Year 6 HL MAA Preliminary Examination 2024 Paper 3 (Mark Scheme)

Qn

Suggested Solutions

Marks

1

Complex polynomials, conics, calculus

[Max mark: 24]

(a)(i)

Solve p(z)=2°+2*-2=0
Method 1: GDC

cPolyRoots(z3+z2-g,z) {-1-i,-144,1}

Method 2: Analytical
p(l)=1+1-2=0, ..(z-1) is a factor.

p(z) =(z-1)(2* +22+2) (by inspection/long division etc)
. p(2)=0

—2+./22 —4(1)(2)

2

=z=1 or z=

=-1=i
Since —7 <argz, <argz,<argz,<r,

z, =-1-1,

z,=1

(M1)

OR

(M1)

Al
Al
Al

(a)(ii)
(b)
(c)(ii)

raD [I] X

(a)(ii)
Al (label P, Q, R in
the correct order)

(b)
Al (label A, B, C)

(c)(ii)

Al (label H, K)
) | p(2)=2*+2*-2
p'(z)=32°+2z M1
Solving p'(z) =0,
z(3z+2)=0
5.z=0 or z:—g Al A1
3

(d)

Coordinates of the midpoints: A(-1,0), B(O,%),C(O,—%)

(M1)A1 (or labelled
in diagram)
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(e)(i)

Since (h,c)::[—~§,0j and (k,c)=(0,0),

the centroid (m,c) = (%(—§+OJ,OJ = (—%,Oj .

Therefore, the equation of the ellipse is

The ellipse’s semi-major axis, a=AM = %, where M denotes the

centroid. ..a%= 4 )
9

Al (seen anywhere)

M1 (subst (—1,0))

Al
AG

OR
M1A1

2
=AM =—
(a 3)

AG

(i)

Method 1: Using a 2" set of coordinates

Subst (0%} into (*), we have

GG
3L \2) g o 1,1 = b2=%

4 b2 4 4p?
9

Method 2: Using a®> —b® =m?

Subst a% = ﬂ,
9

2

m =% from above, we have

b?=a’-m

_i_(l)z_l
9 3 3

By any method, or a more tedious sequence of substitutions:

Solving, a’ =ﬂ, b? =E.
9 3

(There is no need to find a,b.)

Hence, the equation of the ellipse is

1 2
(3]
LY

Y~ _; (accept equivalent forms)
4
9

3

M1 (subst another
coordinates
Al

OR

M1 (using
a2 —b2 =m?)

Al

Al
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raD [I] X

m 1.2 m *2024 Pre.. P3

-1.98

(Sketch of the ellipse
—not required but
always good to check
answer, time
permitting)

(f)

By functions transformation, observe that the vertices are formed by a
vertical stretch of factor 2.

o Y
Original ellipse: 4 + 1 =1
9 3
For a vertical stretch of factor 2,
1Y (1Y
X+ = Zy
Replacin b l : ( Sj +(2 j =1
9 3
(+3)
x+§ y?
That is: TJF?::L
9 3
1Y 4
Simplifying: 3(X+§) +y2:§ (shown)

-2.05

(M1) Attemptto do a
vertical stretch

Al

AG

(Sketch confirms the
vertical stretch of
factor 2, time
permitting)
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(8)

Method 1: Finding the gradient of the tangent

1 9) 254y

-2.05

Observe that ZY is a tangent to the ellipse at midpoint (0,1) .

Gradientat (0,1) =m,, = 1?;_21) =-1.
Similarly, gradient at (0,-1) =m,, = %:i)) =1.

Method 2: GDC graph using gradient of appropriate functions

12
3 X+=| +
(3j ’
y

2 _4
3
2
== 4 3(X + 1)

3 3
From GDC, numerical derivative,
dy
dx (01)
dy
dx (0-1)

M1 Al

Al

OR

M1

Al

Al

OR

M1

Al

Al
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Method 3: Implicit Differentiation

Differentiating implicitly w.r.t. x,

Sfiery - 414

6(x+1j+2yd—y:0
3 dx

dy 3( 1)

— = | X+—

dx y 3
d_y :_§(0+1):_’d_y :_1(04_1]:1
dxlp, 11 3 Xl -10 3

By whichever method:

Since M,y -M,, =(1)(—1) =-1, the tangents are perpendicular.

OR

m,=1 = ZXYO=45°
m,=-1 = /ZYO=45°

Hence, £ XYZ =45°+45°=90°.

OR

M1

AlAl

Al

OR

Al
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2 DE, Euler’s and modified Euler’s method [Max mark: 31]
y X
(@) .[ 1 dy =I 2 dx
Yo Y X
=Iny-Iny, =2(x-Xy) [ No need for In|y| asy >0] M1Al
= Inl=2(x—xo)
Yo M1
= l — eZ(X—XO)
Yo
- y = yO e2(X7X0) Al
Alternatively,
1
.[ y ay _.[ 2 dx M1
—Iny=2x+c [ No need for In|y| asy >0] Al
—y= e2x+c _ ec e2x — Aezx
At (X5,Y0 ),
(% Yo) M1
Yo = Ae
A= yoe—ZXO
=Y=Y e2(X—X0) Al
(b) Apply Euler's method:

Yn=Ynat hf(xn—lv yn—l) with f(X, y) = 2y’ h=
Yn=Ynat h(2 yn—l)

=(1+2h)y,

—@e2n?y, ,

= (L+2h)"y,

M1 (apply Euler’s
method with
correct

f(xn—17 yn—l))

Al (1+2h)y, 4

n
ey, = {1+ Z(X_nxo H Yo (shown) AG
Alternatively,
V1= Yo +h(2y,) = 1+ 2h)y, M1
Y, =y, +h(2y,) = @+ 2h)y, + 2h(L+ 2h)y, = (L+ 2h)(L+ 2h)y, = @+ 2h)2y, | A%
Yn= (1+ 2h)n Yo
n

ey, = {1+ 2(X_XO H Yo (shown)

n AG




Year 6 Mathematics: Analysis and Approaches HL Preliminary Examination 2024/P3

(c)
In[1+wj
w n
Inv=n|n(1+—]=— M1
n 1
n
In(1+wj 0
limInv = lim —— "~/ [—j M1
n—»co n—o i 0
n
R (_W]
2
1+ Y n
— lim~—"/_
n—oo _i Al
n2
. w
= Ilm —W
n—oo 1+7
n
_w Al
(d) limlnv=w= limv=e" R1
n—oo nN—o0
w)" w)"
Since V:[l+—j , i.e. lim (l+—j =e%
n n—oo n
n
. W w
i.e. (1+—) —e" asn— . (deduced)
n AG
(e) Let w=2(X—X,).
n
- lim (1+—2(X_X°)j = g2(x%)
n—w n Al
n
. X—X
Since Y, :{1+ 2( Oﬂ Yo
n
hence, limy, =e?*) y; = y(x) (shown) R1
n—oo
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() Apply the Modified Euler’s Method:
h
Yo=You Tt E [f (Xn—li yn—l) +f(Xn1 yn)]
with f(x, y) = 2y, h=2=20
h .
Yo =VYogt+ E[f (Xne1s Yoa) + £ (X0 V)] M1 (with correct
h f(xn—lv yn—l) = Zyn—l' )
(%, n =2 n
Yn :yn—l+5(2yn—l+2yn) O Yo) =2Y,
=(L+h)y, +hy, Al
@-h)y, =@+h)y,4
_(1+h
yn - 1—h yn—l
h
Y1 =Yno T E (ZYn-z + 2yn—1)
=@1+h)y,,+hy,, M1
A=-h)y, =A+h)y,,
_(1+h
yn—l - 1-h yn—Z
C(1+h) (1+hY?
yn - 1-h n-1— 1-h yn—2
_(1hY
yn 1-h yO
X=X )"
1+ 0
- _ n
e Yy, = XX Yo (shown) AG
n
©) %:Zy —(*) forwhich y=1when x=0.
X
When x, =0, y, =1,
: : 2(x=%,) 2% M1
the exact solutionis y=y,e"" ™ ie. y=e
when X=0.5y =e. Al
(h) The graph of y =e**is concave upwards.
2 R1
OR d—Z >0
dx

OR d_y increases
dx

Hence the tangent drawn using Euler’s method gives an under-estimate of
the true value of y.
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If h=0.1, thenn=5.

|y, —e]<107
n
(1+1j —-e
n

By GDC (table),

= <1073

n
When n =1358, (1+l) —e|-102>0

n
When n=1359, (1+l) —e|-102%<0

Minimum n =1359

f(x)==(1+i)x

X

M1
(i) Euler’s Method
n n
Yo ={1+2(0'5_0ﬂ :(1+1)
n n
ys =1.2° =2.488 (3d.p.) Al
(1.2)5 2.48832
(ii) Modified Euler’s Method
X=X, )
1+
_ n
Yn = 1 X — Xo Yo -
n
n n
142570 1+21
n n
Yn=|—Q(e_n| Yo= W= —71
1- 05-0 1_i
n 2n
11 5 Al
=| = | =2.727 (3d.p.
Ys o.9j (3dp)
1.1\5 2.72741282664
=)
Modified Euler’s Method Al
() Euler’s Method
n n
A :{1+ Z(O'Sn_oﬂ :(1+%) M1

Al

M1

Al
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6.67 ¥ X 1= «
abs(f(x)-..
1357. 0.00000...
t'j]u(x)=|t’(.\'}—el|-10_‘:’oag§“ 1358. 0.00000...
1359. [0.0000..|

1360. -0.0000...

1361. -0.0000...
“6.67 -5.70344€-7 )

Modified Euler’s Method

n

1+ 0.5-0 1+i
Y. = n _ 2n
n —
1_0.5 0 1_i
n 2n
|y, —e|<107
n
1+i
—||—20| _¢|<103
1
1——
2n
By GDC (table),
n
1+i
When n =15, 21n —e|-102>0
“o2n
n
1+i
When n=16, 2n | 612103 <0
1
1——
2n
Minimum n =16
1 X
1+—
2
I (c)e=| —— -
1
1__
2-x
6.67 Y X f2()():= =
abs(h()-.
14. 0.00015...
1 X
> 15. 0.00000...
-10 1 10
f2(.\‘)=‘ll(x)—el’—10_’ 16. -0.0001...
17. -0.0002...

M1

Al

M1

Al

10




