Work Solution: Calculus Practice

Differentiation: Equation of Tangents and Normal
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Y= 4(3)(-3)—2—
d _aE
E\% = b@ax-3)*(2)
=12]2x-3
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For a_;:tL:'l r——lx-S,
f2%-3 >0 for %>

2J2x-3 >0 Bl (allow ECF)
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Hence, y= 4(5(-_3)3 B an i\ﬂCreasivg Riiclen for ®2 2.




2(a)

dy _(3x-4)(-1)-(2-%)(3)
dx (3x-4)’
~ —3x+4-6+3x
C (3x-4)
2
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2y—-16x=3

y=8x+i

Gradient of normal =8

Gradient of tangent = —é
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= - _ =

(3x—4)_ 8

16=(3x—4)’
Ix—4=4 or Ix—4=-4
x=§ or x=0
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Coordinates = [ﬁ, —lj or [0, - lj
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@) | y=(x-3)V2x+3

% :(2x+3)§ +%(x—3)(2)(2x+3)‘§

=\2x+3 + x—3

2x+3
_ 2x+3+x-3
= NS
3x

N2x+3
k=3

(®) | When x=11, y=(11-3),2(11)+3 =40

dy _ 3(11) 33

d  L(11)+3 S

—3—x+c
4 5

40=%{11)+c

c=-32.6

Equation of tangent is y =6.6x—32.6
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dt dx dt
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dx 25 .
—=——units /' s
dr 33

£'(x) = Akxe®™ + A
Akxe™ + A& + 2ke*™ + 64xe™ =0

Ak + 64 = 0 ------------ (2)
From (2) A(k + 6) = 0,4 =0 (rej) or k = -6
subk =—61into (1), 4 =12
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¥ =]n(xe_jx)—lnx—3x
d_1 4 Ml
dx x
Gradient at point P =—1 +% =2 M1
l —_—
-2=—-3
x
1= ! — MI (equate % =-2 & attempt to solve for x)
x
x=1
y= ln(e_3 ) =-3
Coordinates of P = (1,-3) Al
(b)
y=(=3)=5(x-1)
17 :
y= Ex 5 M1 (find equation of normal)
1 7
AtQ, —x——=0
Q 2 2
x=7 M1 (find x-intercept)
Area of triangle OQP
= %x?szlU.Sunitsz Al

Differentiation: Increasing and Decreasing Function




! gg—_ L0x3) (D + (2-3)" (4 o

: ACDUET, (o0

2Jx-|
< &l23)x-+ (2x-3)

NEEE

8 (2 -3)(x —l) +(2x -5)"

— >0 —=m)
2z
8z 1223) >0 ad 2057 >0 .
(2¢3) (8x-8+21-3) > O Jzo1 >0
x-l >0
(22-3) (10 =) >0 o
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3 3
g2 L2, M1 (find 1* derivative)
dx 2 2 2
d
Let Q- 0,
dx
. )
2| =—1| =
2
%—1 =0 M1 (equate to zero and attempt to find x)
x=2
=>y=3
Stationary point = (2, 3) A1, Al (correct pair of coordinates)
(b) (i) Justify whether y is increasing or decreasing for values of x less than p. [2]
For x<2,
AN
s M1 (use [% - IJ <0 to show dy/dx > 0)
b 2[5 - 1] <0
dx 2
Therefore, y is decreasing when x < 2. Al

(ii) Hence infer whether y is increasing or decreasing for values of x greater than p.  [1]

For x>2,
3
& =1 Z-1] >0
de \2
Therefore, y is increasing when x > 2. B1
(¢) What do the results of part (b) imply about the stationary point? [1]

The stationary point is a minimum point. Bl

Differentiation: Connected Rate of Change
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V=x*

dVv ,
=3x°

dx

dv _dv dx

dt dx dt

dx

-45=(3x")—

ax _ 15

dt  x

x=0(rejected) or x=18mm

A= 6x*
dA
—=12x
dx
dA_dd dx
dt dx’ dt
dx
-10=(12x)—
(12x)—
d_ 5
dt  6x
5
= -— =
6x x°
= 5x2 =90x
= x(x—18)=0
-
(i)
> _ 5 5
dt  6x18 108




A=4m?

dA

— =8

dr
dA_dd_dr
dt dr dt

dr
—2=87(0.5)x —
( )dr

dr 1

— = X —2
dt  8x(0.5)
=—Lcm/s
2
Vzifzzv‘3
3
ﬁ=4m,2
dr
dv_av_dr
dt dr dt
=4;r(0.5)2 X —L
2
|
=——cm /s
2

|
The rate of change of volume at r = 0.5 cm is ——cm’ /s .

dy dy  dx

dt  dx  dt

dy
- =_2
dx

ax (- a+3)7=-2
x+3=1
(2,4)




Differentiation: Maxima and Minima Problems
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(a)
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m'(4r) + xort o+ 2zrh = 300

Sar® + 2zrh =300

h=i(300—5ﬂ'?‘2) or accept 150 _5r
2mr ar 2

(ii)

Vo= ém‘g (r\/ﬁ) + 7zr*h

NS (L](zoo- S7r’)
3 2mr
Ji5

=7 +150r —Em’3
3 2

JI5 5

=150r + {———Jm’s (Skown)
3 2

(iii)

=150+ 377

r

K14 (JE s]

4
For stationary value of V', (:l_l =0.
r

=13.16412
= r=3.62824cm

When r =3.62824, V =362.824 cm’
~363 cm’

27
Now, d E =6ﬁr[£—%]=—82.6848<0

e

3

= V is a maximum.




(a) )
y=ax+b(2x-1)"

dy 2b

=d— S
dx (2x—1)?

The curve has a stationary point at 4(2, 7).

p— Q:O
dx
b o
(2x2-1)
2b
=— (1
a=% )

Substitute (2, 7) into the curve y=ax+b(2x—1)" :

?=2a+§ - (2)

Substitute (1) into (2):
4b b

= —t -
9 3

_Tb

7

(b)

18
(2x-17
18
2x-1)
2x—1=43
x=2,-1

Whenx=-1, y=-5
The coordinates of the other stationary point are (-1, -5).

(©)




d’y

= =36(2x—1)"-2
2
12
2x-1)°
d’y .. }
At A(2, 7), T >(0 = minimum point
2
At (-1,-5)., 2 < 0 = max int
(-1,—- )"ﬁ maximum poin
© | dl_ps 16
dx x°
(a) | I=12x+13x+5x+y+y dl
when — =0,
1=30x+2y dx
25—¥=0
X
b 1
(b) ]2,{y+5(12x)(5x)=96 X2 :%
12xy +30x” =96 4
12xp =96 —30x" 5
8 5x
Ty dl_3
> x
E=30x+2[§—5—x] when xzi,
x 2 5
16 d’l
]=30x+——5 ~-=62.5>0
X+ . X e
16 / is a minimum value.
[ =25x+— (shown)
X

dy  (x43)(2x+2) - (x*+2x+5) (1)
ax (x+3)2
2x° +8x+6—x2—2x—5 _ 0
(x+3)2
¥+éex+1=0
_ —er/62-a(D)(1D)

2
=-3+2V2
When x = -3 — 2v/2, y 1s a maximum
When x = -3 + 22, y is a minimum
P =(-0.172, 1.66)




(a) Given that the volume of the slope is 240 m®, show that the surface area of the
prism, A m, is given by
480

A=12x + 222 [4]
X

15(3x)(4x}L =240 [Ml1] form SA equation

L= 4? [M1] L the subject
e

Area = (3x)(4x)+5xL +3xL +4xL [MI1] Surface Area
=12x7 + 12x{£} [A1] Sub,Simplify
2

1202+ 380
X

(b) Given that x and L can vary, find the value of x for which 4 has a stationary

value and determine whether this value of 4 is maximum or minimum. [5]
d4 480

—=24x-— [Ml]

dx x

Solve E=(]' [M1]

dx
x=2.71(3st) [Al]
CI_—/,4=24+&30 [M1]
dx” x

2
Since x >0, ? > () and surface area is minimum. [A1]

*can substitute x = 2.71 to show too




