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1       (i)  Express 
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 where a and b are constants to be 

determined.  [1] 

 

 

 

 

 

 

 

 

 

 (ii)  Hence, state a sequence of transformations that will transform the curve with 

equation 
1

y
x

=  to the curve with equation 
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. [3] 
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A cylinder with height h cm and base radius r cm is inscribed within a sphere with fixed 

radius k cm. The circumference of the circular top and bottom of the cylinder is in contact 

with the sphere (see figure above). By using differentiation, find, in terms of k, the exact 

value of h for which the volume of the cylinder is maximum.  [6] 
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3 The function f is defined by 

  ( )
for 0 2,

f

for

π
2sin
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and that ( ) ( )f f 3x x= +  for all real values of .x  

 (i) Find the value of ( )f 7 .  [1] 
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 (ii) Sketch the graph of ( )fy x=  for 4 7.x−    [3] 

 

 

 

 

 

 

 

 

 

 

(iii) The region R is bounded by the curve ( )fy x=  and the x-axis from 0x =   

to 5.x =  Find the exact volume of solid generated when R is rotated 2π radians 

about x-axis. [4] 

 

  



6 

4  

 

 

 

 

 

 

 

 

 

In the diagram above, OAB is an isosceles triangle where  cm.OA OB r= =  It is given 

that the length 2 cmAB = and angle AOB = 
π

3
−  radians.   

 (i) Using cosine rule, show that 2 4

2 3 sin cos
r

 
=

− −
. [3] 
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 (ii) Given that   is a sufficiently small angle, show that  

 22r a b  + +    

  where a  and b  are constants to be determined. [4] 
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5 An arithmetic progression A  has first term a and common difference d, where a and d 

are non-zero. A geometric progression G has first term b and common ratio r.  

 (i) The first, third and eleventh terms of A are equal to the fourth, third and second 

term of G respectively. Prove that the geometric series of G is convergent. [4] 
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 (ii) It is given instead that 
1

3
r =  and the terms of another sequence H is formed by 

squaring the terms of G. Find the range of values of b such that the sum to infinity 

of H exceeds the sum to infinity of G by more than 
3

.
2

  [3] 
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6 It is given that ( )
1

f
2 1r

r =
+
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 (i) Show that ( ) ( )
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f f 1
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 (ii) Using the result in part (i), find 
( )( )1
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2 1 2 1
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 (iii) Hence, find 
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7 A curve C has equation 2 33 1y x x= − + . 

 (i) Find the exact coordinates of all the stationary points. [4] 
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 (ii) A particle moves along C to the stationary point S, found in part (i) where both the 

x-coordinate and y-coordinate are positive. Given that its x-coordinate is increasing 

at a rate of 
1

9
 units per second, find the exact rate of change of the gradient of C 

when the particle is at point S. [4] 
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8  Figure 1 shows a triangular prism OABCDE, where O is the origin. Point F lies on AE 

such that AF:FE = 1 :k k−  where 0 1.k  Figure 2 shows a model of a crystal trophy 

that is made by cutting away a tetrahedral section CDEF from the triangular prism 

OABCDE. With respect to O, the coordinates of A, B and D are ( )4,3,0 , ( )0,6,0  and 

( )0,0,20  respectively. It is given that OD BC AE= = . 

                                              

  

 (i) Write down the position vector of E and find the position vector of F in terms of k.

 [2]      
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 (ii) Show that the equation of the plane CDF can be written as 

5

0 20.

1

k 
 
 = 
 
 

r  [3]      

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 (iii) Find the x-coordinate of the foot of perpendicular from the point E to the plane 

CDF in terms of k. [3] 
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 (iv) Hence, find the value of k such that the reflection of the plane CDE in the plane 

CDF lies on the plane OBCD. [4] 
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9 The function f is defined as follows: 

( )
2

1
f : for , .

2
x x x k

x
 

−
 

 (i) State the least value of k for which the function 1f − exists. [1] 

 

 

 

 

 

For the rest of the question, take the value of k as the value found in part (i). 
 

 (ii)  Sketch, on the same diagram, the graph of ( )fy x=  and ( )1fy x−= , showing 

clearly the relationship between the two graphs. [3] 
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(iii) Find the exact value of ( )1f 5 .−  [2] 

 

 

 

 

 

 

 

 

 

 

The function g is defined as follows: 

   
1

g : 4 for , 0.x x x x
x
−    

(iv) Show that 1gf −  exists and find its range in exact form. [3] 
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 (v) Solve the inequality ( )gf 0x   algebraically. [4] 
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10 A company proposed to build a water detention tank to address the flooding problem in 

a village. To test the feasibility of the proposal, the company created a model of a water 

detention tank, with a capacity of 300 cm3.  

 Water is pumped into the model of the tank at a constant rate of 50 cm3/min and pumped 

out at a rate proportional to the volume of water in the tank. At time t minutes, the volume 

of water in the model of the tank is V cm3. 

 (i) Write down a differential equation for this situation. [1] 

 

 

 

 

 

 

 (ii) Solve this differential equation to obtain the general solution for V in terms of t.

 [4] 
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Initially, the volume of water in the tank is 100 cm3. After a minute, the volume increased 

to 130 cm3.  

 (iii) Hence, show that the particular solution for V in terms of t is 0.173289 189e tV −= − , 

correct to 3 significant figures. [4] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 (iv) Find how long it will take for the tank to reach 95% of its maximum capacity. [1] 
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 (v) Sketch the graph of V against t. [2] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 (vi) Explain, with justification, what will happen to the volume of water in the tank in 

the long run. [1] 
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11 Mechanical engineers are responsible for the design of the drops and loops in roller 

coaster tracks. In order to design a roller coaster ride that is exciting, yet safe, mechanical 

engineers are required to possess a strong understanding of force, gravity, motion, 

momentum, and potential and kinetic energy.  

 

A mechanical engineer first designs part of a roller coaster track using the curve C, which 

is defined by the parametric equations  

( )2 2 ,  ln 1  where 1.x t t y t t= + = +  −  

 (i) Sketch the part of the roller coaster track that is defined by C.  [2] 
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 The mechanical engineer then designs a drop in the roller coaster track. The drop is 

modelled after the equation of the line N, which is the normal to C at the point  

where 2t = . 

 (ii)  Find the exact equation of line N. [3] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(iii) For the roller coaster drop to be deemed safe, the acute angle between line N and 

the x-axis needs to be between 30  and 80 . Comment on the suitability of using 

line N in the design of the roller coaster drop.  [1] 

  



25 

[Turn Over 

An advertising billboard is designed to be mounted on the rollercoaster track. Its area can 

be modelled by the area enclosed by curve C, line N and the x-axis. 

(iv) Show that the area of the billboard is ( )
2

ln 3 ln 3 ,a b c+ +  where a, b and c are 

constants to be determined. [8] 
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