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Mathematical Formulae fAPER )
1. ALGEBRA

Quadratic Equation
For the equation ax? + bx + ¢ =0,

- ~b+b? - dac

2a
Binomial expansion
n n n
(@a+by'=a"+| |a"'b+| (a2 +..+| |a""U+..+0,
1 2 y
n - e
where n is a positive integer and ( J -_n n(n=1)..(n=r+1)
r ri(n-r)! r!
2. TRIGONOMETRY
Identities ?

sinfA+costd=1
sec2A=1+tan’ 4

cosec2A=1+cot? 4

sin(A£ B) =sin Acos B+ cos Asin B
cos(A+ B) = cos Acos BFsin Asin B

tan A+ tan B
1¥tan Atan B
sin24 = 2siﬁ Acos A

tan(A+ B) =

cos2A = cos’ A—sin> A=2cos* A-1=1-2sin’ 4

A
tan24 = _gta_nz_
l-tan” A4
Formulae for AABC
LA a _ b g
sind sinB sinC
at=b*+¢* - 2bc cos A
1 .
=—absinC
2
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1 Given 10+2v21 = (Va + Jg)z , where a and bare integers. Find the values of a and b, :
(4] \
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ia, P, at time ¢ years from
Ae™ , where A and k are constants. The table below

shows the population, in thousands, for 1<¢ <5. One value of P has been recorded

by the formula P

, is given

Over a period of 5 years from 1 January 2000 to 1 January 2005, the number of
bacteria decreases exponentially. The number of
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Draw a straight line graph to illustrate the information.
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(b) Use your graph to estimate

M the correct value of P that is recorded incorrectly, [2)

(ii) the value of 4 and &, (3]

(iii)  the number of years for 50% of the bacteria to be present. (2]
<SP 2004 4049.01/024 [Turn Over
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3 (@  Divide ¥ -1 by x* +x%. (1
-1, . .
(b)  Express —— in partial fractions. (4]
x4+ x
§5P 2024 404901024

:  Scanned with !
i & CamScanner’;


https://v3.camscanner.com/user/download

4 Find the range of values of x for which the gradient ofy=§x’ +‘;‘xz -12x+5 s ,
q
greater than the gradient of y=2x* +16x+5. (4]
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(a)  Find the first three terms in the expansion of (1 + %)' in ascending powers of

x, simplifying each term. 3]

(b)  Given that the first two terms in the expansion of (2 - 5x)(1 + %)' ,in

ascending powers of x are a + bx’, where a and b are constants.

(i) Find the value of n, (2]
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(i)  Hence, find the value of a and of b. (3]
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2
6 A curve is such that %);- = 9¢*. The curve passes through the point P(0, -9) and

has a stationary point at the point x = — % . Find the equation of the curve.
(6]
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D

In the diagram, A4, B, C, D and E lie on a circle such that CA bisects angle BCE and CE
is parallel to BA. The line ST is a tangent to the circle at A and meets CE produced at S.
Let angle EAS= 6.

(a) Show that triangle ABC is an isosceles triangle. (3]
(b) Show that angle CDE = 36. (3]
SSP 2024 s [Turn Over
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f 8 (8)  Find the range of values of ¢ for which the line y = x+c intersects the curve
£ (4]
X

(b) Given that the line y = x+c¢ is a tangent to the curve y = - L x at point P,
X

find the possible x-coordinates of point P. (4]
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\\\
The equation of a curve is y =2x’ +ax’ + bx +3, where k is a constant. .

(a) Show that if y is always increasing, then a’ <6b. (4]
(b) In the case where a=3 and b=4, explain why the curve has exactly 1 root.

(4]
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(a)

(b)

14
Find the amplitude and period of (3]
(i) 2cos3x+2,
(i) 3sin>
2

Sketch, on the same diagram, the curves y=2cos3x+2 and y= 3sin§ for

0<x<nm. (4]
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11. A curve has an equation y = (k -8)x” +6x+ k.

(a) In the case where k =5, explain why y<8. (3]
(b) In the case where the curve y = (k —8)x* + 6x+ k has two distinct real roots
and a minimum point, find the range of values of k. [5]
/
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12 A particle P starting from rest from a fixed point 4 and moves in a straight line so

that, ¢ s after leaving A, its velocity, vms™, is given by v= %’Esing-l. Find

(a) the time when the particle is at its first instantaneous rest for 0<¢ <4, (2]
(b) the total distance travelled by P in the first 4 seconds. (5]
SSP 2024
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3+2 for x>-1—.
2x-1 2

13 The diagram shows part of the curve y =

v

(a) Explain why the curve does not have a stationary point. (3]
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(b) The point B lies on the curve and the gradient of the curve at B is —-% . The tangent to

the curve at B meets the y-axis at A. Find the area of triangle AOB. (5]
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\\
i . . BEE . A\
() Theline y = intersects the curve. By expressing —~— In the form \
1
e+ 1 where a, b and kare constants, explain why & > % (2]
|
!
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1 Given 10+2421 = (\/Z + \/3)2 , where a and b are integers. Find the values of @ and b.
[4]

Solution

10+ 2421 = (+a +/b)’
104221 =a+b+2Jab Ml

a+b=10 M1 (for forming either one eqn)
ab=21

21

b

a

2+b:10
b

21456°-10b=0
b*—10b+21=0
b-3)b-7)=0
b=3orb=7
a="7

J7+83 Al, Al




Over a period of 5 years from 1 January 2000 to 1 January 2005, the number of

bacteria decreases exponentially. The number of bacteria, P, at time ¢ years from

2000, is given by the formula P = Ae™ , where 4 and k are constants. The table below
shows the population, in thousands, for 1< ¢ <5. One value of P has been recorded

incorrectly.

t (years) 1 2 3

4

P (thousands) 15.6 12.1 9.5

6.0

5.7

(@)

Draw a straight line graph to illustrate the information.

.....
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Solution

P=Ae™

InP=InA-kt

y—axis:InP

xX—axis .t

InP=2

P=74

t 1 2 3 4 5
P 15.6 12.1 9.5 6 5.7
nP 2.75 2.49 2.25 1.79 1.74

(b)  Use your graph to estimate

(i) the correct value of P that is recorded incorrectly, [2]
Solution
InP=2 M1
P=74 Al
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(ii)  the value of 4 and £,

[3]
Solution
In4=3
A= 20.0855
A=20.1 B1
k = E M1
—4
k= 1 Al
4
(iii)  the number of years for 50% of the bacteria to be present. [2]
Solution
t=0, nP=3
P=¢

1
50% present means P = —¢’

lnP:ln(%e3j M1

InP=2.31
t=29%3 Al
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(@)  Divide ¥’ —1 by x’ +x°. [1]
Solution
x -1 —x* -1
=1+ BI
X’ +x° X’ +x°

3

(b) Express ——— in partial fractions. [4]
X +Xx
Solution
2 2
-x" -1 —-x"-1 A+£+ C M1

¥ 4+xt x(x+1) x x° x+1

—x* —=1=Ax(x+1)+ B(x +1)+ Cx’

x=0, B=-1 M1
x=-1, —2=C Ml
x=1, —2=24-2-2 Ml
A=1

3
x)§+;2:1+i_):_2_ﬁ or Al
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Find the range of values of x for which the gradient of y = 2x3 + Ex2 —12x+5 is

greater than the gradient of y =2x” +16x+5.

[4]

Solution

y:zx3 +§x2—12x+5
3 2

d—y:2x2+3x—12
dx

y=2x>+16x+5

Y _4x+16

dx

2x* +3x—-12>4x+16
(2x+7)(x—4)>0

x<—Z or x>4
2

Ml

Ml

Ml

Al

(a) Find the first three terms in the expansion of (1 + 2)" in ascending powers of

x, simplifying each term.

[3]

Solution

Remarks

x n
(1+Z)

RURHCR

_ 2
o n=D X

SSP 2023
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(b)  Given that the first two terms in the expansion of (2 — 5x)(1+ %)" ,in

. 2
ascending powers of x are a + bx”, where a and b are constants.

(i) Find the value of n.

Solution

Remarks

x n
2=5001+2)

=(2—5x)(1+%x+

Te2-5-0 Ml
4

n=10 Al

32

nn=0 > j

(i) Hence, find the value of a and of 5.

Solution

Remarks

x n
2-=-5x)1+ Z)

=(2—5x)[1+2x+

4
a=2 Bl
2n(n—1)_5_n:b

32
109) 50 _,

16 4
p=—2

8

b=—6z Al

8

32

Ml

nn=0 > j

SSP 2024
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2
6 A curve is such that d—J; = 9¢7>*. The curve passes through the point P(0, —9) and
dx

: : : I . :
has a stationary point at the point x = _E . Find the equation of the curve.

[6]

Solution Remarks
d’y o .
- =9e¢ 3
Y = j9ei3xdx M1
dx
d_y =3¢ +C or M1
dx
X= —l, b =0
3 dx

C=3e

Y =-3¢7" +3e

dx

y=j3e—3e_3xdx M1
y=3ex+e > +D M1
P(0, —9)

-9=1+D Ml
D=-10

y=3ex+e 10 Al
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D
C
In the diagram, 4, B, C, D and E lie on a circle such that CA bisects angle BCE and CE

is parallel to BA. The line ST is a tangent to the circle at 4 and meets CE produced at S.
Let angle EAS = 6.

(a) Show that triangle ABC is an isosceles triangle. [3]
Solution Remarks
Let angle EAS = &
angle ACE = 0 (angle in alternate segment) Bl
angle CAB = @ (alternate angles) B1
angle BCA = 6 (CA bisects angle BCE) B1
= angle CAB
Triangle ABCis an isocceles triangle.

(b) Show that angle CDE = 36. [3]
Solution Remarks
angle BAT = @ (angle in alternate segment) Bl
angle CAE =180 —368 (angles on a straight line) B1
angle CDA =180 — (180 —36) (angles in opp segment) B1

= 360

4049/01/0/24
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8 (a) Find the range of values of ¢ for which the line y = x+ ¢ intersects the curve
2
y=-Z-x. [4]
X
Solution Remarks
2
xXtc=——-x Ml
X

X +x(x+c)+2=0

2x*+ex+2=0

(©)'=(#(2)(2)20 M1

c-16=0 MIl

c-16>0

(c—4)(c+4)=20

c<-4 orc>4 Al

(b) Given that the line y = x+c is a tangent to the curve y = 2 x at point P,
X
find the possible x-coordinates of point P. [4]

Solution Remarks
& (- 2_ X)= Ml

dx  x
% -1=1 M1 for differentiation

X

2
e
x’ =1
x=1orx=-1 Al Al
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9 The equation of a curve is y =2x’ +ax’ +bx+3, where £ is a constant.
(a) Show that if y is always increasing, then a” <6b . [4]
Solution Remarks

y=2x"+ax’ +bx+3

Q=6x2+2ax+b<0

dx
4a’> —4(6)b <0
a’> < 6b

(b) In the case where @ =3 and b =4, explain why the curve has exactly 1 root.

[4]

Solution Remarks
f(x)=2x"+3x> +4x+3=0
f(-1)=-2+3-4+3 M1 for trial and error

=0

(x+1) is a factor of 2x” +3x> +4x+3 M1 for (x+1)
2% +3x7 +4x+3=(x+D)(2x* + kx +3)

Compare x° :
3=2+k
k=1

2% +3x° +4x+3=0
(x+1D)(2x* +x+3)=0 M1 for (2x* +x+3)
x=-1 or2x’+x+3=0

1-4(2)(3) <0, no real roots M1

f(x) only has 1 real root.

SSP 2024
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10 (a) Find the amplitude and period of
>i) 2cos3x+2,

.X
ii 3sin—
(i) 2

[3]

Solution

Remarks

2cos3x+2
. V4
Period =120° or g B1

Amplitude =2

3sini
2

Period =720° or 4r B1
Amplitude =3

Both amplitude correct = Bl

(b) Sketch, on the same diagram, the curves y =2c0s3x+2 and y=3 sing for

0<x<r.

[4]

Solution

Remarks

6

(0,4) (273, 4)

N —

. =

(n, 3)

= e 2

(/3.0)

Correct shape for each A1 x 2
Correct turning point for BOTH Al x 2
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11. A curve has an equation y = (k —8)x” +6x+k.

(@

In the case where k =5, explain why y<8.

Solution

Remarks

y==3x>+6x+5
y==3(x"=2x)+5

(3]

y=-3((x=1-1)+5 Ml
y==3(x—1)"+8 M1
-3(x-1)*<0
-3(x-1)°+8<8 M1
y<8
(b) In the case where the curve y = (k —8)x” +6x+k has two distinct real roots

and a minimum point, find the range of values of .

Solution

Remarks

y=(k—-8)x" +6x+k

6°—4k—-8)k>0 Ml
36 -4k +32k>0
4k* -32k-36<0

K —8k-9<0 Ml

-1<k<9 Al

For maximum point,
k—8>0 Mil
k>8

8< k<9 Al

SSP 2024
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12 A particle P starting from rest from a fixed point 4 and moves in a straight line so

that, ¢ s after leaving 4, its velocity, vms™, is given by v = 5—”sinzt . Find
(a) the time when the particle is at its first instantaneous rest for 0 <¢ <4, [2]
Solution Remarks
v="sn%i=0 Ml

3 3
Zz‘ =0, 7
3
t=0,3
t=3 Al
(b) the total distance travelled by P in the first 4 seconds. [5]
Solution Remarks
Method 1

3 4
s = J‘ 5—”sinzt dt+(—j 5—ﬁsinzt dty Ml, M1

03 3 33 3

15
s:10—0+(—(?—10)) M1, M1
1
s=12— Al
2
SSP 2023 4049/01/0/24
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Method 2

s=—5cos§t+C M1

t=0,5s5=0,c=5

s=-5cos>t+5  BI

s(0)=0 M1 Either one
s(3)=10

s(4)=-5 cos4?ﬂ+5

Do
2

Total distance = 10+ (10— 135) M1

:12l Al
2
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13 The diagram shows part of the curve y = x+2

17

for x>l.
2

2x—1

v

1) x
(a)  Explain why the curve does not have a stationary point. [3]
Solution
dy _ (1)(2x—-1)—(2)(x+2)
dx (2x—1)°
_ 2x—-1-2x—-4
(2x-1)°
S BI
(2x—1)
(2x—1)" %0 M(FT) 1
— > > #0
(2x—1)
& #0 Al
dx

SSP 2023
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(b)  The point B lies on the curve and the gradient of the curve at B is —é. The tangent to

the curve at B meets the y-axis at 4. Find the area of triangle 4O0B. [5]
Solution
When & = 1
dx 5
S R
(2x-1) 5
25=(2x-1)°

(2x-1)=5o0r -5
x=3orx=-2

(reject x = —2 since B is on positive side of x-axis)

Whenx =3, y= 2?;)2 " =

=1 M1 for finding B

W | D

~.B(3,1)
Eqnofline 4B: y—1= —%(x -3) M1 for finding equation

_ 1.8
YETSETS

x=0,y=§ M1 for finding A

= 2% units Al

SSP 2024 4049/01/0/24
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x+2

(¢c) Theline y =k intersects the curve. By expressing 5 in the form
a+ 5 , where a, b and k are constants, explain why & > % ) 2]
x —
Solution
x+2 1 5

Ml

2x-1 2 2(2x-1)

s 1
2 2(2x-1)" 2

1 .
y> 5 MI (or equivalent)

) ) 1
Therefore for intersection, k > 5
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