Vert intercept = 3

Hence,
|
Ly:y= f§x+3

Wheny =0, x=6.
.'.D(6,0)

B1 - gradient of BD

B1 — equation of BD

Bl

Hence, find the area of quadrilateral ABCD.

Line L, passes through B and is perpendicular to L, . Given that it intersects the x-axis at D, find
the coordinates of D.

3]

[2]

Area of quadrilateral ABCD

~2(10)(2)+(10)(6)
= 40 units’

= Area of Triangle ABC + Area of Triangle BDC

M1 — Sum of 2 triangles or
shoelace method

Al

Is ABCD a trapezium? Justify your answer.

D(6,0), €(0,-7)
0-(=7) 7

6-0 6
As gradient of CD # gradient of AB
AB and CD are not parallel.

Gradient of CD =

Hence ABCD is not a trapezium.

M1 — comparing gradient of AB
and CD

Al

[2]

~~~ End of Paper ~~~
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