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Answer all questions in the answer booklet provided. Please start each question on a new 

page. Full marks are not necessarily awarded for a correct answer with no working. Answers 

must be supported by working and/or explanations. Solutions found from a graphic display 

calculator should be supported by suitable working. For example, if graphs are used to find 

a solution, you should sketch these as part of your answer. Where an answer is incorrect, 

some marks may be given for a correct method, provided this is shown by written working. 

You are therefore advised to show all working.  
………………………………………………………………………………………………… 

1. [Maximum mark: 25] 

 

In this question you will investigate the Gamma function and some of its 

properties using calculus and methods of proofs. 

 

The Gamma function, Γ(𝑛), is defined as 

Γ(𝑛) = ∫ 𝑡𝑛−1e−𝑡d𝑡

∞

0

, 

for any number 𝑛 ∈ ℝ except non-positive integers. (E.g., 𝑛 ≠ 0, −1, −2, … ) 

 

To approximate Γ(𝑛) using technology for some value of 𝑛, replace “∞” by “999999”. 

 

(a) Find the value of Γ(1), of Γ(2), of Γ(3), of Γ(4), of Γ(5) and of Γ(6).  [3] 

 

(b) Using a factorial, formulate a conjecture on the value of Γ(𝑛) for any positive 

integer 𝒏.          [1] 

 Consider 𝑓(𝑥) = 𝑥𝑛e−𝑥, for any 𝒏 > 𝟎. 
 

(c) By sketching the graph of 𝑦 = 𝑓(𝑥), deduce what happens to 𝑓(𝑥) as 𝑥 → ∞. [2] 

 

(d) Using integration by parts, show that Γ(𝑛 + 1) = 𝑛 Γ(𝑛), for any 𝒏 > 𝟎.  [3] 

 

(e) Hence, using mathematical induction, prove your conjecture in (b).  [5] 

 Consider Γ (
1

2
). 

 

(f) By using the substitution 𝑡 =
1

2
𝑦2, express Γ (

1

2
) as an integral in terms of 𝑦. [5] 

The probability density function of the random variable 𝑍 ∼ N(0,1) is given by 

𝑓(𝑧) =
1

√2𝜋
e−

1
2

𝑧2

. 

 

(g) Deduce, with justification, the value of      [2] 

 

(h) Hence, show that  Γ (
1

2
) = √𝜋.       [2] 

 

(i) Hence, find the exact value of  Γ (
3

2
).      [2]  

∫ 𝑓(𝑧)d𝑧

∞

0

. 
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2. [Maximum mark: 30] 

In this question you will investigate the geometrical properties of complex 
numbers and roots of unity. 

 

Consider 𝑧 = 1 + √2 + i, where i2 = −1. 

 

(a) Find the exact value of 𝑧2, leaving your answer in the form 𝑥 + i𝑦, where         

𝑥, 𝑦 ∈ ℝ.          [2] 

 

(b) Find the exact value of arg 𝑧2.       [2] 

 

(c) Find the exact value of arg 𝑧.       [2] 

 

(d) Hence, find the exact value of tan
𝜋

8
.      [2] 

 

(e) For any two complex numbers 𝑧1 = 𝑥1 + i𝑦1 and 𝑧2 = 𝑥2 + i𝑦2,  

(i) show that |𝑧1 − 𝑧2| = √(𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2. 

(ii) Hence, interpret |𝑧1 − 𝑧2| geometrically.     [2] 
 

Let 𝜔 =
𝑧

|𝑧|
. 

 

(f) Show that |𝜔𝑘| = 1, for any integer 𝑘.      [1] 

 

(g) Sketch the 16 points representing the complex numbers 𝜔𝑘, for 𝑘 = 0, ±1, ±2, 

±3, ±4, ±5, ±6, ±7, 8, in an Argand diagram.     [2] 

 

(h) The points in the Argand diagram represented by the complex numbers 𝜔−5,       

𝜔−1, 𝜔3 and 𝜔7 form a square. Find the area of this square.   [2] 

 

(i) Find the exact value of |𝜔 −
1

𝜔
| and of |𝜔2 −

1

𝜔2|.     [5] 

 

(j) Show that |𝜔 −
1

𝜔
| |𝜔3 −

1

𝜔3| = √2.       [4] 

 
(This question continues on the following page)  
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(Question 2 continued) 

 
 
Define  

∏ 𝑎𝑘

𝑛

𝑘=1

= 𝑎1 × 𝑎2 × ⋯ × 𝑎𝑛. 

 

(k) Copy and complete the table below:      [6] 

 

 

𝑛 

 

4 

 

7 

 

10 

∏ |𝜔𝑘 −
1

𝜔𝑘
|

𝑛

𝑘=1

= 

 

   

 

 

 
 

End of Paper 
 


