
1 - Pure Math 
1 - Functions & Graphs 
A - Functions 
1 - Notations 
A - Set  

A.​ ∈ / ∉ 
➢​ {Element} is / is not an element of {set} 
➢​ 2 ∈ / ∉ A : The real number 2 is / is not an element of the set A 

 
B.​ ℝ / ℝ⁺ / ℝ⁻ 

➢​ The set of all / positive / negative real numbers, such as fractions, decimals, and integers, 
etc… 

 
C.​ ℤ / ℤ⁺ / ℤ⁻ 

➢​ The set of all / positive / negative integers 
➢​ ℤ / ℤ⁺ / ℤ⁻ = {-3,-2,-1,0,1,2,3,...} / {1,2,3,...} / {...,-3,-2,-1} 
➢​ 0 ∉ ℤ⁺ / ℤ⁻ 

 
D.​  ⊆

a.​ {set_A} is a subset of {set_B} 
b.​ Everything from set A is inside of set B 
c.​  𝑥 =  {1, 2, 3}
d.​  𝑦 =  {1, 2, 3, 4, 5}
e.​ Since  contains all of the elements from ,  is a subset of  𝑦 𝑥 𝑥 𝑦

 
B - Interval  

●​ An alternative way of showing a set that’s bounded by a range of values 
 

●​ Type 1 : Bounded 
➢​ Bracket : Rounded () 
➢​ Is exclusive of the intervals’ values 
➢​  (𝑎, 𝑏) =  {𝑆𝐸𝑇 𝑁𝑂𝑇𝐴𝑇𝐼𝑂𝑁: 𝑎 < 𝑏}
➢​ Example :  (0, 9) =  {𝑥 ∈ 𝑅 : 0 < 9} 
➢​ The set notation  is bounded by the intervals 0 and 9, excluding  0 and 9 themselves 𝑥 ∈ 𝑅

 
●​ Type 2 : Unbounded 

➢​ Bracket : Square [] 
➢​ Is inclusive of the intervals’ values 
➢​  [𝑎, 𝑏] =  {𝑆𝐸𝑇 𝑁𝑂𝑇𝐴𝑇𝐼𝑂𝑁 :  𝑎 ≤  𝑥 ≤ 𝑏}
➢​ Example :  [0, 9] =  {𝑥 ∈ 𝑅 :  0 ≤ 𝑥 ≤ 9} 
➢​ The set notation  is bounded by the intervals 0 and 9, including  0 and 9 themselves 𝑥 ∈ 𝑅

 



●​ Type 3 : Hybrid 
➢​ Bracket : Both (] [) 
➢​ Is both inclusive and exclusive of the intervals’ values 
➢​  (𝑎, 𝑏] =  {𝑆𝐸𝑇 𝑁𝑂𝑇𝐴𝑇𝐼𝑂𝑁 :  𝑎 < 𝑥 ≤ 𝑏}
➢​  [𝑎, 𝑏) =  {𝑆𝐸𝑇 𝑁𝑂𝑇𝐴𝑇𝐼𝑂𝑁 :  𝑎 ≤ 𝑥 < 𝑏} 
➢​ Example :  (0, 9] =  {𝑥 ∈ 𝑅 :  0 < 𝑥 ≤ 𝑏} 
➢​ The set notation  is bounded by the intervals 0 and 9, excluding  0 and including 9  𝑥 ∈ 𝑅
➢​ Example :  [0, 9) =  {𝑥 ∈ 𝑅 :  0 ≤ 𝑥 < 𝑏} 
➢​ The set notation  is bounded by the intervals 0 and 9, including  0 and excluding  9𝑥 ∈ 𝑅



 
2 - Types 
A - Generic 

➢​ A mapping of exactly 1 value from a set of inputs to exactly 1 value from a set of outputs 
➢​ For example, the equation  will map 2 to 4 , 4 to 8, etc… 𝑓(𝑥) =  2𝑥
●​ It’s defined by its rule and domain 

 
1.​ Visuals 

○​   𝑓 :  𝑖𝑛𝑝𝑢𝑡 ↦ {𝑜𝑢𝑡𝑝𝑢𝑡} 𝑓𝑜𝑟 {𝑑𝑜𝑚𝑎𝑖𝑛}
■​ Example :  𝑓 :  𝑥 ↦ 2𝑥 𝑓𝑜𝑟 𝑥 ≥ 0 
■​ The output  is the rule of the function  2𝑥 𝑓

 
○​  𝑓(𝑥) =  {𝑜𝑢𝑡𝑝𝑢𝑡} 𝑓𝑜𝑟 {𝑑𝑜𝑚𝑎𝑖𝑛}

■​ Example :  𝑓(𝑥) =  2𝑥 𝑓𝑜𝑟 𝑥 ≥ 0
 

○​  𝑦 =  {𝑜𝑢𝑡𝑝𝑢𝑡} 𝑓𝑜𝑟 {𝑑𝑜𝑚𝑎𝑖𝑛}
■​ Example :  𝑦 =  2𝑥 𝑓𝑜𝑟 𝑥 ≥ 0

 
★​ The domain is not compulsory to define a function 

 
2.​ Domain & Rule 

○​ Domain 
■​ Shown as  𝐷

𝑓(𝑥)

■​ The set of inputs 
■​ Graphically it’s the x-axis 
■​ Determines how the graph will look like horizontally 
■​ Makes the function unique 

 
○​ Rule 

■​ Shown as  𝑅
𝑓(𝑥)

■​ The set of outputs 
■​ Graphically it’s the y-axis 
■​ Determines how the graph will look like vertically  
■​ Dependent on its function’s domain 

 
★​ Functions with the same rule but different domains are considered different functions 

○​ A function  is a restriction of function  if  𝑥 𝑦 𝐷
𝑥

∈ 𝐷
𝑦

 
 



B - Piecewise 
●​ It’s a function which is defined by multiple sub-functions, whereby each sub-function only 

applies to a specific interval of the function’s domain 

 
 when  is in  and  when  is in  𝑓(𝑥) =  𝑔(𝑥) 𝑥 (𝑎, 𝑏) 𝑓(𝑥) =  ℎ(𝑥) 𝑥 (𝑤, 𝑧)

 
C - One-To-One 

●​ It’s a function whereby exactly 1 value from the range corresponds to exactly 1 value from the 
domain 

●​ Horizontal Line Test 
○​ To test if the given function is one-to-one 
○​ Pass 

■​ If any horizontal line  cuts the graph  at most once, 𝑦 = 𝑘,  (𝑘 ∈ ℝ) 𝑦 = 𝑓(𝑥)
then the function  is a one-to-one function 𝑦 = 𝑓(𝑥)

○​ Fail 
■​ If any horizontal line  cuts the graph  more than once, 𝑦 = 𝑘,  (𝑘 ∈ ℝ) 𝑦 = 𝑓(𝑥)

then the function  is not a one-to-one function 𝑦 = 𝑓(𝑥)
 

D - Inverse 
●​ It’s a function that reverses the domain and range of another function  𝑔(𝑥) 𝑓(𝑥)

●​ Written as  𝑓−1(𝑥)
●​ Hence,  and   𝐷

𝑓−1(𝑥)
= 𝑅

𝑓(𝑥)
𝑅

𝑓−1(𝑥)
= 𝐷

𝑓(𝑥)

★​ In order for a function to have an inverse counterpart 
1.​ It must be a one-to-one function 

●​ To create a function’s inverse 
1.​ Make the variable from the RHS the subject 

1.​  𝑓(𝑥) =  3𝑥 + 7
2.​  𝑦 = 3𝑥 + 7
3.​  𝑥 = 𝑦−7

3

4.​  𝑦 = 𝑥−7
3

5.​  𝑓−1(𝑥) =  𝑥−7
3

★​  is a reflection of  in the line . Hence  𝑓−1(𝑥) 𝑓(𝑥) 𝑓(𝑥) = 𝑥
1.​ They will intersect there 

2.​  𝑓(𝑎, 𝑏) = 𝑓−1(𝑏, 𝑎)

2.​ If  has a vertical asymptote ,  will have a horizontal asymptote  𝑓(𝑥) 𝑥 = 𝑎 𝑓−1(𝑥) 𝑦 = 𝑎

3.​ If  has a horizontal asymptote ,  will have a vertical asymptote 𝑓(𝑥) 𝑦 = 𝑎 𝑓−1(𝑥) 𝑥 = 𝑎



E - Composite 
●​ It’s a function that contains another function within it (Nested Function) 

 𝑓𝑔(𝑥) = 𝑓( 𝑔(𝑥) )
 𝑇ℎ𝑒 𝑐𝑜𝑚𝑝𝑜𝑠𝑖𝑡𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓𝑔 / 𝑓∘𝑔 ℎ𝑎𝑠 𝑡ℎ𝑒 𝑖𝑛𝑛𝑒𝑟 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑔(𝑥) 𝑖𝑛𝑠𝑖𝑑𝑒 𝑡ℎ𝑒 𝑜𝑢𝑡𝑒𝑟 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓(𝑥)

 
1.​ For a composite function  to exist 𝑓(𝑔(𝑥))

★​  𝑅
𝑔

⊆ 𝐷
𝑓

★​  𝐷
𝑓𝑔

= 𝐷
𝑔

1.​ To find  𝑅
𝑓𝑔

○​ Method 1​  
1.​ Sketch the graph of  based on  𝑦 = 𝑓𝑔(𝑥) 𝐷

𝑓𝑔

2.​ Obtain the range from the graph 
 

2.​ Method 2 
1.​ Find  𝑅

𝑔

2.​ Sketch  𝑦 = 𝑓(𝑥) 𝑓𝑜𝑟 𝑅
𝑔

3.​  will be the corresponding set of values for y 𝑅
𝑓𝑔

 
★​  𝑔𝑓 ≠ 𝑓𝑔

➢​ The order matters 

★​  𝑓−1(𝑓(𝑥)) = 𝑥 𝑓𝑜𝑟 𝑥 ∈ 𝐷
𝑓(𝑥)

➢​ This is the identity function  𝑦 = 𝑥 𝑓𝑜𝑟 𝑥 ∈ 𝐷
𝑓(𝑥)

★​  𝑓𝑓−1(𝑥) = 𝑥 𝑓𝑜𝑟 𝑥 ∈ 𝐷
𝑓−1(𝑥)

➢​ This is the identity function  𝑦 = 𝑥 𝑓𝑜𝑟 𝑥 ∈ 𝐷
𝑓−1(𝑥)

 



B - Graphs & Transformations 
1 - Graph Properties 
A - Features 
1 - Axes - Intercept 

●​  : Value of  when  𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑥 𝑦 = 0
●​  : Value of  when  𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑦 𝑥 = 0
★​ Not all graphs will intercept the axes 

 
2- Stationary Points 

●​ Points on the graph when the gradient  𝑚 = 0
●​ Type 1 : Turning Point (Max / Min) 
●​ Type 2 : Stationary Point Of Inflexion 

 
3 - Asymptotes 

●​ A straight line that a curve approaches as either one of its variables   𝑥/𝑦 → ∞
●​ The function will never intercept this line 

 
★​ Type 1 : Vertical 

➢​  is a vertical asymptote of the curve  if  as  𝑥 = 𝑎 𝑦 = 𝑓(𝑥) 𝑦 → ∞ 𝑥 → 𝑎
★​ Type 2 : Horizontal 

➢​  is a horizontal asymptote of the curve  if  as  𝑦 = 𝑎 𝑦 = 𝑓(𝑥) 𝑦 → 𝑎 𝑥 → ∞
★​ Type 3 : Oblique 

➢​  𝑦 = 𝑚𝑥 + 𝑐,  𝑚 ≠ 0 
 

4 - Axes Of Symmetry 
●​ A straight line that divides a graph into 2 equal halves that are reflections of each other, such as  

★​ Vertical​​ :   𝑥 = 𝑎
★​ Horizontal​ :  𝑦 = 𝑏
★​ Oblique​​ :  𝑦 = 𝑚𝑥 + 𝑐

 
 



B - Types 
1 - Linear 

➢​ It’s a straight line 
➢​  𝑦 = 𝑚𝑥 + 𝑐,  𝑚 = 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 & 𝑐 = 𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡
➢​ 2 distinct linear lines are parallel if  𝑚

1
= 𝑚

2

➢​ 2 distinct linear lines are perpendicular to each other if  𝑚
1
𝑚

2
=− 1

 
2 - Quadratic 

➢​ It’s a curve with a degree of 2 

➢​  𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐,  {𝑎, 𝑏, 𝑐} ∈ ℝ ,  𝑎 ≠ 0 
■​ If , the graph has a minimum point 𝑎 > 0
■​ If , the graph has a maximum point 𝑎 < 0

 
★​ To find the root, use the quadratic formula 

■​  𝑥 =  −𝑏± 𝑏2−4𝑎𝑐
2𝑎

★​ To determine the roots’ nature, use the discriminant  𝑏2 − 4𝑎𝑐

■​ If , the function has 2 real distinct roots 𝑏2 − 4𝑎𝑐 > 0

■​ If , the function has 2 real equal roots 𝑏2 − 4𝑎𝑐 = 0

■​ If , the function has 0 real root 𝑏2 − 4𝑎𝑐 < 0
 

★​ In the completed square form  𝑦 = 𝑎(𝑥 − ℎ)2 + 𝑘
■​ Axis Of Symmetry :  𝑥 = ℎ
■​ If ,  is a minimum point 𝑎 > 0 (ℎ, 𝑘)
■​ If ,  is a maximum point 𝑎 < 0 (ℎ, 𝑘)

 
3 - Cubic 

➢​ It’s a curve with a degree of 3 

➢​  𝑦 = 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑,  {𝑎, 𝑏, 𝑐, 𝑑} ∈ ℝ,  𝑎 ≠ 0
 

4  - Exponential 

➢​  𝑦 = 𝑒𝑥

★​ Horizontal Asymptote​ :  𝑦 = 0
★​ Vertical Asymptote​ : NA 

 
5 - Logarithmic  

➢​  𝑦 = 𝑙𝑛(𝑥)
★​ Horizontal Asymptote​ : NA 
★​ Vertical Asymptote​ :  𝑥 = 0

 



6 - Rational 
➢​  𝑦 = 𝑓(𝑥)

𝑔(𝑥) ,  𝑤ℎ𝑒𝑟𝑒 𝑓(𝑥) 𝑎𝑛𝑑 𝑔(𝑥) 𝑎𝑟𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙𝑠

➢​  refer to the polynomial’s highest power 𝑑𝑒𝑔()
 

★​ Horizontal Asymptote  
➢​ If  𝑑𝑒𝑔(𝑓(𝑥)) >  𝑑𝑒𝑔(𝑔(𝑥))

➢​ No Horizontal Asymptote 
 

B.​ If  𝑑𝑒𝑔(𝑓(𝑥)) = 𝑑𝑒𝑔(𝑔(𝑥))
➢​  𝑦 = 𝑓(𝑥)'𝑠 𝑙𝑒𝑎𝑑𝑖𝑛𝑔 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡

𝑔(𝑥)'𝑠 𝑙𝑒𝑎𝑑𝑖𝑛𝑔 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡

 
C.​ If  𝑑𝑒𝑔(𝑓(𝑥)) < 𝑑𝑒𝑔(𝑔(𝑥))

➢​  𝑦 = 0
 

★​ Vertical Asymptote 
D.​  𝑔(𝑥) = 0
E.​ Solve for  𝑥
F.​ Each solution gives a vertical asymptote each 

 
★​ Oblique Asymptote 

G.​ Only possible if  𝑑𝑒𝑔(𝑓(𝑥) = 𝑑𝑒𝑔(𝑔(𝑥)) + 1
H.​ Do long division 
I.​ The oblique asymptote is the expression that remains as the rest becomes 0 when  𝑥 → ∞

➢​  𝑓(𝑥)
𝑔(𝑥) = 𝑄(𝑥) + 𝑅(𝑥)

𝑔(𝑥) ,  𝑅(𝑥)
𝑔(𝑥) = 0 𝑎𝑠 𝑥 → ∞

➢​  𝑦 = 𝑄(𝑥)
 



2 - Conic Sections 
➢​ Conic sections are curves formed by the intersection of a plane with a double-napped cone.  
➢​ The type of curve obtained depends on the angle and position of the intersecting plane relative to 

the cone 
➢​ The four main types of conic sections are the parabola, hyperbola, circle, and ellipse 

 
A - Parabola 

●​  (𝑦 − 𝑘)2 = 𝑎(𝑥 − ℎ),  𝑎 ≠ 0
★​ Center​ ​ ​ :  𝑁𝑜𝑛𝑒
★​ Vertices​​ :  (ℎ, 𝑘)
★​ Axis Of Symmetry​ :  𝑦 = 𝑘
★​ Tangents​ ​ :   𝑥 = ℎ @ 𝑉𝑒𝑟𝑡𝑒𝑥
★​ Asymptotes​ ​ :  𝑁𝑜𝑛𝑒
★​ Restrictions​ ​ : If  𝑎 > 0,  (𝑥 − ℎ) ≥ 0.  𝐻𝑒𝑛𝑐𝑒 𝑥 ≥ ℎ

​ ​ ​ ​ ​ : If  𝑎 < 0,  (𝑥 − ℎ) ≤ 0.  𝐻𝑒𝑛𝑐𝑒 𝑥 ≤ ℎ
 

B - Hyperbola 

1.​  (𝑥−ℎ)2

𝑎2 − (𝑦−𝑘)2

𝑏2 = 1,  𝑎 > 0,  𝑏 > 0

★​ Center​ ​ ​ :  (ℎ, 𝑘)
★​ Vertices​​ :  (ℎ ± 𝑎, 𝑘)
★​ Axes Of Symmetry​ :  𝑦 = 𝑘 

​ ​ ​ ​ ​ :  𝑥 = ℎ
★​ Tangents​ ​ :  𝑁𝑜𝑛𝑒
★​ Asymptotes​ ​ :  𝑦 = 𝑘 ± 𝑏

𝑎 (𝑥 − ℎ)

★​ Restrictions​ ​ :  𝑥 ≥ ℎ + 𝑎
:  𝑥 ≤ ℎ − 𝑎

 
 

2.​  (𝑦−𝑘)2

𝑏2 − (𝑥−ℎ)2

𝑎2 = 1, 𝑎 > 0,  𝑏 > 0

★​ Center​ ​ ​ :  (ℎ, 𝑘)
★​ Vertices​​ :  (ℎ, 𝑘 ± 𝑏)

★​ Axis Of Symmetry​ :  𝑦 = 𝑘
:  𝑥 = ℎ

★​ Tangents​ ​ :  𝑁𝑜𝑛𝑒
★​ Asymptotes​ ​ :  𝑦 = 𝑘 ± 𝑏

𝑎 (𝑥 − ℎ)

★​ Restrictions​ ​ :  𝑦 ≥ 𝑘 + 𝑏
:  𝑦 ≤ 𝑘 − 𝑏



C - Circle 

 (𝑥 − ℎ)2 + (𝑦 − 𝑘)2 = 𝑟2,  𝑤ℎ𝑒𝑟𝑒 𝑟 𝑖𝑠 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒'𝑠 𝑟𝑎𝑑𝑖𝑢𝑠

 𝑎𝑥2 + 𝑎𝑦2 + 𝑐𝑥 + 𝑑 = 0
 

★​ Center​ ​ ​ ​ :  (ℎ, 𝑘)
★​ Vertices​​ ​ :  (ℎ ± 𝑎, 𝑘)

:  (ℎ, 𝑘 ± 𝑏)
★​ Axis Of Symmetry​ ​ :  𝑥 = ℎ

:  𝑦 = 𝑘
★​ Tangents​ ​ ​ :  𝑁𝑜𝑛𝑒
★​ Asymptotes​ ​ ​ :  𝑁𝑜𝑛𝑒
★​ Restrictions​ ​ ​ :  𝑁𝑜𝑛𝑒

 
D - Ellipse 

 (𝑥−ℎ)2

𝑎2 + (𝑦−𝑘)2

𝑏2 = 1,  𝑎 > 0,  𝑏 > 0

 
★​ Center​ ​ ​ ​ :  (ℎ, 𝑘)
★​ Vertices​​ ​ :  (ℎ ± 𝑎, 𝑘)

:  (ℎ, 𝑘 ± 𝑏)
★​ Axes Of Symmetry​ ​ :  𝑥 = ℎ

:  𝑦 = 𝑘
★​ Tangents​ ​ ​ :  𝑁𝑜𝑛𝑒
★​ Asymptotes​ ​ ​ :  𝑁𝑜𝑛𝑒
★​ Restrictions​ ​ ​ :  𝑁𝑜𝑛𝑒

 

 

★​ When  𝑎 = 𝑏 ⇒ (𝑥−ℎ)2

𝑎2 + (𝑦−𝑘)2

𝑎2 = 1 ⇒ (𝑥 − ℎ)2 + (𝑦 − 𝑘)2 = 𝑎2,  𝑤ℎ𝑒𝑟𝑒 𝑎 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑎𝑑𝑖𝑢𝑠

➢​ Hence, a circle is a special case of the ellipse when the axes  and  are equivalent to 𝑎 𝑏
each other  



3 - Parametric Curves 
➢​ It’s a way of representing a function  by introducing a 3rd variable called a parameter . 𝑦 = 𝑓(𝑥) 𝑡

Both  and  are expressed as functions of  𝑥 𝑦 𝑡
 

  𝑥 = 𝑥(𝑡),  𝑦 = 𝑦(𝑡)
 

★​ The graph of a parametric curve is called the locus 
 

★​  : This means  𝑥 = 𝑥(𝑡) 𝑥 𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡
○​ Giving an input  will produce the corresponding output for the  𝑡 𝑥 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒

 
★​  : This means  𝑦 = 𝑦(𝑡) 𝑦 𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡

○​ Giving an input  will produce the corresponding output for the  𝑡 𝑦 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒
 

▼Example▼ 

 𝑦 = 𝑥2

 𝑥(𝑡) =  𝑡,  𝑦(𝑡) = 𝑡2

1.​ To convert  into 2 parametric equations, introduce a parameter  and create 2 functions 𝑦 = 𝑥2 𝑡
 and . They must output the original  and  values 𝑥(𝑡) 𝑦(𝑡) 𝑥 𝑦

 
2.​ The output of  is due to its input . Since  is obtained by squaring  𝑦 𝑥 𝑦 𝑥

➢​ For  to output the same original , its input must also be squared 𝑦(𝑡) 𝑦 − 𝑣𝑎𝑙𝑢𝑒𝑠

➢​ Therefore, it should be  𝑡2

➢​ ​ [Form 1] 𝑥(𝑡) = 𝑡
➢​ ​ ​ [Form 2] 𝑥 = 𝑡

 
3.​ The output of  is the same as the input 𝑥

➢​ Hence, for  to output the same original , its input must be the same as the 𝑥(𝑡) 𝑥 − 𝑣𝑎𝑙𝑢𝑒𝑠
output 

➢​ Therefore, it should be  𝑡

➢​ ​ [Form 1] 𝑦(𝑡) = 𝑡2 
➢​ ​ ​ [Form 2] 𝑦 = 𝑡

 
 



To convert a pair of cartesian equations back into its cartesian form, the parameter  must be removed  𝑡
 

1.​ Solve one equation for  𝑡

 𝑦 = 𝑡2

 𝑡 =± 𝑦
 

 
2.​ Substitute the solution for t into the second equation 

 𝑥 =± 𝑦
 

3.​ Simplify 

 𝑥2 = 𝑦

 𝑦 = 𝑥2

 



4 - Transformations 
➢​ It is a modification of a graph’s physical properties 

 
A - Translation 

➢​ Mutates the graph’s position 
➢​ Does not mutate the graph’s shape & size 

 
Type 1 - Vertical 

●​  𝑦 = 𝑓(𝑥) ± 𝑎
●​ The graph of  is a translation of the graph  by  units in the positive / 𝑦 = 𝑓(𝑥) ± 𝑎 𝑦 = 𝑓(𝑥) 𝑎

negative  𝑦 − 𝑎𝑥𝑖𝑠
●​  remains unchanged 𝑥 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒

○​  (𝑥, 𝑦) ⇒ (𝑥, 𝑦 ± 𝑎)
 

 
 
Type 2 - Horizontal 

●​  𝑦 = 𝑓(𝑥 ± 𝑎)
●​ The graph of  is a translation of the graph  by  units in the negative / 𝑦 = 𝑓(𝑥 ± 𝑎) 𝑦 = 𝑓(𝑥) 𝑎

positive  𝑥 − 𝑎𝑥𝑖𝑠
●​  remains unchanged 𝑦 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒

○​  (𝑥, 𝑦) ⇒ (𝑥 ∓ 𝑎, 𝑦)
 

 
 



B - Scaling 
●​ Mutates the graph’s size & position 
●​ Does not mutate the graph’s shape 

 
Type 1 - Vertical 

●​  𝑦 = 𝑎𝑓(𝑥) ,  𝑎 > 0
●​ The graph of  is a scaling of the graph  with a scale factor of  𝑦 = 𝑎𝑓(𝑥),  𝑎 > 0 𝑦 = 𝑓(𝑥) 𝑎

parallel to the  𝑦 − 𝑎𝑥𝑖𝑠
●​  remains unchanged 𝑥 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒

○​  (𝑥, 𝑦) ⇒ (𝑥, 𝑎𝑦)
 

 
 
Type 2 - Horizontal 

●​  𝑦 = 𝑓(𝑎𝑥),  𝑎 > 0
●​ The graph of  is a scaling of the graph  with a scale factor of  𝑦 = 𝑓(𝑎𝑥),  𝑎 > 0 𝑦 = 𝑓(𝑥) 1

𝑎

parallel to the  𝑥 − 𝑎𝑥𝑖𝑠
●​  𝑦 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑠 𝑢𝑛𝑐ℎ𝑎𝑛𝑔𝑒𝑑

○​  (𝑥, 𝑦) ⇒ ( 𝑥
𝑎 , 𝑦)

 
 



C - Reflection 
➢​ Mutates the graph’s position 
➢​ Does not mutate the graph’s shape & size 

 
Type 1 - Vertical 

●​  𝑦 =− 𝑓(𝑥)
●​ The graph of  is a reflection of the graph  in the  𝑦 =− 𝑓(𝑥) 𝑦 = 𝑓(𝑥) 𝑥 − 𝑎𝑥𝑖𝑠
●​  remains unchanged 𝑥 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒

○​  (𝑥, 𝑦) ⇒ (𝑥, − 𝑦)
 

 
 

Type 2 - Horizontal 
●​  𝑦 = 𝑓(− 𝑥)
●​ The graph of  is a reflection of the graph  in the  𝑦 = 𝑓(− 𝑥) 𝑦 = 𝑓(𝑥) 𝑦 − 𝑎𝑥𝑖𝑠
●​  remains unchanged 𝑦 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒

○​  (𝑥, 𝑦) ⇒ (− 𝑥, 𝑦)
 

 
 



Type 3 - Outer Modulus 
●​  𝑦 = 𝑓(𝑥)| |
●​ The graph of  is a reflection of all the negative portions of the graph of  in 𝑦 = 𝑓(𝑥)| | 𝑦 = 𝑓(𝑥)

the , while the positive portions remain the same 𝑥 − 𝑎𝑥𝑖𝑠
➢​ The modulus sign turns all negative  positive​𝑦 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠

 
 
 
 
 
 
 
 
 
 
 
 
 
Type 4 - Inner Modulus 

●​  𝑦 = 𝑓( 𝑥| |)
●​ The graph of  is a reflection of all the positive portion of the graph  onto the 𝑦 = 𝑓( 𝑥| |) 𝑦 = 𝑓(𝑥)

negative , while the pre-existing negative portions disappear and the pre-existing 𝑦 − 𝑎𝑥𝑖𝑠
positive portions remain 

○​ The modulus sign turns all negative  positive 𝑥 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠
 
 

 
 

 



5 - Reciprocal Graph 
●​  𝑦 = 1

𝑓(𝑥)  ,  𝑦 ≠ 0

●​  gets inversed 𝑦 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒
●​  remains unchanged 𝑥 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒
●​  (𝑥, 𝑦) ⇒ (𝑥, 1

𝑦 )

 



 

 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒𝑠  𝑦 = 𝑓(𝑥)  𝑦 = 1
𝑓(𝑥)

 1  𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 (𝑎, 0)  𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒 𝑥 = 𝑎

 2  𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒 𝑥 = 𝑏  𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 (𝑏, 0)

 3  𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒 𝑦 = 𝑘
 𝑘 ≠ 0

 
 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒 𝑦 = 0

 (𝑎) 𝑓(𝑥) → 0+

 (𝑏) 𝑓(𝑥) → 0−

 

 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 − 𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒 𝑦 = 1
𝑘

𝑘 ≠ 0
 

 (𝑎) 1
𝑓(𝑥) → ∞+

 (𝑏) 1
𝑓(𝑥) → ∞−

 4  𝑂𝑏𝑙𝑖𝑞𝑢𝑒 𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒 𝑦 = 𝑚𝑥 + 𝑐  𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒 𝑦 = 0

5  𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 (0, 𝑚)  𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 (0 ,  1
𝑚 )

 𝑚 ≠ 0

6  𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝑃𝑜𝑖𝑛𝑡 (𝑥
1
 ,  𝑦

1
)  𝑀𝑖𝑛𝑖𝑚𝑢𝑚 𝑃𝑜𝑖𝑛𝑡 (𝑥

1
 , 1

𝑦
1

) ,  𝑦 ≠ 0

 

7  𝑀𝑖𝑛𝑖𝑚𝑢𝑚 𝑃𝑜𝑖𝑛𝑡 (𝑥
2
 ,  𝑦

2
)  𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝑃𝑜𝑖𝑛𝑡 (𝑥

2
 , 1

𝑦
2

) ,  𝑦 ≠ 0

 

8  𝑓(𝑥) → ∞+

 𝑓(𝑥) → ∞−
 1

𝑓(𝑥) → ∞+

 1
𝑓(𝑥) → ∞−

 

9  𝑓(𝑥) 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡
 

 1
𝑓(𝑥)  𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡

 10  𝑓(𝑥) 𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡
 

 1
𝑓(𝑥)  𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡

 11  𝑓(𝑥) > 0
 𝑓(𝑥) < 0

 1
𝑓(𝑥) > 0

 1
𝑓(𝑥) < 0

 

 



6 - Derivative Graph 
●​  𝑦 = 𝑓′(𝑥)
●​ Represents the gradient of  𝑓(𝑥)

 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒𝑠  𝑦 = 𝑓(𝑥)  𝑦 = 𝑓′(𝑥)

 𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑠  (𝑎, 0)  𝐷𝑖𝑠𝑎𝑝𝑝𝑒𝑎𝑟

 𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑠  (0, 𝑓(0))  (0, 𝑓′(0))

 𝑇𝑢𝑟𝑛𝑖𝑛𝑔 𝑃𝑜𝑖𝑛𝑡𝑠  𝑓′(𝑥) = 0  𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑠

 𝐼𝑛𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑃𝑜𝑖𝑛𝑡𝑠  𝑓′′(𝑥) = 0
 𝑊𝑖𝑡ℎ 𝐶𝑜𝑛𝑐𝑎𝑣𝑖𝑡𝑦 𝐶ℎ𝑎𝑛𝑔𝑒

 𝑇𝑢𝑟𝑛𝑖𝑛𝑔 𝑃𝑜𝑖𝑛𝑡𝑠

 𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒𝑠  𝑥 = 𝑎  𝑥 = 𝑎

 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒𝑠  𝑦 = 𝑏  𝑦 = 0

 𝑂𝑏𝑙𝑖𝑞𝑢𝑒 𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒𝑠  𝑦 = 𝑚𝑥 + 𝑐  𝑦 = 𝑚

 𝐼𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠  𝑓′(𝑥) > 0  𝑓′′(𝑥) > 0

 𝐷𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠  𝑓′(𝑥) < 0
 

 𝑓′′(𝑥) < 0

 

 



7 - Sequence Of Transformations 
●​ Give instructions on how to transform a graph in the following order of precedence 

1.​ Horizontal Translations 
2.​ Horizontal Scaling & Reflections 
3.​ Vertical Scaling & Reflections 
4.​ Vertical Translations 

 
Format 

1.​ Translation 
➢​ Translate in the positive / negative  by  units 𝑥/𝑦 −  𝑎𝑥𝑖𝑠 {}

2.​ Scaling 
➢​ Scale with a scale factor of  parallel to the  {} 𝑥/𝑦 −  𝑎𝑥𝑖𝑠 

3.​ Reflection 
➢​ Reflect in the  𝑥/𝑦 −  𝑎𝑥𝑖𝑠 

 
Example 
State the sequence of transformations from  to  𝑦 =  𝑓(𝑥) 𝑦 =  2𝑓(−  5 −  3𝑥) −  4
 

1.​ Translate in the positive  by  units 𝑥 − 𝑎𝑥𝑖𝑠 5
2.​ Scale with a scale factor of  parallel to the  1

3 𝑥 − 𝑎𝑥𝑖𝑠

3.​ Reflect in the  𝑦 −  𝑎𝑥𝑖𝑠
4.​ Scale with a scale factor of 2 parallel to the   𝑦 −  𝑎𝑥𝑖𝑠
5.​ Translate in the negative  by  units 𝑦 − 𝑎𝑥𝑖𝑠 4



C - Equations & Inequalities 
1 - Linear 

1.​ Make the variable the subject 
2.​ Reverse the comparison sign if multiplying / dividing by a negative number 

 
 2𝑥 + 4 > 3𝑥 − 8

 − 𝑥 >− 12
 𝑥 < 12

 
3.​ For combined inequalities, solve each part separately 

➢​ The solution is the intersection of the solution sets’ results 
 

 3𝑥 − 2 < 4𝑥 < 5 − 3𝑥
 3𝑥 − 2 < 4𝑥 𝑎𝑛𝑑 4𝑥 < 5 − 3𝑥

 𝑥 >− 2 𝑎𝑛𝑑 𝑥 ≤ 5
7

 
 𝑇𝑎𝑘𝑖𝑛𝑔 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 2 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑠𝑒𝑡𝑠' 𝑟𝑒𝑠𝑢𝑙𝑡𝑠,  − 2 < 𝑥 ≤ 5

7

 
 



2 - Polynomial 
1.​ Factorize the polynomial expression 

➢​ Use quadratic formula if that’s not possible 
 

2.​ Draw a number line and mark the critical values on it 
➢​ There should be a few regions on the number line now 

 
3.​ Sign Test 

➢​ Pick any number from within each region and substitute it into the equation to determine 
the sign  of that region (+ / −)

➢​  : Graph is above  + 𝑥 − 𝑎𝑥𝑖𝑠
➢​  : Graph is below  − 𝑦 − 𝑎𝑥𝑖𝑠
★​ If all factors are to the power of 1 , the signs will alternate 

 𝑆𝑜𝑙𝑣𝑒 𝑥2 − 3𝑥 + 4 > 0
 (𝑥 + 4)(𝑥 − 1) > 0

 
 𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑖𝑠 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 0,  𝑓𝑜𝑐𝑢𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑟𝑒𝑔𝑖𝑜𝑛𝑠

 𝑥 < 4 𝑂𝑅 𝑋 > 1
 

 𝑆𝑜𝑙𝑣𝑒 (1 − 𝑥)(1 + 𝑥)(3𝑥 − 1) < 0

 
 𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑖𝑠 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 0,  𝑓𝑜𝑐𝑢𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑟𝑒𝑔𝑖𝑜𝑛𝑠

 − 1 < 𝑥 < 1
3  𝑂𝑅 𝑥 > 1

 



3 - Rational 
1.​ DO NOT cross multiply when solving rational inequalities 
2.​ Make RHS 0 by moving all the terms from the RHS to the LHS 
3.​ Simplify the expression into a single fraction 
4.​ Follow the steps for polynomial inequalities 

★​ The denominator cannot be 0 so exclude those critical values from the solution set 

 
 



4 - Modulus 

 

 
 

●​  𝑥| | ≥ 0

●​  𝑥| |2 = 𝑥2| | = 𝑥2

●​  𝑥 = 𝑥| |

●​  𝑥2 ≠ 𝑥| |
 

★​  𝑥| | < 𝑎 ⇔ − 𝑎 < 𝑥 < 𝑎
➢​  𝑆𝑜𝑙𝑣𝑒 𝑥 − 5| | < 3
1.​  − 3 < 𝑥 − 5 < 3
2.​  2 < 𝑥 < 8

 
★​  𝑥| | > 𝑎 ⇔ 𝑥 <− 𝑎 𝑂𝑅 𝑥 > 𝑎

➢​  𝑆𝑜𝑙𝑣𝑒 𝑥 − 5| | > 3
1.​  𝑥 − 5 <− 3 𝑂𝑅 𝑥 − 5 > 3
2.​  𝑥 < 2 𝑂𝑅 𝑥 > 8

 



5 - Graphical 
 
Method 1 

1.​ Sketch the graphs of  and  on the GC 𝑦 = 𝑓(𝑥) 𝑦 = 𝑔(𝑥)
2.​ Find the  𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑠
3.​ Find the range of values of  that satisfy the inequality 𝑥

★​  : Above  > 𝑥 − 𝑎𝑥𝑖𝑠
★​  : Below  < 𝑥 − 𝑎𝑥𝑖𝑠

 
 

 



Method 2 
1.​ Sketch the graph of the  𝑦 = 𝑓(𝑥) − 𝑔(𝑥)
2.​ Find the  𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑠
3.​ Find the range of values of  that satisfy the inequality 𝑥

★​  : Above  > 𝑥 − 𝑎𝑥𝑖𝑠
★​  : Below  < 𝑥 − 𝑎𝑥𝑖𝑠

 



2 - Sequences & Series 
A - Sequence 
➢​ It’s a list of numbers arranged in a specified order. It can either be finite (has a last term) or 

infinite (has no last term) 
■​ Finite​ ​ : [1,2,3,4,5] 
■​ Infinite​​ : [1,2,3,4,5,...] 

➢​  is used to represent the  term of the sequence 𝑢
𝑛

𝑛𝑡ℎ

➢​ Sequences with patterns have a formula to determine the  term’s value 𝑛𝑡ℎ

 
Recurrence / Recursive Relations 
➢​ It’s an equation that connects a term in a sequence to one or more of its prior terms 

 
➢​ To define a sequence using a recurrence relation, an initial value / base case is required so as to 

end the recurrence / recursion 
 

➢​  𝑢
𝑛+1

= 𝑓(𝑢
𝑛
)

 
➢​ Example 

■​  𝑢
0

= 5

■​  𝑢
𝑛

= 3𝑢
𝑛−1

− 9,  𝑛 ≥ 1

1.​  𝑊ℎ𝑒𝑛 𝑛 = 1,  𝑢
1

= 3𝑢
0

− 9 ⇒ 3(5) − 9 = 6

2.​  𝑊ℎ𝑒𝑛 𝑛 = 2,  𝑢
1

= 3𝑢
1

− 9 ⇒ 3(6) − 9 = 9

3.​  𝑊ℎ𝑒𝑛 𝑛 = 3,  𝑢
1

= 3𝑢
2

− 9 ⇒ 3(0) − 9 = 18

 
 



B - Series 
●​ It’s the addition of the terms in a sequence. It can either be finite (has an ending term ) or 𝑘

infinite (has no ending term ) 𝑘
 

1.​ Infinite​ 
★​  𝑆

∞
= 𝑢

1
+ 𝑢

2
+ 𝑢

3
+  ...  

★​  𝑆
∞

=
𝑛 ∞
lim
→

𝑆
𝑛

★​  [Convergent] 𝑆
∞

= 𝑘

★​  [Divergent] 𝑆
∞

≠ 𝑘

 
2.​ Finite 

★​ ​ 𝑆
𝑛

= 𝑢
1

+ 𝑢
2

+ 𝑢
3

+  ...  + 𝑢
𝑛

 
3.​ Convergence  

★​ The series approaches a finite value 
➢​ All finite series are convergent as they have an end term 

●​  𝑆
5

= 1 + 2 + 3 + 4 + 5 ⇒ 15

➢​ Some infinite series can be convergent 

●​  
𝑛=0

∞

∑ 𝑎𝑟𝑛 = 1 + 1
2 + 1

4 + 1
8 +... ⇒ 2,  𝑟| | < 1

 
4.​ Divergence 

★​ The series do not approach a finite value 
➢​ All finite series cannot be divergent as they have an end term 

●​  𝑆
5

= 1 + 2 + 3 + 4 + 5 ⇒ 15

➢​ Some infinite series can be divergent 
●​  𝑆 = 1 + 2 + 3 +  ...  = ∞

 
5.​ Properties 

★​  𝑢
1

= 𝑆
1

★​  𝑢
𝑛

= 𝑆
𝑛

− 𝑆
𝑛−1

,  𝑛 ≥ 2

■​ For divergent infinite series, this property is limited to only finite  as the 𝑛
total sum  or does not exist 𝑆

𝑛
→ ∞

■​ Still works as per normal for convergent infinite series as its total sum  𝑆
𝑛

approaches a finite value which can be plugged into the formula 
■​ The formula works for all finite series as they have an ending term



1 - Arithmetic 
1 - Definition 
➢​ It is a sequence where each term, excluding the first term , is obtained by adding a constant 𝑎

number, known as the command difference , to the its prior term 𝑑
 

★​ To prove a sequence is an AP, it must be proven that the common difference between any 2 
consecutive terms is the same constant , and can either be positive or negative 𝑘

➢​  𝑑 = 𝑢
𝑛

− 𝑢
𝑛−1

= 𝑘 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ∈ 𝑍+, 𝑛 ≥ 2 

 
★​ The command difference between 3 consecutive terms , , and  are equal 𝑎 𝑏 𝑐

○​  𝑎 → 𝑏 → 𝑐
○​  𝑏 − 𝑎 = 𝑐 − 𝑏

 
2 - Formulas 

1.​ To find the  term 𝑛𝑡ℎ

★​  𝑢
𝑛

= 𝑎 + (𝑛 − 1)𝑑

 
2.​ To find the command difference  𝑑

★​  𝑑 = 𝑢
𝑛

− 𝑢
𝑛−1

 
3.​ To find the sum of the first  terms 𝑛

★​  𝑆
𝑛

= 𝑛
2 (𝑎 + 𝑙)

○​  is the last term 𝑙
★​  𝑆

𝑛
= 𝑛

2 (2𝑎 + (𝑛 − 1)𝑑)

 
 



2 - Geometric 
1 - Definition 
➢​ It is a sequence where each term, except for the first term , is obtained by multiplying its prior 𝑎

term by a constant, non-zero number, known as the common ratio , which can either be positive 𝑟
or negative 
 

★​ To prove if a sequence is a GP, it must be proven that the common ratio between any 2 
consecutive terms is the same constant  𝑘

 
𝑢

𝑛

𝑢
𝑛−1

= 𝑘 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ∈ 𝑍+,  𝑛 ≥ 2

 
★​ The common ratio between 3 consecutive terms , , and  are equal 𝑎 𝑏 𝑐

○​  𝑎 → 𝑏 → 𝑐
○​  𝑏

𝑎 = 𝑐
𝑏

 
2 - Formulas 

1.​ To find the  term 𝑛𝑡ℎ

★​  𝑢
𝑛

= 𝑎𝑟𝑛−1

 
2.​ To find the common ratio  𝑟

★​  𝑟 =
𝑢

𝑛

𝑢
𝑛−1

 
3.​ To find the sum of the first  terms 𝑛

★​  𝑆
𝑛

= 𝑎(1−𝑟𝑛)
1−𝑟 ,  𝑟| | < 1

★​  𝑆
𝑛

= 𝑎(𝑟𝑛−1)
𝑟−1

★​  𝑆
∞

= 𝑎
1−𝑟 ,  𝑟| | < 1

➢​ Why ?  𝑛 → ∞ ⇒ 𝑟𝑛 → 0
 



3 - Sigma Notation 
A - Definition 
➢​ It’s a way of expressing the sum of a series 
➢​ It’s not unique for a particular series ; it can have multiple sigma notations that are expressed in 

different ways 

 
𝑟=𝑚

𝑛

∑ 𝑢
𝑟

1.​  ∑

➢​ The summation sign 
➢​ It tells the person to repeatedly add the general term of the series, starting from the lower 

bound (inclusive) and upper bound (inclusive) 
 

2.​  𝑢
𝑟

➢​ The general term that’s being summed 
➢​ For every term in the addition,  get a value of  that increments by 1 for every term 𝑟 𝑚

added 
➢​ The last term’s value of  get the values of  𝑟 𝑛

 
3.​  𝑟

➢​ The index of summation 
➢​ It must be an integer 
➢​ It’s a placeholder that’s used to keep track of which term is being added to the sequence, 

hence any letter can be used to express it 
➢​ It signifies which term to use at each step 
➢​ It doesn’t appear in the addition expression 

 
4.​  𝑚

➢​ The lower limit of summating 
➢​ The starting value of r 

 
5.​  𝑛

➢​ The upper limit of summation 
➢​ The ending value of r 

 
6.​  (𝑛 − 𝑚) + 1)

➢​ The number of terms in the sequence 
➢​ Why add 1 ? It’s to include the starting term in the count 



B - Examples 

 
𝑟=1

5

∑ 𝑟 = 1 + 2 + 3 + 4 + 5 ⇒ 15

 
𝑟=1

5

∑ 𝑟2 = 12 + 22 + 32 + 42 + 52 ⇒ 55

 
𝑟=1

𝑛

∑ 𝑟3 = 12 + 22 + 32 +  ...  + 𝑛3

 
𝑟=1

∞

∑ 𝑟3 = 12 + 22 + 32 +  ...  

 
 

C - Creation 
●​ To create a summation for a series, Identify the general term  by identifying a pattern in it 𝑢

𝑟

1.​  𝑆
100

= 1 + 1
2 + 1

3 +  ...  + 1
100

2.​  𝑢
𝑟

= 1
𝑟

3.​  
𝑟=1

100

∑ 1
𝑟

 
D - Arithmetic Operations 
 

1.​ Constant Multiple 

●​  
𝑟=𝑚

𝑛

∑ 𝑐𝑢
𝑟

= 𝑐
𝑟=𝑚

𝑛

∑ 𝑢
𝑟

 
2.​ Addition & Subtraction 

●​  
𝑟=𝑚

𝑛

∑ (𝑢
𝑟

± 𝑣
𝑟
) =

𝑟=𝑚

𝑛

∑ (𝑢
𝑟
) +

𝑟=𝑚

𝑛

∑ (𝑣
𝑟
)

3.​ Multiplication 

a.​  
𝑟=𝑚

𝑛

∑ 𝑢
𝑟
𝑣

𝑟
≠ (

𝑟=𝑚

𝑛

∑ 𝑢
𝑟
)(

𝑟=𝑚

𝑛

∑ 𝑣
𝑟
)

 
 



E - Standard Results 

1.​  
𝑟=𝑚

𝑛

∑ 𝑎 = 𝑎 + 𝑎 + 𝑎 +  ...  + 𝑎 𝑓𝑜𝑟 [𝑛 − (𝑚 + 1)] 𝑡𝑒𝑟𝑚𝑠

●​ Repeatedly adding a constant  for the summation’s total amount of terms  𝑎 (𝑛 − 𝑚) + 1

●​  
𝑟=𝑚

𝑛

∑ 𝑎 = [(𝑛 − 𝑚) + 1)]𝑎

 

2.​  
𝑟=1

𝑛

∑ 𝑟 = 1 + 2 + 3 +  ...  + 𝑛

●​ Sum of first  terms of an AP with first term  and last term  𝑛 1 𝑛

★​  
𝑟=1

𝑛

∑ 𝑟 = 𝑛
2 (1 + 𝑛)

 

3.​  
𝑟=1

𝑛

∑ 𝑎𝑟 = 𝑎 + 𝑎2 + 𝑎3 +  ...  + 𝑎𝑛

●​ Sum of first  terms of a GP with first term  and common ratio  𝑛 𝑎 𝑎

★​  
𝑟=1

𝑛

∑ 𝑎𝑟 = 𝑎(1−𝑎𝑛)
1−𝑎

 

4.​  
𝑟=1

∞

∑ 𝑎𝑟 = 𝑎 + 𝑎2 + 𝑎3 +  ...

●​ Sum to infinity of a GP 

★​  
𝑟=1

∞

∑ = 𝑎
1−𝑎 ,  𝑎| | < 1

 
F - Formulas 

●​ Will not be provided in MF27. However, the question will provide them whenever required 

1.​  
𝑟=1

𝑛

∑ 𝑟2 = 𝑛
6 (𝑛 + 1)(2𝑛 + 1)

2.​  
𝑟=1

𝑛

∑ 𝑟3 = 𝑛2

4 (𝑛 + 1)2

 
 



G - Change Of Limits 
●​ If the lower bounds needs to start from after the beginning ( ), understand the following 𝑟 = 1

 

 ∴
𝑟=𝑘

𝑛

∑ 𝑢
𝑟

=
𝑟=1

𝑛

∑ −
𝑟=1

𝑘

∑ , 1 < 𝑘 < 𝑛

 



3 - Vectors 
A - Introduction 
1 - Definition 
➢​ It’s a quantity with both magnitude and direction 
➢​ Denoted as either  

1.​ Bold lowercase letter 
2.​ Handwritten lowercase letter with a wavy line (~) underneath 
3.​ Two capital letters representing its start and end terminal with an arrow 

 
➢​ Its magnitude / length is denoted by  𝑣| |

 
2 - Types 
A - Position Vectors 

●​ It’s a vector that’s defined relative to a given and fixed point 
○​ The origin  is a position vector 𝑂
○​  and OB are the position vectors of points A and B respectively 𝑂𝐴

 
 

 

 



B - Equal Vectors 
●​ 2 vectors are equal if and only if they have the same magnitude and direction 

○​    &   ​ [Same magnitude & direction] 𝑃𝑄
→

= 𝑆𝑅
→

𝑃𝑆
→

= 𝑄𝑅
→

○​   ​ ​ [Same magnitude BUT different direction] 𝑃𝑄
→

≠ 𝑃𝑆
→

​  

●​ A vector diagram is a parallelogram if and only if    OR    𝐴𝐵
→

= 𝐷𝐶
→

𝐴𝐷
→

= 𝐵𝐶
→

 
 
★​  λ𝑎 + µ𝑏 = γ𝑎 + δ𝑏,  𝑎, 𝑏 ≠ 0,  𝑎  ∦ 𝑏

○​  λ = γ ,  µ = δ
 

C- Negative Vectors 
●​ Same magnitude 

➢​  − 𝑎| | = 𝑎| |
●​ Opposite Directions 

➢​ Start and end points are reversed 

➢​    𝑄𝑃
→

= − 𝑃𝑄
→

 
 

D - Null / Zero Vectors 
●​ No magnitude 
●​ No direction 
●​ It’s a point and is denoted by 0 OR  

 
 

 



E - Unit Vectors 

●​ It’s a vector with a magnitude of , and is denoted as  1 𝑣
^

○​  𝑣
^| | = 1

●​ It, and its negative counterpart, are parallel to their parent vector v  

●​  𝑣
^

= 1
𝑣| | 𝑣

➢​  𝑣 = ( 𝑣| |)(𝑣
^
)

 
 

F - Parallel Vectors 
●​  𝑎 // 𝑏 ⇔ 𝑏 = 𝑘𝑎,  𝑘 ∈ 𝑅,  𝑘 ≠ 0

○​ If ,  and  are facing the same direction 𝑘 > 0 𝑎 𝑏
○​ If ,  and  are in opposite directions 𝑘 < 0 𝑎 𝑏

 
 

3 - Collinear Points 
●​ Occurs when they lie on the same straight line 

★​ They need to share a common point 
★​ The bigger vector must be a scalar multiple of the smaller vector 

 
 

 



4 - Arithmetic Operations 
 
A - Scalar  Multiplication λ
➢​  is parallel to that of  λ𝑎 𝑎
➢​ ’s magnitude is  λ𝑎 λ| | 𝑎| |
➢​ If ,  has the same direction as  λ > 0 λ𝑎 𝑎
➢​ If .  has the opposite direction of  λ < 0 λ𝑎 𝑎
➢​ If ,  becomes the zero vector 0 λ = 0 λ𝑎

 
 

B - Vector Addition 
1 - Triangle Law 

●​      𝑃𝑄
→

+ 𝑄𝑅
→

= 𝑃𝑅
→

 
 

C - Vector Subtraction 
●​ Subtraction of vectors is just adding a negative vector to another vector 

➢​  𝑎 − 𝑏 = 𝑎 + (− 𝑏)

 
 

 



5 - Ratio Theorem 
●​ If a point  divides the line segment  internally in the ratio  𝑃 𝐴𝐵 λ :  µ

 𝑂𝑃
→

= µ𝑎+λ𝑏
µ+λ

 

 
●​ If the point  divides the line segment  internally in the ratio  𝑃 𝐴𝐵 1: 1

 𝑂𝑃 = 𝑎+𝑏
2

→

 

 



6 - 2D & 3D Vectors 
★​  represents the positive  𝑖 𝑥 − 𝑎𝑥𝑖𝑠

○​  𝑖 = [1, 0, 0]
★​  represents the positive  𝑗 𝑦 − 𝑎𝑥𝑖𝑠

○​  𝑗 = [0, 1, 0]
★​  represents the positive  𝑘 𝑧 − 𝑎𝑥𝑖𝑠

○​  𝑘 = [0, 0, 1]
➢​ They are unit vectors who are perpendicular to each other 
➢​ To find the magnitude, use Pythagoras' Theorem on their scalar multiples 

○​ If  𝑣 = 3𝑖 + 4𝑗 + 5𝑘

■​  𝑣| | = 32 + 42 + 52 ⇒ 50
○​ If  𝑣 = 3𝑖 + 4𝑗

■​  𝑣| | = 32 + 42 ⇒ 5
➢​ Their negative counterparts represent their corresponding axes in the  direction 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒

○​  𝑖 = [− 1, 0, 0]
○​  𝑗 = [0, − 1, 0]
○​  𝑘 = [0, 0, − 1]

 

 
 

 



 



 
 

 



B - Scalar & Vector Products 
1 - Scalar / Dot Product 
A - Formula 
★​  𝑎 · 𝑏 = 𝑎| | 𝑏| |𝑐𝑜𝑠Θ ,  𝑎, 𝑏 ≠ 0 ,  0° ≤ Θ ≤ 180°

➢​ ​ [  &  are in the same direction​] 𝑎 · 𝑏 = 𝑎| | 𝑏| | ,  Θ   = 0° 𝑎 𝑏
➢​ ​ [  &  are perpendicular​ ​ ] 𝑎 · 𝑏 = 0,  Θ            = 90° 𝑎 𝑏
➢​ ​ [  &  are in opposite directions​ ] 𝑎 · 𝑏 =− 𝑎| | 𝑏| | ,  Θ = 180° 𝑎 𝑏

 
○​ Vector Form 

➢​  𝑎 = [𝑥
1
 ,  𝑦

1
 ,  𝑧

1
]

➢​  𝑏 = [𝑥
2
 ,  𝑦

2
 ,  𝑧

2
]

★​  𝑎 · 𝑏 = 𝑥
1
𝑥

2
+ 𝑦

1
𝑦

2
+ 𝑧

1
𝑧

2

 
B - Properties 

●​  is a scalar 𝑎 · 𝑏
●​  𝑎 · 𝑏 = 𝑏 · 𝑎
●​  𝑎 · (𝑏 + 𝑐) = (𝑎 · 𝑏) + (𝑎 · 𝑐)
●​  λ 𝑎 · 𝑏( ) = (λ𝑎 · 𝑏) = 𝑎 · (λ𝑏) ,  λ ∉ 𝑅

●​  𝑎 · 𝑎 = 𝑎| |2

★​  𝑎 · 𝑏 = 0 ⇒ (𝑎 ⊥ 𝑏) ∨ (𝑎 = 0) ∨ (𝑏 = 0)  
●​ There is no division of vectors 

○​  𝑎 · 𝑏 = 𝑐 · 𝑑 → 𝑎 ≠ 𝑐·𝑑
𝑏  

 
C - Use Cases 
1 - Find the angle between 2 vectors 
➢​  𝑐𝑜𝑠θ = 𝑎·𝑏

𝑎| | 𝑏| |  , 𝑎, 𝑏 ≠ 0 ,  0° ≤ Θ ≤ 180° 

➢​ Acute Angle if  𝑎 · 𝑏 > 0 ⇔ 𝑐𝑜𝑠θ > 0
➢​ Obtuse Angle if  𝑎 · 𝑏 < 0 ⇔ 𝑐𝑜𝑠θ < 0

 
 

 

 



2 - Perpendicular Test 
★​  𝑎 · 𝑏 = 0 ⇔ θ = 90° (𝑐𝑜𝑠90° = 0)
➢​ Can be used to find the values of the coefficients of , , and  𝑖 𝑗 𝑘

 
 

3 - Find the length of projection 
★​  𝑎·𝑏| |

𝑏| |

➢​ It’s the magnitude representing the portion of  that lies lies on  𝑎 𝑏
 

 Θ > 90°  Θ < 90°

  

 

 



4 - To find the projection vector 

★​ (  𝑎 · 𝑏
^
) 𝑏

^

■​ It’s the vector representing the portion of  that is on  𝑎 𝑏
■​  : PV is the the same direction as   Θ < 90° 𝑏
■​  : PV is the the opposite direction of   Θ > 90° 𝑏

 
 

 



2 - Vector / Cross Product 
A - Formula 
★​  𝑎 × 𝑏 = 𝑎| | 𝑏| |𝑠𝑖𝑛Θ𝑛

^
 ,  𝑎, 𝑏 ≠ 0 ,  0° < Θ < 180° ,  𝑛

^
⊥ 𝑎, 𝑏

➢​  is a unit vector that’s perpendicular to the plane in which  and  lie in 𝑛
^

𝑎 𝑏
★​  𝑎 × 𝑏| | = 𝑎| | 𝑏| |𝑠𝑖𝑛Θ
●​ This vector will be perpendicular to both  and  𝑎 𝑏

 
●​ Vector Form 

○​  𝑎 = [𝑥
1
 ,  𝑦

1
 ,  𝑧

1
]

○​  𝑏 = [𝑥
2
 ,  𝑦

2
 ,  𝑧

2
]

★​  𝑎 × 𝑏 = [𝑦
1
𝑧

2
− 𝑧

1
𝑦

2
 ,  𝑧

1
𝑥

2
− 𝑥

1
𝑧

2
 ,  𝑥

1
𝑦

2
− 𝑦

1
𝑥

2
]

■​ Given in MF27 
 

B - Properties 
○​  is a vector 𝑎 × 𝑏
○​  𝑎 × 𝑏 ≠ 𝑏 × 𝑎

■​ They will point in opposite directions 
○​  𝑎 × (𝑏 + 𝑐) = (𝑎 × 𝑏) + (𝑎 × 𝑐)
○​  λ(𝑎 × 𝑏) = [(λ𝑎) × 𝑏] = [𝑎 × (λ𝑏)] ,  λ ∈ 𝑅
○​  𝑚𝑎 × 𝑛𝑏 = (𝑚𝑛)(𝑎 × 𝑏) ,  𝑚, 𝑛 ∈ 𝑅
★​  𝑎 × 𝑏 = 0 ⇒ (𝑎 = 0) ∨ (𝑏 = 0) ∨ (𝑎, 𝑏 = 0) ∨ (𝑎 ‖ 𝑏 ,  𝑠𝑖𝑛Θ = 0°)
○​  𝑎 × 𝑎 = 0 ,  𝑎 ‖ 𝑎
○​  𝑏 × 𝑏 = 0 ,  𝑏 ‖ 𝑏
★​  𝑎 × 𝑏 = 𝑎| | 𝑏| | ⇒ Θ = 90° ,  𝑎 ⊥ 𝑏

 
 

 



C - Use Cases (To Find…) 
1 - A Triangle’s Area 

★​  1
2 𝐴𝐵

→
× 𝐴𝐶

→| |

 

 
 

 



2 - A Parallelogram’s Area 

★​  𝑂𝐴
→

× 𝑂𝐶
→| |

 

 
 

 



3 - A Right-Angled Triangle’s Sides’ Lengths 

★​  𝑃𝑁 = 𝑣 · 𝑑
^| |

★​  𝑁𝑄 = 𝑣 × 𝑑
^| |

★​  𝑁𝑄 = (𝑃𝑄)2 − (𝑃𝑁)2

 

 

 

 

 



 

 

 

 



C - Lines 
1 - Forms 
A - Vector Form 

●​  𝑟 = 𝑎 + λ𝑑
○​  is the position vector of any point on the line  𝑟 𝑙
○​  is positive vector of a fixed point on the line  𝑎 𝑙
○​  is a vector that is parallel to the line  𝑑 𝑙
○​  is the scalar multiple that scales , forming  λ 𝑑 𝑟

 
 

 
B - Parametric Form 

●​  𝑥 = 𝑎
1

+ λ𝑑
1

●​  𝑦 = 𝑎
2

+ λ𝑑
2

●​  𝑧 = 𝑎
3

+ λ𝑑
3

 
C - Cartesian Form 

 λ =
𝑥−𝑎

1

𝑑
1

=
𝑦−𝑎

2

𝑑
2

=
𝑧−𝑎

3

𝑑
3

 
●​ A point lies on a line if its position vector satisfies the line’s equation 

○​ There needs to be a unique / one solution for  only λ

 
 



2 - Relationship  
A - Point & Line 

●​ Foot Of  ⊥
●​ ’s distance ⊥
●​ Reflection Of A Point P In A Line 

★​   𝑂𝑃'
→

= 2𝑂𝑁 
→

− 𝑂𝑃
→

 



 



B - 2 Lines 
1 - Parallel Lines 

★​  𝑙
1

= 𝑘𝑙
2
 ,  θ = 0◦ / 180◦

➢​  and  do not intersect 𝑙
1

𝑙
2

➢​  and  lie on the same plane 𝑙
1

𝑙
2

★​ Distance =  𝐴𝐵 
→

× 𝑑
𝑑| |

○​  is the vector connecting the 2 lines 𝐴𝐵
→

○​  is the direction vector of the 2 lines 𝑑



 
 



 
2 - Intersecting Lines 

➢​  and  are not parallel 𝑙
1

𝑙
2

➢​  and  lie on the same plane 𝑙
1

𝑙
2

★​ There is only 1 solution set for both  and  λ µ
 

 



 

 



3 - Skew Lines 
○​  and  are not parallel 𝑙

1
𝑙

2

○​  and  do not intersect 𝑙
1

𝑙
2

○​  and  do not lie on the same plane 𝑙
1

𝑙
2

★​ There are no solutions sets for both  and  λ µ

 

 

 



3 - Angle 
★​  𝑐𝑜𝑠 θ = 𝑑·𝑚| |

𝑑| | 𝑚| |

➢​  𝑑 ⊥ 𝑚 ⇔ 𝑐𝑜𝑠 θ = 0

➢​  𝑑 // 𝑚 ⇔ 𝑐𝑜𝑠 θ = 1°

 
 



4 - Reflection 



 



 



D - Planes 
1 - Forms 
A - Parametric Form 

●​  𝑟 = 𝑎 + λ𝑢 + µ𝑣
○​  is the position vector of any point on the plane 𝑟
○​  is the position vector of a fixed point on the plane 𝑎
○​  are non-parallel vectors that are parallel to the plane 𝑢 ,  𝑣

 
 

B - Scalar Product Form 
●​  𝑟 · 𝑛 = 𝐷 ,  𝐷 = 𝑎 · 𝑛

○​  is the position vector of any point on the plane 𝑟
○​  is a vector perpendicular to the plane 𝑛
○​  is a position vector of a fixed point on the plane 𝑎
○​  is a scalar 𝐷

★​ Any point on the plane, , when dot multiplied by the plane’s normal, , all give the same scalar 𝑟 𝑛
output 

●​  origin lies on the plane 𝑟 · 𝑛 = 0 ⇒
 



 

 

 



 

C - Cartesian Form 
●​  𝑛

1
𝑥 + 𝑛

2
𝑦 + 𝑛

3
𝑧 = 𝐷 ,  𝐷 = 𝑎 · 𝑛

○​  are the  coordinates of the vector perpendicular to the plane 𝑛
1−3

𝑥, 𝑦, 𝑧



 
 



2 - Special Planes 
 - plane​ :  - coordinate  𝑥𝑦 𝑧 = 0
●​ The  - plane is perpendicular to it 𝑧

 
 - plane​ :  - coordinate  𝑦𝑧 𝑥 = 0

●​ The  - plane is perpendicular to it 𝑥
 

 - plane​ :  - coordinate  𝑥𝑧 𝑦 = 0
●​ The  - plane is perpendicular to it 𝑦

 

 

 
 



3 - Relationship 
A - Line & Plane 
1 - Angle 

●​  𝑠𝑖𝑛 θ = 𝑑·𝑛| |
𝑑| | 𝑛| |

○​  is the direction vector 𝑑
○​  is the normal vector 𝑛

 
 

 



 
 



2 -  Lies On  𝑙 Π

 

 
 



3 -  But Does Not Lie On   𝑙 // Π Π

 

 
 



4 -  Intersects  𝑙 Π

 

 
 



B - Point & Plane 
1 - Foot Of  ⊥

 
 

 



2 -  Distance From Point To Plane ⊥

●​  (𝑂𝑃
→

·𝑛)−𝐷| |
𝑛| |

 

 

3 -  Distance From Origin To Plane ⊥
●​  𝐷| |

𝑛| |

 
 



C - Plane & Plane 
1 - Parallel Planes 
★​  𝑛

1
= 𝑘𝑛

2

 
 
★​ Either 

➢​ They do not intersect 
➢​ They coincide as a single plane 

 

★​ Distance =  
𝐷

2
−𝐷

1| |
𝑛| |



 
2 - Non-Parallel Planes 
★​  𝑛

1
≠ 𝑘𝑛

2

 

★​  𝑐𝑜𝑠 θ =
𝑛

1
·𝑛

2| |
𝑛

1| | 𝑛
2| |



 
 



★​ There is a line of intersection between them 
○​ GC 

 

○​  𝑟 = 𝑂𝐴
→

+ λ(𝑛
1

× 𝑛
2
)

■​  is the position vector of the 2 planes’ common point 𝑂𝐴
→

 
 
 



A - Introduction 
●​  𝑧 = 𝑥 + 𝑖𝑦

○​  is the complex number 𝑧
○​  is the real portion​ ​  𝑥 𝑅𝑒(𝑧) = 𝑥
○​  is the imaginary portion​  𝑦 𝐿𝑚(𝑧) = 𝑦
○​  is the imaginary number​  𝑖 𝑖          = − 1

 
●​ If  is purely imaginary  𝑅𝑒(𝑍) = 0 ⇒ 𝑧 = 𝑖𝑦 ⇒ 𝑧
●​ If  is purely real  𝐼𝑀(𝑍) = 0 ⇒ 𝑧 = 𝑥 ⇒ 𝑧

○​ Hence, the real numbers are a subset of the complex numbers 
 

●​  𝑧 = 𝑤 ⇔ 𝑥
1

= 𝑥
2
 ,  𝑦

1
= 𝑦

2

 
B - Conjugate 
1 - Definition 

●​ The sign of the imaginary part is reversed 
●​ Denoted using an asterisk * 

○​  𝑧 = 𝑥 + 𝑖𝑦

○​  𝑧* = 𝑥 − 𝑖𝑦
 
2 - Properties 

★​  𝑧𝑧* = 𝑥2 + 𝑦2

●​  (𝑧*)
*

= 𝑧

●​  𝑧* ± 𝑤* = (𝑧 ± 𝑤)*

●​  (𝑧𝑤)* = 𝑧*𝑤*

●​  ( 𝑧
𝑤 )

*
= 𝑧*

𝑤*  ,  𝑤 ≠ 0

●​  𝑧 + 𝑧* = 2 𝑅𝑒(𝑧)

●​  𝑧 − 𝑧* = 2𝑖 𝐿𝑚(𝑧)

★​  is a reflection of  in the  in the argand diagram 𝑧* (𝑥, − 𝑦) 𝑧 (𝑥, 𝑦) 𝑥 − 𝑎𝑥𝑖𝑠
 
3 - Theorem 

●​ If a polynomial with only real coefficients and degree  has non-real roots, it will appear in ≥ 2
conjugate pairs 

○​ If  is a root of  , then  is also a root 𝑥 + 𝑖𝑦 𝑃(𝑧) = 0 𝑥 − 𝑖𝑦
 



C - Argand Diagram 
1 - Definition 

●​ It the the graph of the  , with the  being real and the  being imaginary 𝑧 𝑥 − 𝑎𝑥𝑖𝑠 𝑦 − 𝑎𝑥𝑖𝑠

 
 

2 - Properties 
●​  are the coordinates (𝑥, 𝑦)

●​  𝑂𝑃 = 𝑧| | = 𝑥2 + 𝑦2

●​  is the principal angle  that  makes with the  real axis 𝑎𝑟𝑔(𝑧) θ,  − π < θ ≤ π 𝑂𝑃 + 𝑣𝑒
○​  if the angle is measured anti-clockwise from the  real axis 𝑎𝑟𝑔(𝑧) ≥ 0 + 𝑣𝑒

 
○​  if the ange is measured clockwise from the  real axis 𝑎𝑟𝑔(𝑧) < 0 + 𝑣𝑒

 
★​  π

2  / 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡

★​ Basic angle   α = 𝑡𝑎𝑛−1 𝑦
𝑥

|| ||( )
 



D - Arithmetic Operations 
 𝑧

1
= 𝑥

1
+ 𝑖𝑦

1

 𝑧
2

= 𝑥
2

+ 𝑖𝑦
2

 
1 - Addition / Subtraction 

 𝑧
1

± 𝑧
2

= (𝑥
1

± 𝑥
2
) + 𝑖(𝑦

1
± 𝑦

2
)

●​ Use the parallelogram law to visualise on the argand diagram 

 
 

2 - Multiplication 
)( ) 𝑧

1
𝑧

2
= (𝑥

1
+ 𝑖𝑦

1
𝑥

2
+ 𝑖𝑦

2

        =  (𝑥
1
𝑥

2
− 𝑦

1
𝑦

2
) + 𝑖(𝑥

1
𝑦

2
+ 𝑥

2
𝑦

1
)

●​ Multiplication of a complex number by  rotates the vector on the argand diagram  𝑖 90°

anti-clockwise about the origin 

 
 

3 - Division 

 
𝑧

1

𝑧
2

=
𝑥

1
+𝑖𝑦

1

𝑥
2
+𝑖𝑦

2

​      =
𝑥

1
+𝑖𝑦

1

𝑥
2
+𝑖𝑦

2
×

𝑥
2
−𝑖𝑦

2

𝑥
2
−𝑖𝑦

2

     =
𝑥

1
𝑥

2
+𝑦

1
𝑦

2

𝑥
2

2+𝑦
2

2 + 𝑖
𝑥

2
𝑦

1
−𝑥

1
𝑦

2

𝑥
2

2+𝑦
2

2( )
●​ Multiply the denominator by its conjugate so as to remove the imaginary part 



A - Differentiation 
1 - Fundamental Rules 

 𝑆𝑐𝑎𝑙𝑎𝑟 𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑒  𝑑
𝑑𝑥 (𝑘𝑢) = 𝑘 𝑑

𝑑𝑥 (𝑢)

 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 & 𝑆𝑢𝑏𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑅𝑢𝑙𝑒  𝑑
𝑑𝑥 (𝑢 ± 𝑣) = 𝑑

𝑑𝑥 (𝑣) ± 𝑑
𝑑𝑥 (𝑢)

 𝐶ℎ𝑎𝑖𝑛 𝑅𝑢𝑙𝑒  𝑑𝑦
𝑑𝑥 = 𝑑𝑦

𝑑𝑢 · 𝑑𝑢
𝑑𝑥

 𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑅𝑢𝑙𝑒  𝑑
𝑑𝑥 (𝑢𝑣) = 𝑣 𝑑𝑢

𝑑𝑥 + 𝑢 𝑑𝑣
𝑑𝑥

 𝑄𝑢𝑜𝑡𝑖𝑒𝑛𝑡 𝑅𝑢𝑙𝑒
 𝑑

𝑑𝑥 ( 𝑢
𝑣 ) =

𝑣( 𝑑𝑢
𝑑𝑥 )−𝑢( 𝑑𝑣

𝑑𝑥 )

𝑣2

 
 



2 - Standard Results 
A - Algebraic Functions 

 𝑑
𝑑𝑥 (𝑎) = 0 ,  𝑤ℎ𝑒𝑟𝑒 𝑎 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

 𝑑
𝑑𝑥 [𝑓(𝑥)]𝑛 = 𝑛 × {𝑓 ′(𝑥)[𝑓(𝑥)𝑛−1]} ,  𝑛 ≠ 0

 
B - Trigonometric Functions 

 𝑑
𝑑𝑥 𝑠𝑖𝑛[𝑓(𝑥)]  = 𝑓 ′(𝑥) × 𝑐𝑜𝑠[𝑓(𝑥)]

 𝑑
𝑑𝑥 𝑐𝑜𝑠[𝑓(𝑥)]  = 𝑓 ′(𝑥) × {− 𝑠𝑖𝑛[𝑓(𝑥)]}

 𝑑
𝑑𝑥 𝑡𝑎𝑛[𝑓(𝑥)    = 𝑓 ′(𝑥) × 𝑠𝑒𝑐2[𝑓(𝑥)]

 𝑑
𝑑𝑥 𝑐𝑜𝑡[𝑓(𝑥)]    = 𝑓 ′(𝑥) × {− 𝑐𝑜𝑠𝑒𝑐2[𝑓(𝑥)]}

           [MF27] 𝑑
𝑑𝑥 𝑠𝑒𝑐[𝑓(𝑥)]    = 𝑓 ′(𝑥) × 𝑠𝑒𝑐[𝑓(𝑥)]𝑡𝑎𝑛[𝑓(𝑥)]

 [MF27] 𝑑
𝑑𝑥 𝑐𝑜𝑠𝑒𝑐[𝑓(𝑥)] = 𝑓 ′(𝑥) × {− 𝑐𝑜𝑠𝑒𝑐[𝑓(𝑥)]𝑐𝑜𝑡[𝑓(𝑥)]

 
C - Inverse Trigonometric Functions [MF27] 

 𝑑
𝑑𝑥 (𝑠𝑖𝑛−1[𝑓(𝑥)]) = 𝑓 ′(𝑥) × 1

1−[𝑓(𝑥)]2
 ,  − 1 < 𝑓(𝑥) < 1

 𝑑
𝑑𝑥 (𝑐𝑜𝑠−1[𝑓(𝑥)] = 𝑓 ′(𝑥) × {− 1

1−[𝑓(𝑥)]2
} ,  − 1 < 𝑓(𝑥) < 1

 𝑑
𝑑𝑥 (𝑡𝑎𝑛−1[𝑓(𝑥)] = 𝑓 ′(𝑥) × 1

1+[𝑓(𝑥)]2

 
D - Exponential Functions 

 𝑑
𝑑𝑥 𝑒𝑓(𝑥) = 𝑓 ′(𝑥) × 𝑒𝑓(𝑥)

 
E - Logarithmic Functions 

 𝑑
𝑑𝑥 [𝑙𝑛(𝑓(𝑥)] = 𝑓 ′(𝑥)

𝑓(𝑥)

 𝑑
𝑑𝑥 (𝑙𝑜𝑔

𝑎
𝑓(𝑥)) = 𝑑

𝑑𝑥 ( 𝑙𝑛(𝑓(𝑥))
𝑙𝑛 𝑎 ) ⇒ 1

𝑙𝑛 𝑎 ( 𝑓 ′(𝑥)
𝑓(𝑥) ) ,  𝑎 > 0

 



3 - Techniques 
A - Explicit Differentiation 
1 - Definition 

●​ It is a way of differentiating when  is isolated on the LHS, and hence, it is the subject 𝑦
 

2 - Method 
1.​ Make  the subject, if it is not isolated yet 𝑦
2.​ Differentiate both sides 
3.​ Simplify 

 
3 - Example 

0.​ Find the derivative of the following 

 2𝑦 = 𝑥3 + 6𝑥2 + 11𝑥 + 6 + 𝑦
 

1.​ Make  the subject, if it is not isolated yet 𝑦

 𝑦 = 𝑥3 + 6𝑥2 + 11𝑥 + 6
 

2.​ Differentiate both sides 

 𝑑𝑦
𝑑𝑥 = 3𝑥2 + 12𝑥 + 11

 
3.​ Simplify, if needed 

 𝑑𝑦
𝑑𝑥 = 3𝑥2 + 12𝑥 + 11

 



B - Implicit Differentiation 
1 - Definition 

●​ It is a way of differentiating an equation when  is mixed with other variables, such as , and 𝑦 𝑥
hence, is not isolated on the LHS 

 
●​ Implicit differentiation is done if making  the subject makes explicit differentiation difficult or 𝑦

impossible to do 
 

2 - Method 
1.​ To do this, simply differentiate  normally, then multiply by  𝑦 𝑑𝑦

𝑑𝑥

○​  𝑑
𝑑𝑥 𝑔(𝑦) = 𝑑

𝑑𝑦 𝑔(𝑦)⎡⎣ ⎤⎦ × 𝑑𝑦
𝑑𝑥

2.​ Make  the subject 𝑑𝑦
𝑑𝑥

3.​ Simplify 
 

3 - Example 
0.​ Solve the following equation implicitly  

 𝑥2 + 𝑦2 = 25
 
 

1.​ Differentiate both sides  
 2𝑥 + 2𝑦 𝑑𝑦

𝑑𝑥 = 0

 
 

2.​ Make  the subject 𝑑𝑦
𝑑𝑥

 𝑑𝑦
𝑑𝑥 =− 𝑥

𝑦

 
3.​ Simplify 

 𝑑𝑦
𝑑𝑥 =− 𝑥

𝑦



C - Logarithmic Differentiation 
1 - Definition 

●​ It is a way of differentiating if the base is not  𝑒
 

2 - Method 
1.​ Equate to  𝑦
2.​  both sides 𝑙𝑛
3.​ Differentiate 
4.​ Make  the subject 𝑑𝑦

𝑑𝑥

5.​ Simplify 
 

3 - Example 
0.​ Find the derivative of the following 

 2𝑥

 
1.​ Equate to  𝑦

 𝑦 = 2𝑥

 
2.​  both sides 𝑙𝑛

 𝑙𝑛 𝑦 = 𝑙𝑛(2𝑥)
 𝑙𝑛 𝑦 = 𝑥 𝑙𝑛(2)

 
3.​ Differentiate 

 1
𝑦 × 𝑑𝑦

𝑑𝑥 = 𝑙𝑛2

 
4.​ Make  the subject 𝑑𝑦

𝑑𝑥

 𝑑𝑦
𝑑𝑥 = 𝑦 𝑙𝑛2

 
5.​ Simplify 

 𝑑𝑦
𝑑𝑥 = (2𝑥)(𝑙𝑛2)

 



D - Parametric Differentiation 
1 - Definition 

●​ It is a way of differentiating parametric equations by using the chain rule 
 

2 - Method 
1.​ Differentiate both equations  
2.​ Use the chain rule 
3.​ Simplify 

 
3 - Example 

0.​ Given that , find  𝑥 = 𝑎𝑐𝑜𝑠θ ,  𝑦 = 𝑏𝑠𝑖𝑛θ ,  𝑎, 𝑏 ∈ 𝑍+ 𝑑𝑦
𝑑𝑥

 
1.​ Differentiate both equations 

​ ​ ​  𝑥 = 𝑎𝑐𝑜𝑠Θ 𝑦 = 𝑏𝑠𝑖𝑛θ
​ ​ ​  𝑑𝑥

𝑑Θ =− 𝑎𝑠𝑖𝑛Θ 𝑑𝑦
𝑑θ = 𝑏𝑐𝑜𝑠θ

2.​ Use the chain rule 
 𝑑𝑦

𝑑𝑥 = 𝑑𝑦
𝑑θ × 𝑑θ

𝑑𝑥

 𝑑𝑦
𝑑𝑥 = 𝑏𝑐𝑜𝑠Θ × 1

−𝑎𝑠𝑖𝑛Θ

3.​ Simplify 
 𝑑𝑦

𝑑𝑥 = 𝑏𝑐𝑜𝑠Θ × 1
−𝑎𝑠𝑖𝑛Θ

 𝑑𝑦
𝑑𝑥 = 𝑏𝑐𝑜𝑠Θ

−𝑎𝑠𝑖𝑛Θ

 𝑑𝑦
𝑑𝑥 = 𝑏

−𝑎 × 𝑐𝑜𝑠Θ
𝑠𝑖𝑛Θ

 𝑑𝑦
𝑑𝑥 =− 𝑏

𝑎 𝑐𝑜𝑡Θ

 



E - MacLaurin Series 
A - Definition 

●​ It is a way of expressing a function as the infinite polynomial sum whereby the derivatives, when 
evaluated at , are the coefficients 𝑥 = 0

 
●​ The graph’s tangent is made up of the expansion’s first  terms 2

 
B - Method 

1.​ Find the derivatives up till the question’s requirements 
2.​ Evaluate them at  𝑥 = 0
3.​ Plug the values into the appropriate formula 

 
C - Example 

0.​ Show that the MacLaurin Series for , up to and including the term in , is  𝑠𝑒𝑐𝑥 𝑥2 1 + 1
2 𝑥2

 
1.​ Find the derivatives up till the question’s requirements [The 2nd term in this case] 

 𝐿𝑒𝑡 𝑓(𝑥) = 𝑠𝑒𝑐𝑥
 𝑓′(𝑥) = 𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥

 𝑓′′(𝑥) = 𝑠𝑒𝑐3𝑥 + (𝑡𝑎𝑛2𝑥)(𝑠𝑒𝑐𝑥)
 

2.​ Evaluate them at  𝑥 = 0
 𝑓(0) = 𝑠𝑒𝑐(0) ⇒ 1

 𝑓′(0) = 𝑠𝑒𝑐(0)𝑡𝑎𝑛(0) ⇒ 0

 𝑓′′(0) = 𝑠𝑒𝑐3(0) + (𝑡𝑎𝑛2(0))(𝑠𝑒𝑐((0)) ⇒ 1
 

3.​ Insert the values into the appropriate formula 

 𝑠𝑒𝑐𝑥 = 1 + (0)𝑥 + 𝑥2

2! (1) +  ...

 (shown) 𝑠𝑒𝑐𝑥 = 1 + 1
2 𝑥2 +  ...



D - Use Cases 
1 - General Approximation 

●​ It’s used to approximate a function’s value 
●​ When a function is approximated using its Maclaurin series, it gets more accurate for values of  𝑥

that are closer to , as the series is centered at  0 𝑥 = 0

 

Red​ :  𝑦 = 1 + 2
3 𝑥 − 4

9 𝑥2 + 40
81 𝑥3 +  ...

Blue​ :  𝑦 = (1 + 2𝑥)
1
3

 
The MacLaurin Series’ graph is the closest to the function’s graph for values of  that are the closest to 𝑥

. Hence, making it more and more accurate  0
 



2 - Small Angle Approximation 

●​ If  is small enough such that powers from  onwards can be ignored, then 𝑥 (𝑟𝑎𝑑𝑖𝑎𝑛𝑠) 𝑥3

 𝑠𝑖𝑛(𝑘𝑥) ≈ 𝑘𝑥

 
 gives a good approximation of  for small values of   𝑦 = 𝑘𝑥 𝑦 = 𝑠𝑖𝑛(𝑘𝑥) 𝑥

 

 𝑐𝑜𝑠(𝑘𝑥) ≈ 1 − (𝑘𝑥)2

2

 
 gives a good approximation of  for small values of   𝑦 = 1 − (𝑘𝑥)2 𝑦 = 𝑐𝑜𝑠(𝑘𝑥) 𝑥

 
 𝑡𝑎𝑛(𝑘𝑥) ≈ 𝑘𝑥

 
 gives a good approximation of  for small values of  𝑦 = 𝑘𝑥 𝑦 = 𝑡𝑎𝑛(𝑘𝑥) 𝑥

 



 
 



4 - Applications 
A - Finding the tangent & normal 
1 - Explicitly 

 
 





2 - Implicitly 
1.​ Use implicit differentiation to find  𝑑𝑦

𝑑𝑥

2.​ Substitute  and  into  to find the gradient 𝑥 = 𝑥
1

𝑦 = 𝑦
1

𝑑𝑦
𝑑𝑥



3 - Parametrically 
1.​ Find  and then inverse it to find  𝑑𝑥

𝑑𝑡
𝑑𝑡
𝑑𝑥

2.​ Find  𝑑𝑦
𝑑𝑡

3.​  𝑑𝑦
𝑑𝑥 = 𝑑𝑦

𝑑𝑡 × 𝑑𝑥
𝑑𝑡

4.​ Substitute  into  to find the gradient 𝑡 = 𝑡
1

𝑑𝑦
𝑑𝑥

 
 



B - Finding the stationary points 
●​  when at these points 𝑑𝑦

𝑑𝑥 = 0

●​ Types 
A.​ Maximum Point 

■​  + 𝑣𝑒 → 0 → − 𝑣𝑒
 

B.​ Minimum Point 
■​  − 𝑣𝑒 → 0 → + 𝑣𝑒

 
C.​ Stationary Point Of Inflexion 

■​  + 𝑣𝑒 → 0 → + 𝑣𝑒
■​  − 𝑣𝑒 → 0 → − 𝑣𝑒

●​ To determine the nature of the stationary points, do the first derivative test 

 

●​  : Values slightly lesser than  𝑎− 𝑎

●​  : Values slightly greater than  𝑎+ 𝑎
 





C - Finding The Maxima & Minima 
1.​ Use the restriction to obtain a relationship between  variables 2

 
2.​ Express the variable to be maximised/minimised in terms of  variable only, by using the relation 1

from step  1
 

3.​ Differentiate  to the expressed variable and equate the derivative to  𝑤. 𝑟. 𝑡 0
 

4.​ Simplify and solve 
 

 



D - Finding The Connected Rates Of Change 
★​ It is usually taken with respect to time  unless otherwise stated 𝑡
★​ Increasing rates of change have a positive sign 
★​ Decreasing rates of change have a negative sign 

 
1.​ Identity the variable in the question 

➢​ Let  be the radius of the spherical balloon 𝑟
➢​ Let  be the volume of the spherical balloon 𝑣

 
2.​ Create a  to link the identified variables 𝐷. 𝐸

➢​  𝑉 = 4
3 π𝑟3

 
3.​ Differentiate both sides  to the appropriate variable 𝑤. 𝑟. 𝑡

➢​  𝑑𝑉
𝑑𝑟 = 4π𝑟2

 
4.​ Apply the chain rule 

a.​  𝑑𝑉
𝑑𝑡 = 𝑑𝑉

𝑑𝑟 × 𝑑𝑟
𝑑𝑡

 
★​ Alternatively, you may implicitly differentiate the D.E from step 2 with respect to  𝑡

 





5 - Properties 
A - Increasing Functions 
★​ A function is said to be increasing on an interval if its output values increase as the input 

values increase within that interval 
★​ The gradient is positive 

 
B - Decreasing Functions 
★​ A function is said to be decreasing on an interval if its output values decrease as the input 

values increase within that interval 
★​ The gradient is negative 

 
 



C - Upward Concavity 
★​  𝑓 ′′(𝑥) > 0
●​ The function’s gradient is increasing as  increases 𝑥
●​ Hence, the graph is getting steeper 

 
D - Downward Concavity 
★​  𝑓 ′′(𝑥) < 0
●​ The function’s gradient is decreasing as  increases 𝑥
●​ Hence, the graph is getting gentler 

 
E - Points Of Inflexion 

●​ The point on the curve where the concavity changes 
●​ It could either be 

■​ Stationary 
■​ Non-Stationary [Not In The Syllabus] 

 





B - Integration 
1 - Identity 

∫ 𝑓′(𝑥) 𝑑𝑥 = 𝑓(𝑥) + 𝐶

 
●​ It is the process of undoing a derivative to get back the original function 

 
●​ Multiple functions with different constants have the same derivate, because differentiating 

constants returns  0
 

●​ Hence, a variable  is needed to account for this 𝐶

 
2 - Fundamental Rules 

 𝑆𝑐𝑎𝑙𝑎𝑟 𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑒
 ∫ 𝑘𝑓(𝑥) 𝑑𝑥 = 𝑘∫ 𝑓(𝑥) 𝑑𝑥

 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 & 𝑆𝑢𝑏𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑅𝑢𝑙𝑒
 ∫(𝑓(𝑥) ± 𝑔(𝑥)) 𝑑𝑥 = ∫ 𝑓(𝑥) 𝑑𝑥 ± ∫ 𝑔(𝑥) 𝑑𝑥

 
 



3 - Standard Results 
●​  𝑓(𝑥) = 𝑎𝑥 + 𝑏

A - Trigonometric Functions 

 ∫ 𝑠𝑖𝑛[𝑓(𝑥)] 𝑑𝑥 = 1
𝑓 ′(𝑥) × {− 𝑐𝑜𝑠[𝑓𝑥(𝑥)]} + 𝐶

 ∫ 𝑐𝑜𝑠[𝑓(𝑥)] 𝑑𝑥 = 1
𝑓 ′(𝑥) × 𝑠𝑖𝑛[𝑓𝑥(𝑥)] + 𝐶

 ∫ 𝑡𝑎𝑛[𝑓(𝑥)] 𝑑𝑥 = 1
𝑓 ′(𝑥) × 𝑙𝑛 𝑠𝑒𝑐[𝑓(𝑥)]| | + 𝐶

 ∫ 𝑐𝑜𝑡[𝑓(𝑥)] 𝑑𝑥 = 1
𝑓 ′(𝑥) × 𝑙𝑛 𝑠𝑖𝑛[𝑓(𝑥)]| | + 𝐶

 ∫ 𝑠𝑒𝑐[𝑓(𝑥)] 𝑑𝑥 = 1
𝑓 ′(𝑥) × 𝑙𝑛 𝑠𝑒𝑐[𝑓(𝑥)] + 𝑡𝑎𝑛[𝑓(𝑥)]| | + 𝐶

 ∫ 𝑠𝑒𝑐2[𝑓(𝑥)] 𝑑𝑥 = 1
𝑓 ′(𝑥) × 𝑡𝑎𝑛[𝑓(𝑥)] + 𝐶

 ∫ 𝑐𝑜𝑠𝑒𝑐[𝑓(𝑥)] 𝑑𝑥 = 1
𝑓 ′(𝑥) × {− 𝑙𝑛 𝑐𝑜𝑠𝑒𝑐[𝑓(𝑥)] + 𝑐𝑜𝑡[𝑓(𝑥)]| |} + 𝐶

 ∫ 𝑐𝑜𝑠𝑒𝑐2[𝑓(𝑥)] 𝑑𝑥 = 1
𝑓 ′(𝑥) × {− 𝑐𝑜𝑡[𝑓(𝑥)]} + 𝐶

 ∫ 𝑠𝑒𝑐[𝑓(𝑥)]𝑡𝑎𝑛[𝑓(𝑥)] 𝑑𝑥 = 1
𝑓 ′(𝑥) × 𝑠𝑒𝑐[𝑓(𝑥)] + 𝐶

 ∫ 𝑐𝑜𝑠𝑒𝑐[𝑓(𝑥)] 𝑐𝑜𝑡[𝑓(𝑥)] 𝑑𝑥 = 1
𝑓 ′(𝑥) × {− 𝑐𝑜𝑠𝑒𝑐[𝑓(𝑥)]} + 𝐶

 



B - Exponential Functions 

 ∫ 𝑒𝑓(𝑥) = 1
𝑓 ′(𝑥) × 𝑒𝑓(𝑥) + 𝐶

 ∫ [𝑓 ′(𝑥)][𝑒𝑓(𝑥)] = 𝑒𝑓(𝑥) + 𝐶

 ∫ 𝑎𝑓(𝑥) = 1
𝑓 ′(𝑥) × 𝑎𝑓(𝑥)

𝑙𝑛 𝑎 + 𝐶

 
C - Logarithmic Functions  

 ∫ 𝑓 ′(𝑥)
𝑓(𝑥) = 𝑙𝑛 𝑓(𝑥)| | + 𝐶

 ∫ 1
𝑓(𝑥) = 1

𝑓 ′(𝑥) × 𝑙𝑛 𝑓(𝑥)| | + 𝐶

 
D - Algebraic Functions 

 ∫ 𝑎 𝑑𝑥 = 𝑎𝑥 + 𝐶 ,  𝑤ℎ𝑒𝑟𝑒 𝑎 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

 ∫ [𝑓(𝑥)]𝑛 𝑑𝑥 = { 1
𝑓 ′(𝑥) × 𝑓(𝑥)𝑛+1

𝑛+1 } + 𝐶,  𝑛 ≠ 1

 ∫ 𝑓 ′(𝑥)[𝑓(𝑥)]𝑛 𝑑𝑥 = [𝑓(𝑥)]𝑛+1

𝑛+1 + 𝐶

 ∫ 1

[𝑓(𝑥)]2−𝑎2  𝑑𝑥 = 1
𝑓 ′(𝑥) × { 1

2𝑎 𝑙𝑛 𝑓(𝑥)−𝑎
𝑓(𝑥)+𝑎

|| ||} + 𝐶

 ∫ 1

𝑎2−[𝑓(𝑥)]2  𝑑𝑥 = 1
𝑓 ′(𝑥) × { 1

2𝑎 𝑙𝑛 𝑎+𝑓(𝑥)
𝑎−𝑓(𝑥)

|| ||} + 𝐶

 ∫ 1

𝑎2−[𝑓(𝑥)]2
 𝑑𝑥 = 1

𝑓 ′(𝑥) × {𝑠𝑖𝑛−1( 𝑓(𝑥)
𝑎 )} + 𝐶,  𝑓(𝑥) < 𝑎

 ∫ 1

𝑎2+[𝑓(𝑥)]2  𝑑𝑥 = 1
𝑓 ′(𝑥) × { 1

𝑎 𝑡𝑎𝑛
−1

( 𝑓(𝑥)
𝑎 )} + 𝐶

 



4 - Techniques 
A - Integration By Substitution 
1 - Definition 

●​ It is a way of integrating an expression by substituting it to a variable, such as  𝑢
 

2 - Method 
1.​ From the substitution 

➢​ Make  the subject 𝑥
➢​ Differentiate  with respect to  𝑥 𝑢
➢​ Make  the subject 𝑑𝑥

2.​ Eliminate the  terms from the integrand by using the  stuff from step  𝑥 2 1
3.​ Simplify & Solve 
4.​ Revert the  terms back into  terms 𝑢 𝑥

 
3 - Example 

0.​ Use the substitution  to find  𝑢 = 1 + 2𝑥 ∫ 𝑥(1 + 2𝑥)11 𝑑𝑥

 
1.​ From the substitution 

➢​ Make  the subject 𝑥
 𝑢 = 1 + 2𝑥

 𝑥 = 𝑢−1
2

➢​ Differentiate  with respect to  𝑥 𝑢
 𝑑𝑥

𝑑𝑢 = 1
2

➢​ Make  the subject 𝑑𝑥
 𝑑𝑥 = ( 1

2 )(𝑑𝑢)

 
2.​ Eliminate the  terms from the integrand by using the  stuff from step  𝑥 2 1

 ∫ 𝑥(1 + 2𝑥)11 𝑑𝑥 = ∫( 𝑢−1
2 )(𝑢11)( 1

2 )(𝑑𝑢)

 
3.​ Simplify & Solve 

                              = 1
4 ∫(𝑢12 − 𝑢11) 𝑑𝑢

                                        = 1
4 ( 𝑢13

13 − 𝑢12

12 ) + 𝐶       

                          = 𝑢13

52 − 𝑢12

48  + 𝐶

 
4.​ Revert the  terms back into  terms 𝑢 𝑥

                                            = (1+2𝑥)13

52 − (1+2𝑥)12

48  + 𝐶



B - Integration By Parts 
1 - Definition 

●​ It is based on the product rule 
●​ The goal is to make the integral only have one function, making it simpler to simplify and solve 

 ∫ 𝑓(𝑥)𝑔′(𝑥) 𝑑𝑥 = 𝑓(𝑥)𝑔(𝑥) − ∫ 𝑓′(𝑥)𝑔(𝑥) 𝑑𝑥

 
L​ -​ Logarithmic Functions​ ​ [Most Preferred] 
I​ -​ Inverse Trigonometric Functions​  
A​ -​ Algebraic Functions 
T​ -​ Trigonometric Functions 
E ​ -​ Exponential Functions​ ​ [Least Preferred] 

 
2 - Method 

1.​ Determine  by using LIATE and find  𝑓(𝑥) 𝑓′(𝑥)
2.​ Let  be the other term and find  𝑔′(𝑥) 𝑔(𝑥)
3.​ Plug these 2 values into the formula 
4.​ Solve & Simplify 

 
3 - Example 

0.​ Find  ∫ 𝑥2𝑒4𝑥 𝑑𝑥

 
1.​ Determine  by using LIATE and find  𝑓(𝑥) 𝑓′(𝑥)

 𝑓(𝑥) = 𝑥2

 𝑓′(𝑥) = 2𝑥
 

2.​ Let  be the other term and find  𝑔′(𝑥) 𝑔(𝑥)
 𝑔′(𝑥) = 𝑒4𝑥

 𝑔(𝑥) = 1
4 𝑒4𝑥

3.​ Plug these 2 values into the formula 

 ∫ 𝑥2𝑒4𝑥 𝑑𝑥 = [(𝑥2)( 1
4 𝑒4𝑥)] − ∫(2𝑥)( 1

4 𝑒4𝑥) 𝑑𝑥

4.​ Simplify & Solve 

 ∫ 𝑥2𝑒4𝑥 𝑑𝑥 = 1
4 (𝑥2)(𝑒4𝑥) − 1

2 ∫(𝑥)(𝑒4𝑥) 𝑑𝑥

 



★​ Some equations need integration by parts to be done more than once as the resulting 
integrand still contains more than one function 
 

1.​ Determine  by using LIATE and find  𝑓(𝑥) 𝑓′(𝑥)
 𝑓(𝑥) = 𝑥
 𝑓′(𝑥) = 1

 
2.​ Let  be the other term and find  𝑔′(𝑥) 𝑔(𝑥)

 𝑔′(𝑥) = 𝑒4𝑥

 𝑔(𝑥) = 1
4 𝑒4𝑥

 
3.​ Plug these 2 values into the equation from the first step 4 

 ∫ 𝑥2𝑒4𝑥 𝑑𝑥 = 1
4 (𝑥2)(𝑒4𝑥) − 1

2 [(𝑥)( 1
4 𝑒4𝑥) − ∫(1)( 1

4 𝑒4𝑥) 𝑑𝑥]

 
4.​ Simplify & Solve 

 ∫ 𝑥2𝑒4𝑥 𝑑𝑥 = 1
4 (𝑥2)(𝑒4𝑥) − 1

2 [ 1
4 (𝑥)(𝑒4𝑥) − 1

16 𝑒4𝑥] + 𝐶

  = 𝑒4𝑥

32 (8𝑥2 − 4𝑥 + 1) + 𝐶               
 



C - Definite Integrals 
1 - Definition 

●​ Contains a lower boundary  𝑎
●​ Contains an upper boundary  𝑏
●​ Used to find the area and volume under the curve 

 
𝑎

𝑏

∫ 𝑓(𝑥) 𝑑𝑥 = 𝐹(𝑏) − 𝐹(𝑎) ,  𝑓(𝑥) = 𝑑
𝑑𝑥 (𝐹(𝑥))

 
2 - Fundamental Properties 

 
𝑎

𝑏

∫ 𝑓(𝑥) 𝑑𝑥 =−
𝑏

𝑎

∫ 𝑓(𝑥) 𝑑𝑥

 
𝑎

𝑏

∫ 𝑘𝑓(𝑥) 𝑑𝑥 = 𝑘
𝑎

𝑏

∫ 𝑓(𝑥) 𝑑𝑥

 
𝑎

𝑏

∫[𝑓(𝑥) ± 𝑔(𝑥)] 𝑑𝑥 =
𝑎

𝑏

∫ 𝑓(𝑥) 𝑑𝑥 ±
𝑎

𝑏

∫ 𝑔(𝑥) 𝑑𝑥

 
𝑎

𝑏

∫ 𝑓(𝑥) 𝑑𝑥 +
𝑏

𝑐

∫ 𝑓(𝑥) 𝑑𝑥 =
𝑎

𝑐

∫ 𝑓(𝑥) 𝑑𝑥

 



D - Differential Equations 
1 - Definition 

●​ It’s an equation which contains one or more terms involving derivatives of one variable, such as 𝑦
, with respect to another variable, such as  𝑥

○​  𝑑𝑦
𝑑𝑥 = 𝑓(𝑥)𝑔(𝑦)

●​ The order is the highest derivative present in the differential equation 
●​ The general solution contains the arbitrary constant  𝐶
●​ The particular solution is the general solution but when the value of  has been found 𝐶
●​ To solve them, they must be in the following form 

 ∫ 1
𝑔(𝑦)  𝑑𝑦 = ∫ 𝑓(𝑥) 𝑑𝑥

 
2 - Methods 
A - Method 1 

1.​ Manipulate the D.E into the required form 
2.​ Integrate both sides to find the general solution 
3.​ If the question requires it, find the particular solution 

 
B - Method 2 

●​ If the given D.E is not in the form  , 𝑑𝑦
𝑑𝑥 = 𝑓(𝑥)𝑔(𝑦)

1.​  Differentiate the given substitution 
2.​ Use them to determine the new D.E 
3.​ Solve and simplify the new D.E using method 1 
4.​ Express the final answer in terms of the original variables 

 
 



3 - Examples 
A - Example 1 

 𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝐷. 𝐸 𝑑𝑦
𝑑𝑥 = 𝑥 + 6𝑠𝑒𝑐2(2𝑥) ,  𝑓𝑖𝑛𝑑 𝑖𝑡𝑠 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑡ℎ𝑒𝑛 𝑖𝑡𝑠 𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛

 𝑓𝑜𝑟 𝑤ℎ𝑖𝑐ℎ 𝑦 = 3 𝑤ℎ𝑒𝑛 𝑥 = 0

1.​ Manipulate the D.E into the required form  

 𝑑𝑦
𝑑𝑥 = [𝑥 + 6𝑠𝑒𝑐2(2𝑥)](1) 

 𝑓(𝑥) = 𝑥 + 6𝑠𝑒𝑐2(2𝑥)
 𝑔(𝑦) = 1 ⇒ 1

𝑔(𝑦) = 1

 ∴∫(1) 𝑑𝑦 = ∫[𝑥 + 6𝑠𝑒𝑐2(2𝑥)] 𝑑𝑥

 
2.​ Integrate both sides to find the general solution 

 𝐺𝑒𝑛𝑒𝑟𝑎𝑙 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 :  𝑦 = 𝑥2

2 + 6 × 𝑡𝑎𝑛(2𝑥)
2 + 𝐶

                                                             = 𝑥2

2 + 3𝑡𝑎𝑛(2𝑥) + 𝐶 −−− ① 

 
3.​ If the question requires it, find the particular solution 

 
 𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑥 = 0 ,  𝑦 = 3 𝑖𝑛𝑡𝑜 ① 

 3 = (0)2

2 + 3𝑡𝑎𝑛[2(0)] + 𝐶

 𝐶 = 3

 ∴ 𝑃𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 : 𝑦 = 𝑥2

2 + 3𝑡𝑎𝑛(2𝑥) + 3



 
 
B - Example 2 

 𝑆ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑜𝑛 𝑥 + 𝑦 = 𝑧 𝑟𝑒𝑑𝑢𝑐𝑒𝑠 𝑡ℎ𝑒 𝐷. 𝐸 𝑑𝑦
𝑑𝑥 = (𝑥 + 𝑦)2 𝑡𝑜 𝑑𝑧

𝑑𝑥 = 1 + 𝑧2

 𝐻𝑒𝑛𝑐𝑒,  𝑠𝑜𝑙𝑣𝑒 𝑡ℎ𝑒 𝐷. 𝐸 𝑑𝑦
𝑑𝑥 = (𝑥 + 𝑦)2 ,  𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑓𝑖𝑛𝑎𝑙 𝑎𝑛𝑠𝑤𝑒𝑟 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑦 = 𝑓(𝑥)

1.​ Differentiate the given substitution  
  𝑥 + 𝑦 = 𝑧 −−− ①

 1 + 𝑑𝑦
𝑑𝑥 = 𝑑𝑧

𝑑𝑥

 𝑑𝑦
𝑑𝑥 = 𝑑𝑧

𝑑𝑥 − 1 −−−  ②

 
2.​ Use them to solve and simplify the new D.E 

 𝑑𝑦
𝑑𝑥 = (𝑥 + 𝑦)2 −−−  ③

 𝑆𝑢𝑏 ①2 & ② 𝑖𝑛𝑡𝑜 ③ :  𝑑𝑧
𝑑𝑥 − 1 = 𝑧2 

                                              :  𝑑𝑧
𝑑𝑥 = 𝑧2 + 1 (𝑠ℎ𝑜𝑤𝑛)

 
3.​ Solve and simplify the new D.E using method 1 

 𝑑𝑧
𝑑𝑥 = (𝑧2 + 1)(1)

 𝑓(𝑥) = 1

 𝑔(𝑥) = 𝑧2 + 1 ⇒ 1
𝑔(𝑥) = 1

𝑧2+1

 ∴ ∫ 1

𝑧2+1
 𝑑𝑧 = ∫(1) 𝑑𝑥

 𝑡𝑎𝑛−1𝑧 = 𝑥 + 𝑐
 𝑧 = 𝑡𝑎𝑛(𝑥 + 𝐶)

 
4.​ Express the final answer in terms of the original variables 

 𝑧 = 𝑡𝑎𝑛(𝑥 + 𝐶)
 𝑥 + 𝑦 = 𝑡𝑎𝑛(𝑥 + 𝐶)
 𝑦 = 𝑡𝑎𝑛(𝑥 + 𝐶) − 𝑥

 
 

 



5 - Applications 
A - Finding Area  
1 - Bounded by the  𝑥 − 𝑎𝑥𝑖𝑠

 𝐴𝑟𝑒𝑎 =
𝑎

𝑏

∫ 𝑦 𝑑𝑥

 
Region above  𝑥 − 𝑎𝑥𝑖𝑠

 𝐴𝑟𝑒𝑎 =−
𝑎

𝑏

∫ 𝑦 𝑑𝑥

 
Region below  𝑥 − 𝑎𝑥𝑖𝑠

 𝐴𝑟𝑒𝑎 =
𝑎

𝑐

∫ 𝑦 𝑑𝑥 + −
𝑐

𝑏

∫ 𝑦( ) 𝑑𝑥

 
Regions that are in both above and below the  𝑥 − 𝑎𝑥𝑖𝑠

 



2 - Bounded by the  𝑦 − 𝑎𝑥𝑖𝑠

 𝐴𝑟𝑒𝑎 =
𝑎

𝑏

∫ 𝑥 𝑑𝑦

 
Region where  𝑥 ≥ 0

 𝐴𝑟𝑒𝑎 =−
𝑎

𝑏

∫ 𝑥 𝑑𝑦

 
Region where  𝑥 ≤ 0

 𝐴𝑟𝑒𝑎 =
𝑝

𝑟

∫ 𝑥 𝑑𝑦 + (−
𝑟

𝑞

∫ 𝑥 𝑑𝑦)

 
Regions that are in both sides  



3 - Bounded By 2 Curves  𝑦 = 𝑓(𝑥) & 𝑦 = 𝑔(𝑥)

 𝐴𝑟𝑒𝑎 =
𝑎

𝑏

∫ 𝑓(𝑥) 𝑑𝑥 −
𝑎

𝑏

∫ 𝑔(𝑥) 𝑑𝑥

 
Region above                                                Region below                        𝑥 − 𝑎𝑥𝑖𝑠 𝑥 − 𝑎𝑥𝑖𝑠

 
Region crosses the  𝑥 − 𝑎𝑥𝑖𝑠

 



4 - Bounded By 2 Curves  𝑥 = 𝑓(𝑦) & 𝑥 = 𝑔(𝑦)

 𝐴𝑟𝑒𝑎 =
𝑝

𝑞

∫ 𝑓(𝑦) 𝑑𝑦 −
𝑝

𝑞

∫ 𝑓(𝑦) 𝑑𝑦

 
Region on the RHS of the                        Region on the LHS of the  𝑦 − 𝑎𝑥𝑖𝑠 𝑦 − 𝑎𝑥𝑖𝑠

 
Region crosses the  𝑦 − 𝑎𝑥𝑖𝑠

 



5 - Modulus Sign 

 𝐴𝑟𝑒𝑎 =
𝑎

𝑏

∫ 𝑓(𝑥) 𝑑𝑥 +
𝑏

𝑐

∫− 𝑓(𝑥) 𝑑𝑥

 𝑎 ,  𝑏 ⇔ 𝑓(𝑥) > 0
 𝑏 ,  𝑐 ⇔ 𝑓(𝑥) < 0

 

 

 



B - Finding Volume 
1 - About the  𝑥 − 𝑎𝑥𝑖𝑠

 𝑉𝑜𝑙𝑢𝑚𝑒 = 𝑘π
𝑎

𝑏

∫ [𝑓(𝑥)]2 𝑑𝑥

 represents rounds ( ) of rotation 𝑘 𝑘 360° / 2π

 

 
2 - About the  𝑦 − 𝑎𝑥𝑖𝑠

 𝑉𝑜𝑙𝑢𝑚𝑒 = 𝑘π
𝑝

𝑞

∫ [𝑔(𝑦)]2 𝑑𝑦

 represents rounds ( ) of rotation 𝑘 𝑘 360° / 2π

 



3 - Parallel to the  𝑥 / 𝑦 − 𝑎𝑥𝑖𝑠
●​ The axis of rotation may not be about the  and instead be parallel to them 𝑥/𝑦 − 𝑎𝑥𝑖𝑠

 
●​ Hence, translate the graph until it is about either the  𝑥/𝑦 − 𝑎𝑥𝑖𝑠

 
●​ Translation does not affect the graph’s shape and size, hence the translated graph’s volume will 

be the same as that of the original graph 
 

 
 



4 - Bounded by 2 curves 

 𝑇𝑜𝑡𝑎𝑙 𝑉𝑜𝑙𝑢𝑚𝑒 = 𝑉𝑜𝑙𝑢𝑚𝑒
𝐵𝑖𝑔𝑔𝑒𝑟 𝐶𝑢𝑟𝑣𝑒

− 𝑉𝑜𝑙𝑢𝑚𝑒
𝑆𝑚𝑎𝑙𝑙𝑒𝑟 𝐶𝑢𝑟𝑣𝑒

 

 



5 - Involving Composite Solids 

 𝑇𝑜𝑡𝑎𝑙 𝑉𝑜𝑙𝑢𝑚𝑒 = Σ 𝑉𝑜𝑙𝑢𝑚𝑒
𝐶𝑜𝑚𝑝𝑜𝑠𝑖𝑡𝑒 𝑆𝑜𝑙𝑖𝑑𝑠

 

 



C - Modelling  
A - Definition 

●​ It is  a process in which a real world problem is simplified into a mathematical problem, whose 
solutions may be used to help solve the corresponding real world problem 

 
B - Method 

1.​ Identify the required variables 
2.​ Construct the D.E 
3.​ Solve the D.E 
4.​ Check if the solution makes sense with respect to the real world problem’s context 

 
C - Example 

The rate at which a certain radioactive substance decays is proportional to the amount present at that 
time. A block of such substance having an initial quantity of  units are observed. After 100 days, 𝑚

0
30% of its initial amount has decayed. Find the half-life of this substance.  
 
Half-life refers to the time taken for a radioactive element to decay to  of its initial quantity 1

2

1 - Identify the required variables 
Let  be the amount of radioactive substance 𝑥
Let  be the amount of radioactive substance at a specific time in days 𝑡

 
2 - Construct the D.E 

 𝑑𝑥
𝑑𝑡 =− 𝑘𝑥 ,  𝑘 > 0

 
 



3 - Solve the D.E 
 𝑑𝑥

𝑑𝑡 = (− 𝑘)(𝑥)

 
 𝑓(𝑡) =  − 𝑘

 𝑔(𝑥) = 𝑥 ⇒ 1
𝑔(𝑥) = 1

𝑥

 ∴∫ 1
𝑥  𝑑𝑥 = ∫− 𝑘 𝑑𝑡

 
 𝑙𝑛(𝑥) =− 𝑘𝑡 + 𝐶

 𝑥 = 𝑒−𝑘𝑡+𝐶

 𝑥 = 𝑒−𝑘𝑡+𝐶 ⇒ 𝑒−𝑘𝑡 × 𝑒𝐶

 𝑥 = 𝑒−𝑘𝑡+𝐶 ⇒ 𝐴𝑒−𝑘𝑡 ,  𝐴 = 𝑒𝑐

 
When  𝑡 = 0 ,  𝑥 = 𝑚

0
⇒ 𝐴 = 𝑚

0

 
When  𝑡 = 100,  𝑥 = 0. 7𝑚

0

 0. 7𝑚
0

= 𝑚
0
𝑒−100𝑘

 𝑙𝑛(0. 7) =− 100𝑘
 − 𝑘 = 1

100 𝑙𝑛(0. 7)

Hence,  𝑥 = 𝑚
0
𝑒

( 𝑡
100 𝑙𝑛(0.7))

 
At half-life  

 𝑥 = 1
2 𝑚

0

 𝑒
𝑡

100 𝑙𝑛 0.7( )( ) = 1
2

 𝑡
100 𝑙𝑛(0. 7) = 𝑙𝑛( 1

2 )

 𝑡 = 100( 𝑙𝑛(0.5)
𝑙𝑛(0.7) )

   = 194 (3𝑠𝑓)
 

4 - Check if the solution makes sense with respect to the real world problem’s context 
 

Hence, the half-life of the radioactive substance is approximately 194 days 

 
 



B - Probability & Statistics 
1 - Combinatorics 
A - Permutations 
1 - Definition 

●​ It’s an order-sensitive arrangement of objects  
○​ Different arrangements of the same entities will be seen as different objects 
○​ (A,B) and (B,A) are seen as 2 distinct objects, and hence, 2 distinct permutations 

●​ It’s used when the sequence of the chosen elements changes the outcome 
 

2 - Formulae 
1.​ Permutation of  distinct objects, taken  at a time 𝑛 𝑟

★​ Without repetition​ [Each entity can only be used ONCE] 
■​  𝑃(𝑛, 𝑟) = 𝑛!

(𝑛−𝑟)!

★​ With repetition​​ [Each entity can be used MORE THAN ONCE] 

■​  𝑃(𝑛, 𝑟) = 𝑛𝑟

 
2.​ Permutation of  objects with some identical entities 𝑛

★​ ​ [  are counts of identical entities] 𝑛!
𝑛

1
!×𝑛

2
!×𝑛

3
!× ... ×𝑛

𝑘
! 𝑛

1
 ,  𝑛

2
 ,  𝑛

3
 ,  ...  ,  𝑛

𝑘

 
3.​ Circular Permutations 

★​ Not Rotation-Sensitive​  
■​  (𝑛 − 1)!
■​ Each position IS NOT fixed and labelled, making them not unique 
■​ Hence, each rotation is considered the same 

★​ Rotation-Sensitive 
■​  𝑛!
■​ Each position IS fixed and labelled, making them unique 
■​ Hence, each rotation IS NOT considered the same 

 
B - Combinations 
1 - Definition 

●​ It’s an order-insensitive arrangement of objects  
○​ Different arrangements of the same entities will be seen as identical objects 
○​ (A,B) and (B,A) are seen as 2 identical objects, and hence, 2 identical combinations 

●​ It’s used when the sequence of the chosen elements does not change the outcome 
 

2 - Formulae 
1.​ Combination of  distinct objects, taken  at time 𝑛 𝑟

★​  𝑛
𝑟( ) = 𝑛!

𝑟! × (𝑛−𝑟)!

 
Combination of  identical objects, taken  at a time  𝑛 𝑟 ⇒ 1



2 - Probability Theory 
A - Event Types 
1 - Mutually Exclusive Events 

●​ They cannot occur at the same time 
★​  𝑛

1
+ 𝑛

2
+ 𝑛

3
+  ...  + 𝑛

𝑘

●​ Used to count all possible outcomes when only one of the sub-events occur one one any 
given time, by adding them all 

 
2 - Independent Events 

●​ The probability of any event does not affect the probability of another event  
★​  𝑛

1
× 𝑛

2
× 𝑛

3
×  ...  × 𝑛

𝑘

○​ Used to count all the possible outcomes when all of sub-events occur, and each is 
independent of the previous ones, by multiplying them all 

 
●​ Independence cannot be directly inferred from a Venn Diagram  



B - Probability Types 
1 - Unconditional  

●​ It’s the probability of an event  occurring, without assuming anything about other events 𝐸
●​  𝑃(𝐸) = 𝑁𝑜. 𝑜𝑓 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑖𝑛 𝐸

𝑁𝑜. 𝑜𝑓 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑖𝑛 𝑆 = 𝑁(𝐸)
𝑁(𝑆)

●​ Sample space  contains a finite number of equally likely outcomes 𝑆
★​  0 ≤ 𝑃(𝐸) ≤ 1

➢​ The probability of an event E occurring is always between  and  inclusive 0 1
➢​  means it will never happen​   0 [𝑃(𝐸) = 0] [𝑃(∅) = 0]
➢​  means it will always happen​  1 [𝑃(𝐸) = 1]

 
2 - Conditional  

●​ The probability of an event  occurring, given that another event  occurred 𝐴 𝐵
○​ The conditional probability of  given  𝐴 𝐵

 
★​  𝑃(𝐴|𝐵) = 𝑃(𝐴∩𝐵)

𝑃(𝐵)

➢​  𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴|𝐵) × 𝑃(𝐵)
➢​  𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐵|𝐴) × 𝑃(𝐴)

 
➢​ To check if  OR  are independent events, their conditional probability of them has to be equal 𝐴 𝐵

to their unconditional probability of happening, as they are not dependent on the probability of 
each other happening 
★​  𝑃(𝐴|𝐵) = 𝑃(𝐴)
★​  𝑃(𝐵|𝐴) = 𝑃(𝐵)

 
C - Terminology 

●​ Experiment / Trial 
○​ Any course of action having an observable outcome, and can be repeated under the same 

set of conditions 
○​ Tossing two coins 

 
●​ Outcome 

○​ The result(s) obtained from the experiment 
○​ One Outcome : Two Heads (HH) 

 
●​ Sample / Possibility Space  𝑆

○​ The set of all possible outcomes of the experiment 
■​  𝑆 = {𝐻𝐻, 𝑇𝑇, 𝐻𝑇, 𝑇𝐻}

 
●​ Event  𝐸

○​ A subset of the  𝑆
○​  is a subvert of   𝐸 = {𝐻𝑇, 𝑇𝐻} 𝑆 = {𝐻𝐻, 𝑇𝑇, 𝐻𝑇, 𝑇𝐻}
○​ It represents getting one head and one tail 



 
D - Venn Diagrams  
1 - Union 

●​  𝐴 ∪ 𝐵
●​ Either  or  or both occurs 𝐴 𝐵
★​  𝑃(𝐴 ∪ 𝐵) = [𝑃(𝐴) + 𝑃(𝐵)] − 𝑃(𝐴 ∩ 𝐵)

 
 

2 - Intersection 
●​  𝐴 ∩ 𝐵
●​ The set of outcomes common to both  and  𝐴 𝐵
➢​ To check if  and  are independent events, their intersection must be 𝐴 𝐵

the multiplication of both of their values 
★​  𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴) × 𝑃(𝐵)

 
3 - Mutually Exclusive Events 

●​  and  cannot occur at the same time 𝐴 𝐵
●​  (𝐴 ∩ 𝐵) = ∅
★​  𝑃(𝐴 𝑂𝑅 𝐵) = 𝑃(𝐴) + 𝑃(𝐵)

 
 

4 - Complement 

●​  𝐴′

●​ The event that  does not occur 𝐴

★​  𝑃(𝐴') = 1 − 𝑃(𝐴)

★​  (𝐴 ∪ 𝐵)' = 𝐴' ∩ 𝐵'

★​  (𝐴 ∩ 𝐵)' = 𝐴' ∪ 𝐵'

 
5 - Subset 

●​  𝐴 ⊆ 𝐶
●​ Every element in  is also in  𝐴 𝐶

 
 

 
6 - Empty / Null Set 

●​  {} / ∅
●​ A set with no elements 

 



E - Diagrams 
1 - Sample Space Diagram 

●​ It’s the table of all possible outcomes 
●​ This method can only be used if the outcomes have an equal chance of occurring 

 

 

 
 



2 - Tree Diagram 
●​ It’s the visualisation of all the possible outcomes of a sequence of experiment, especially when 

the probability of an event is dependent on the previous event 
○​ Along the same branch, multiply the probabilities 

 
 



3 - Discrete Random Variables 
A - Definition 

1.​ A random variable  is said to be discrete if its possible values are countable 𝑋
2.​  𝑋 = {𝑥

1
 ,  𝑥

2
 ,  𝑥

3
 ,  ...  ,  𝑥

𝑛
}

3.​  : If the D.R.V  takes on the value  𝑃(𝑋 = 𝑥) 𝑋 𝑥
 

 



B - Measurements 
1 - Expectation 
A - Definition 

●​ The average value of  𝑋
●​ Denoted as  

○​  𝐸(𝑋)
○​  µ

 
B - Formulae 

★​  𝐸(𝑋) =
𝑎𝑙𝑙 𝑥
∑ [𝑥 × 𝑃(𝑋 = 𝑥)]

★​  𝐸(𝑔(𝑥)) =
𝑎𝑙𝑙 𝑥
∑ [𝑔(𝑥) × 𝑃(𝑋 = 𝑥)]

➢​  𝐸(𝑎) = 𝑎
➢​  𝐸(𝑎𝑋) = 𝑎𝐸(𝑋)
➢​  𝐸(𝑎𝑋 + 𝑏) = 𝑎𝐸(𝑋) + 𝑏

➢​  𝐸(𝑋2) ≠ [𝐸(𝑥)]2

 
C - Properties 

●​ If the p.d.f of  is symmetrical about the central value 𝑋
○​  𝐸(𝑋) = 𝐶𝑒𝑛𝑡𝑟𝑎𝑙 𝑉𝑎𝑙𝑢𝑒 𝑂𝑓 𝑋 (𝐼𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑)
○​  𝐸(𝑋) = 𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑂𝑓 𝑇ℎ𝑒 𝑇𝑤𝑜 𝐶𝑒𝑛𝑡𝑟𝑎𝑙 𝑉𝑎𝑙𝑢𝑒𝑠 𝑂𝑓 𝑋 (𝐼𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛)

 
 



2 - Mode 
●​ The most likely value of the DRV 
●​  , for all other values of  and  is the mode 𝑃(𝑥 = 𝑚) ≥ 𝑃(𝑋 = 𝑥) 𝑥 𝑚

 
 

3 - Variance 
A - Definition 

●​ It’s the measurement of the amount of spread of the distribution’s possible values with respect to 
the mean 

○​ If it’s large, the possible values deviate a lot from the mean 
○​ If it’s small, the possible values are close to the mean 

 
B - Formulae 

●​  𝑉𝑎𝑟(𝑋) = 𝐸[(𝑋 − µ)]2

●​  𝑉𝑎𝑟(𝑋) =
𝑎𝑙𝑙 𝑥
∑ [(𝑥 − µ)2 × 𝑃(𝑋 = 𝑥)]

★​  𝑉𝑎𝑟(𝑋) = 𝐸(𝑋2) − [𝐸(𝑋)]2

 
C - Properties 

●​  𝑣𝑎𝑟(𝑋) ≥ 0
●​  𝑉𝑎𝑟(𝑎) = 0

●​  𝑉𝑎𝑟(𝑎𝑋) = 𝑎2 𝑉𝑎𝑟(𝑋)

●​  𝑉𝑎𝑟(𝑎𝑋 + 𝑏) = 𝑎2 𝑉𝑎𝑟(𝑋)
 

4 - Standard Deviation 
●​ It’s the positive square root of ’s variance 𝑋

○​  σ = 𝑉𝑎𝑟(𝑋) ⇒ 𝐸(𝑋)2 − [𝐸(𝑋)]2



C - Probability Distribution 
1 - Definition 

●​ It’s a graphical visualisation that shows the probabilities for all of the outcomes  that the DRV 
can have for each input  𝑥

 
2 - Properties 

●​ ​ [The probability of each outcome must be between  and ] 0 ≤ 𝑃(𝑋 = 𝑥) ≤ 1 0 1

●​ ​ [The sum of all the outcomes’ probabilities must add up to ] 
𝑎𝑙𝑙 𝑥
∑ 𝑃(𝑋 = 𝑥) = 1 1

 𝑥  0  1  2

 𝑃(𝑋 = 𝑥)  25
36  10

36  1
36

 

 
 

3 - Function Form 
●​ The probability distribution function (p.d.f) is the function responsible for allocating all of 𝑓(𝑥) 

the outcomes’ probabilities 

 
 



4 - Use Case 
A - Definition 

●​ A Binomial distribution is a type of discrete probability distribution that models the probability 
of getting  number of successes in an experiment  that has a fixed number of independent trials 𝑥 𝑋

, and each trial has an equal probability of success  with only  outcomes (success or failure) 𝑛 𝑝 2
○​  means no successes & all failures 𝑥 = 0

■​ The binomial distribution will tell you the probability of getting all failures in  𝑛
trials 

○​  means all successes & no failures 𝑥 = 𝑛
■​ The binomial distribution will tell you the probability of getting all successes in  𝑛

trials 
 
★​  𝑋 ~ 𝐵(𝑛, 𝑝)

 
B - Criteria 

●​ FIST 
○​ Fixed number of trials 
○​ Independent trials 
○​ Same probability of success for all trials 
○​ Two mutually exclusive outcome per trial [success or failure] 

 
 



C - Formulae 
1 - Probability Distribution Function 

●​ ​ [MF27] 𝑃(𝑋 = 𝑥) = 𝑓(𝑥) = 𝑛
𝑥( ) 𝑝𝑥(1 − 𝑝)𝑛−𝑥 ,  𝑥 = 0 ,  1 ,  2 ,  3 ,  ...  ,  𝑛

 
 



2 - Cumulative Distribution Function 
●​ The sum of all the probabilities up to a certain point  𝑘 ,  𝑘 ≤ 𝑛

★​  𝑃(𝑋 ≤ 𝑥) =
𝑘=0

𝑥

∑ 𝑃(𝑋 = 𝑘)

★​ The  function of the GC only accepts the form , so convert all required 𝑏𝑖𝑛𝑜𝑚𝑐𝑑𝑓 𝑃(𝑋 ≤ 𝑥)
probabilities into this form in order to use this function 
 
 
 
 
 
 
 
 
 

 
 

 
 



D - Measurements 
1 - Expectation 

●​  𝐸(𝑋) = 𝑛𝑝
 

2 - Mode 
1.​ Use the  function in the GC to display the probability distribution 𝑏𝑖𝑛𝑜𝑚𝑝𝑑𝑓
2.​ Find the  value that has the largest probability in the  column 𝑥 𝑌

1

3.​ List down 3 probabilities with the largest one in the middle 
4.​ Say that the middle probability is the mode 

 
 

3 - Variance 
●​  𝑉𝑎𝑟(𝑋) = 𝑛𝑝(1 − 𝑝)

 
4 - Standard Deviation 

 σ = 𝑉𝑎𝑟(𝑥) ⇒ 𝑛𝑝(1 − 𝑝)
 



E - Finding the unknowns 
1 - The number of fixed trials 

 



2 - The probability of success 

 
 



 
 



4 - Normal Distribution 
A - Definition 

1.​ A random variable  is said to be continuous if its possible values are infinite and uncountable 𝑋
➢​ Hence, it takes on a range of values 

 
2.​ Many C.R.V follow the normal distribution 

●​ It is a bell-shaped curve that models how data tends to group around the mean , with µ
probabilities tapering off symmetrically as they move further away from the mean, in 
standard deviations  σ

★​  𝑋 ~ 𝑁(µ, σ2)

➢​  𝑘𝑋 ~ 𝑁(𝑘µ ,  𝑘2σ2)

➢​  𝑎𝑋 ± 𝑏 ~ 𝑁(𝑎µ ± 𝑏 ,  𝑎2σ2)

➢​  𝑎𝑋 ± 𝑏𝑌 ~ (𝑎µ
𝑋

± 𝑏µ
𝑌
 ,  𝑎2(σ

𝑋
)2 + 𝑏2(σ

𝑌
)2)

➢​  (𝑋
1

+ 𝑋
2

+ 𝑋
3

+  ...  + 𝑋
𝑛
) ~ 𝑁(𝑛µ, 𝑛σ2)

 

3.​ Its P.D.F is  𝑓(𝑥) = 1
σ 2π

𝑒
− 1

2 ( 𝑥−µ
σ )

2

 ,  𝑥 ∈ 𝑅

➢​ Use the  function in the GC to sketch the curve 𝑛𝑜𝑟𝑚𝑎𝑙𝑝𝑑𝑓()

 
★​ It’s symmetrical about the line  𝑥 = µ
★​ Its non-stationary point of inflexions are at  𝑥 = µ ± σ
★​  = mean = median = mode µ

 
 



B - Properties 
●​ The area under the curve gives the probability between 2 bounds  and  𝑎 𝑏

○​  gives the probability than  is within  standard deviations 𝑃(𝑢 − 𝑘σ < 𝑋 < 𝑢 + 𝑘σ) 𝑋 𝑘
from the mean 

★​ The signs of the comparison operators do not matter 

 
●​ To find it, use the  function  𝑛𝑜𝑟𝑚𝑎𝑙𝑐𝑑𝑓 (𝑎 ,  𝑏 ,  µ ,  σ)

 
●​ The total area under the curve is  as it represents the sum of all probabilities 1

 
 

●​ The mean affects the location of the curve 

 
 

●​ The variance affects the narrowness of the curve 
○​ Smaller variances mean the probabilities are nearer to the mean, hence leading to a 

smaller spread and a narrower curve 
○​ Larger variances mean the probabilities are further away from the mean, hence 

leading to a bigger spread and a wider curve 
 

 



C - Standardization 
1 - Definition 

●​ It’s the conversion of a general normal distribution curve of mean , variance  and is µ σ2,
symmetrical to the line , to a standard normal curve of mean , variance , and is 𝑋 = µ 0 1
symmetrical about the line  𝑧 = µ = 0

★​  𝑍 = 𝑋−µ
σ  ,  𝑍 ~ 𝑁(0, 1)

 
 

B - Properties 

 
 

C - Finding The Boundary 
●​ If  is given 𝑃(𝑋 ≤ 𝑎) = 𝑝

★​  𝑖𝑛𝑣𝑁𝑜𝑟𝑚(𝑝, µ, σ, 𝐿𝐸𝐹𝑇)
 

●​ If  is given 𝑃(𝑋 ≥ 𝑎) = 𝑝
★​  𝑖𝑛𝑣𝑁𝑜𝑟𝑚(𝑝, µ, σ, 𝑅𝐼𝐺𝐻𝑇)

 
●​ If  is given 𝑃(µ − 𝑎 ≤ 𝑋 ≤ µ + 𝑎) = 𝑝

★​  𝑖𝑛𝑣𝑁𝑜𝑟𝑚(𝑝, µ, σ, 𝐶𝐸𝑁𝑇𝐸𝑅)
★​ If another boundary  is involved, it will need to be rewritten to fit the first  forms 𝑏 2

 



5 - Sampling 
A - Definition 

●​ Sampling is used to estimate population parameters 
 

●​ Taking random samples from a population makes it easier to conduct analysis as the 
population could be too big, expensive, or time consuming  to do a thorough analysis, hence 
making it impossible. Also, sampling can also protect the population when measurement or 
testing could be destructive. 

 
●​ It is mostly used for random variables that are normally distributed for any sample size  𝑛

 
●​ It can also be used for approximating random variables that are not normally distributed if 

its sample size  is greater than or equal to 30, via the Central Limit Theorem 𝑛
 

●​ Population 
○​ It’s the entire set of possible observations of a random variable  𝑋

 
●​ Sample 

○​ It’s a portion of the population, consisting of  independent observations of the 𝑛
random variable  𝑋

 
●​ Random Sample 

○​ A sample drawn from the population is said to be random if each element of the 
population 

■​ Has an equal chance of being selected 
■​ Each selection is independent of other selections 

 
●​ Unbiased Estimator 

○​ The random variable  used to estimate the unknown population parameter  𝑇 θ
■​ Examples of population parameters are population mean  and population µ

variance  σ2

○​  is said to be unbiased if  𝑇 𝐸(𝑇) = θ
○​ Denoted using capital letters 

■​  is the unbiased estimator for the population  𝑋‾ µ
 

●​ Unbiased Estimate 
○​ The numerical output from its corresponding unbiased estimator for a particular 

sample 
○​ Denoted using small letters  

■​  is an unbiased estimate of the population mean  𝑥‾ µ
 

 



B - Formulae 
1 - Sum 

●​  𝑇 =
𝑖=1

𝑛

∑ 𝑋
𝑖

○​ The distribution of  is the sampling distribution of the sample sum  𝑇

■​  𝑇 ~ 𝑁(𝑛µ, 𝑛σ2)
 

2 - Expectation 
●​  𝑋‾ = 𝑆𝑢𝑚

𝑛

○​  is also known as the unbiased estimate of the population mean  𝑋‾ µ

■​  𝐸(𝑋‾) = µ

○​ The distribution of  is the sampling distribution of the sample expectation  𝑋‾

■​  𝑋‾ ~ 𝑁(µ, σ2

𝑛 )

 
3 - Variance 
★​ Biased 

○​  𝑉𝑎𝑟(𝑋‾) = σ2

𝑛

○​  𝑉𝑎𝑟(𝑋‾) =
∑(𝑥−𝑥‾)

2

𝑛

 
★​ Unbiased [MF27] 

○​  𝑠2 = 𝑛
𝑛−1 (

∑(𝑥−𝑥‾)
2

𝑛 )

 



6 - Hypothesis Testing 
A - Definition 

●​ It is a formal statistical procedure in which a dataset is used to evaluate the null hypothesis  𝐻
0

against the alternative hypothesis , for normal distributions for  OR for non-normal 𝐻
1

𝑛 ∈ 𝑍+

distributions for  𝑛 > 30
●​ The decision to reject or not to reject  is based on comparing the p-value to a pre-specified 𝐻

0

significance level  and seeing if it is smaller or greater than it α
 

○​  is the the current claim being tested, and is stated in terms of the population 𝐻
0

parameter 
○​  is the claim that we are trying to find evidence for 𝐻

1

 
○​ A one-tail hypothesis test is to check if there is an increase/decrease in the population 

mean , hence  has been underestimated/overestimated µ µ
 𝐻

0
 :  µ = µ

0

 𝐻
1
 :  µ > µ

0
 ,  µ < µ

0

○​ A two-tail hypothesis test is to check if there is a change in the population mean 
 𝐻

0
 :  µ = µ

0

 𝐻
1
 :  µ ≠ µ

0

 
○​  is the probability of incorrectly rejecting a true  α 𝐻

0

 
○​ It separates the critical (rejection) region and the non-critical (acceptance) region 

■​ The critical region represents the outcomes that are very unlikely  
■​ The non-critical region represents the outcomes that are very likely 

 
○​ The smaller the significance level, the stricter the test becomes as the critical region 

becomes smaller, making a test result less likely to fall into that region 
 

○​ Hence, the stronger the evidence must be to reject  as a very low bar has been set for 𝐻
0

the probability of the sample results to occur by chance 
 

 
 



○​ p-value is the probability of getting an outcome that is abnormal, assuming that  is true  𝐻
0

■​ If it is smaller than  𝑎
●​ It falls inside of the critical region 
●​ It means that getting this outcome would be rare 
●​ It indicates that the observed data is unlikely under    𝐻

0

●​ This is strong evidence against  , so reject it 𝐻
0

 
■​ If they are bigger than  𝑎

●​ It falls outside of the critical region 
●​ It means that if  getting this outcome would be common 𝐻

0

●​ It indicates that the observed data is consistent under  𝐻
0

●​ This is weak evidence against    , so do not reject it  𝐻
0



B - Method 
1.​ Define the random variable  and any symbols used in the context (if necessary) 𝑋

 
2.​ State  and  𝐻

0
𝐻

1

 
3.​ Specify the significance level  𝑎

 

4.​ Assuming that  is true, determine the distribution , and indicate if the Central Limit Theorem 𝐻
0

𝑋‾

was used 
 

5.​ Calculate the via the  function in the GC and compare it with  𝑝 − 𝑣𝑎𝑙𝑢𝑒 𝑍 − 𝑇𝑒𝑠𝑡 𝑎
 
➢​ Select  OR  to do a one-tail hypothesis test < >
➢​ Select  for a two-tail hypothesis test ≠

 
➢​ If  𝑝 − 𝑣𝑎𝑙𝑢𝑒 ≤ 𝑠𝑖𝑔𝑛𝑖𝑓𝑖𝑐𝑎𝑛𝑐𝑒 𝑙𝑒𝑣𝑒𝑙

i.​ Reject  𝐻
0

➢​ If  𝑝 − 𝑣𝑎𝑙𝑢𝑒 > 𝑠𝑖𝑔𝑛𝑖𝑓𝑖𝑐𝑎𝑛𝑐𝑒 𝑙𝑒𝑣𝑒𝑙
i.​ Accept  𝐻

0

  
6.​ State the conclusion in the context of the question 

 



C - Example 
The lengths of metal bars produced by a particular machine are normally distributed with mean length 
420 cm and standard deviation 12 cm. The machine is serviced, after which a sample of 100 bars gives 
a mean length of 423 cm. Test, at the 5% significance level, whether there is a change in the mean 
length of the bars produced by the machine, assuming that the standard deviation remains the same. 

 
1 - Define the random variable  and any symbols used in the context (if necessary) 𝑋
 
Let  be the random variable of the length, in cm, of a randomly chosen metal bar and  cm be the 𝑋 µ
population mean length of a metal bar. 

 𝑋 ~ 𝑁(420, 122)
 

2 - State  and  𝐻
0

𝐻
1

  𝐻
0

= 420

 𝐻
1

≠ 420

 : There is no change to the mean length 𝐻
0

 : There is a change to the mean length 𝐻
1

The goal is to find out if there is sufficient evidence to reject  and accept  by seeing if the p-value is 𝐻
0

𝐻
1

smaller than the significance level 
 

3 - Specify the significance level  𝑎
Testing at the 5% significance level 

 

4 - Assuming that  is true, determine the distribution , and indicate if the Central Limit Theorem was 𝐻
0

𝑋‾

used 

Under  ,  𝐻
0

𝑋‾ ~ (420, 122

100 )

 
5 - Calculate the via the  function in the GC and compare it with  𝑝 − 𝑣𝑎𝑙𝑢𝑒 𝑍 − 𝑇𝑒𝑠𝑡 𝑎

 
From the GC, p-value = 0.0124 < 0.05 

 
6 - State the conclusion in the context of the question 

Reject  and conclude that there is sufficient evidence, at the 5% significance level, that there is a 𝐻
0

change in the mean length of the bars produced by the machine 
 



7 - Correlation & Regression 
A - Definition 

●​ It is a procedure to determine if 2 variables are related via the equation  𝑦 = 𝑎 + 𝑏𝑥
●​ Positive linear correlation moves from bottom to top 
●​ Negative linear correlation moves from top to bottom 

 
●​ Curvilinear Correlation moves as a curve 
●​ No correlation means there is no relationship, even a linear one, between  and  𝑥 𝑦

 
●​ Interpolation is estimating within the data range 
●​ Extrapolation is estimating outside of the data range 

○​ This should be done with caution as the relationship between  and  may not be linear 𝑥 𝑦
outside of the given data range 

 
●​  is the  𝑎 𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡
●​  is the  𝑏 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡

 
B - Conversion To A Linear Equation 

●​ To convert a non-linear equation to a linear equation 

 𝑦 = 𝑎 + 𝑏𝑥2

●​ Assign the non-linear variable to a linear variable 

 𝐿𝑒𝑡 𝑋 = 𝑥2

●​ Substitute it into the original equation 

 ∴ 𝑦 = 𝑎 + 𝑏𝑋 ,  𝑋 = 𝑥2

 
C - Regression Line 

●​ It is a line of best fit when the sum of squares of the distances between the data points and the 
regression line is minimised 

 
 are the data points (𝑥

𝑛
 ,  𝑦

𝑛
)

 are the vertical deviation from the regression line 𝑑
𝑛

 
 



D - PMCC 
1 - Definition 

●​ The Product Moment Correlation Coefficient measures the strength of the linear relationship 
between  and  𝑥 𝑦

 
2 - Properties 

●​  − 1 ≤ 𝑟 ≤ 1
○​  sign : Negative Gradient − 𝑣𝑒
○​  sign : Positive Gradient + 𝑣𝑒

 
●​  : All data points lie exactly on a straight line 𝑟 =± 1

○​ ​ : Perfect  linear correlation 𝑟 =− 1 − 𝑣𝑒
○​ ​ : Perfect  linear correlation 𝑟 = 1 + 𝑣𝑒

 
●​ The closer  is to  , the stronger the linear correlation 𝑟 ± 1

 
●​  : No Linear Correlation 𝑟 = 0

 
●​  does not imply any causal link between  and  𝑟 𝑥 𝑦

○​ If  for the sales of ice cream at beaches and the number of drowning incidents at 𝑟 = 0. 8
the same beach in a particular period, it does not mean that buying ice cream will cause 
drowning incidents 

 
3 - Factors For A Reliable Estimate 

★​ Interpolation was done 
★​  is close to  𝑟 ± 1

 
 



D - Derivation 
1.​ Within the  menu in the GC 𝑆𝑇𝐴𝑇

○​  :  data 𝐿1 𝑥
○​  :  data 𝐿2 𝑦

 
2.​ Calculate the required values using  𝐿𝑖𝑛𝑅𝑒𝑔(𝑎 + 𝑏𝑥)

○​ ​ ​ ​ :  data 𝑋𝐿𝑖𝑠𝑡 𝑥
○​ ​ ​ ​ :  data 𝑌𝐿𝑖𝑠𝑡 𝑦
○​ ​ ​ : NA 𝐹𝑟𝑒𝑞𝐿𝑖𝑠𝑡
○​ ​ ​ : NA 𝑆𝑡𝑜𝑟𝑒 𝑅𝑒𝑔𝐸𝑄

 
3.​ To find the regression line of  on  𝑦 𝑥

○​  𝑦 = {𝑎} + {𝑏}𝑥
 

4.​ To find the regression line of  on  𝑥 𝑦
○​  𝑥 = {𝑎} + {𝑏}𝑦
○​ Make  the subject 𝑦

■​  𝑦 = 𝑥−{𝑎}
{𝑏}

 
5.​ To find the PMCC 

○​ Look at the value of  𝑟
○​ Ensure  is  under  𝑆𝑇𝐴𝑇 𝐷𝐼𝐴𝐺𝑁𝑂𝑆𝑇𝐼𝐶𝑆 𝑂𝑁 [𝑀𝑂𝐷𝐸]

 
●​ To get the scatter plot 

○​ Press  under  [𝑆𝑡𝑎𝑡 𝑃𝑙𝑜𝑡] 𝑆𝑇𝐴𝑇
○​ Select  and turn it on 𝑃𝑙𝑜𝑡 1
○​ Input the required values 

■​ ​ ​ ​ : 1st option 𝑇𝑦𝑝𝑒
■​ ​ ​ ​ :  data 𝑋𝐿𝑖𝑠𝑡 𝑥
■​ ​ ​ ​ :  data 𝑌𝐿𝑖𝑠𝑡 𝑦
■​ ​ ​ ​ :  𝑀𝑎𝑟𝑘 +

 



E - Formulae 
1 - Regression Line 
★​ A - Regression Line Of  on  𝑦 𝑥

➢​ ​ [MF27] 𝑦 − 𝑦‾ = 𝑏(𝑥 − 𝑥‾) ,  𝑏 =
∑(𝑥−𝑥‾)(𝑦−𝑦‾)

∑(𝑥−𝑥)‾
2

★​ B - Regression Line of  on  𝑥 𝑦

➢​  𝑥 − 𝑥‾ = 𝑑(𝑦 − 𝑦‾) ,  𝑑 =
∑(𝑥−𝑥‾)(𝑦−𝑦‾)

∑(𝑦−𝑦‾)
2

★​ Point Of Intersection of A and B 

○​  (𝑥‾ ,  𝑦‾) ,  𝑥‾ =
∑𝑥

𝑛  ,  𝑦‾ =
∑𝑦

𝑛

 
2 - PMCC 

 
●​ Use only when the raw data is not given 

 



F - Chain Of Thoughts 
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