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Section A: Pure Mathematics [40 marks]

It is given that y=In/1+¢e*" .

Show that 2e*’ Q=3e3". [2]
dx

By further differentiation of the result in part (a), find the Maclaurin series for y,
up to and including the term in x°, giving the coefficients in exact form. [4]

. 1+e™ . . .
Deduce the Maclaurin series for In (Te] , up to and including the term in x*.

[2]
. . 2 11
Using the result Z =—- , find
e~ (2r+1)(2r+3) 5 2n+3
2n ) .
Z— in terms of n. [4]
e~ (2r-1)(2r+1)
A sequence of positive numbers x,,x,,X;,...... satisfies the recurrence relation
X, =+4+5x, forn=1273,...
(i) Given that the sequence converges to L, find the exact value of L. [2]
(i) Provethat x,,,> — L =5(x, — L). [1]
(iii) Use the result in part (ii) to show that if x, > L, then x,,, > L. [2]

1
The function f'is defined by f:x — 5+e"x, xeR, x>0.

Sketch the graph of y = f(x), y=f"' (x) and y = f_lf(x) on the same diagram,

showing clearly their relationship. [3]

The function g is defined by g: x> 1+4x—x", x<2.

(b)
(©)

(d)
(e)
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Explain why g_1 exists. [1]

Find g '(x) and state its domain. [3]

Explain why the composite function gf exists. [2]

Find the exact range of gf. [2]
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4 [The arc length L of a sector of radius a and angle € is given by L = af;

The volume ¥ of a cone of base radius » and height 4 is given by V' = %7{7’2}1 ]

0
N a
a /O \ua
A B
Figure 1 Figure 2

A metal sheet is shaped as a circular sector with angle 8 and fixed radius a, as shown in
Figure 1. This sector is then formed into a right circular cone with slant height a by joining
the two radii O4 and OB together as shown in Figure 2.

(a) If @ is measured in radians, state the base radius of the cone, 7, in term of @ and 6.
[1]
(b) Show that the volume of the cone, V, is given by

6
2 a

i 4 2 2
=0 (47 -0). [3]
(¢) Using differentiation, find the exact value of & that will maximise V. [4]
a
a
Figure 3

Two identical cones, as described in part (¢), are joined together tip-to-tip to form a new
object, as shown in Figure 3. The upper cone is initially filled with water, which leaks

) 7 - . .
out into the lower cone at a rate of s cm’ s™'. At time  seconds, the height of the water

in the upper cone is y.

3
(d) Show that the volume of water in the cone, W cm?, is given by W = 27;)/ . [2]
(e) Calculate the rate of change of y when y = 2. [2]
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Section B: Probability and Statistics [60 marks]

5 In a simple archery game, a player shoots an arrow at a target. The probability of hitting
the target depends on the player’s skill and the wind conditions for the day. The wind can
either be good or bad, with the probability of a good wind day being 0.7.

According to past statistics:

. Dave has a 70% chance of hitting the target on a good wind day and a 60% chance
on a bad wind day.

. Rafael has an 80% chance of hitting the target on a good wind day and a 50% chance
on a bad wind day.

Dave and Rafael decide to compete in a game where each player shoots 2 arrows at the
target. The player who hits the target more times wins the game.

(a) Find the probability that Dave wins the game on a good wind day. [3]

It is now known that the probability Dave wins the game on a bad wind day is 0.39.

(b) Given that Dave wins the game, find the probability that the day was a bad wind
day. [3]

6 A treasure hunt game is to be played in a 3-storey building. There are 12 specific
locations where 5 treasures are to be hidden. Among the 5 treasures, 4 of them are
identical. The locations are distributed across the storeys as follows:

e 3 locations on the 1st storey,

e 3 locations on the 2nd storey, and

e 6 locations on the 3rd storey.
Each location can hold at most one treasure.

(a) Find the number of ways to distribute the 5 treasures among the 12 locations for
each of the following separate cases:

(i) The 5 treasures can be hidden in any of the 12 locations. [1]
(ii) Exactly 2 treasures must be hidden on the 3rd storey. [2]
(iii) There must be at least one treasure on each of the 1st and 2nd storeys, and

at least 2 treasures on the 3rd storey. [3]

Five teams of 2 players each take part in the game. The 10 players and 2 game masters
are to be seated around a round table for a briefing.

(b) Find the number of different seating arrangements such that players from the same
team must be seated next to each other but the two game masters must not be seated
next to each other. [3]
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7 A factory produces porcelain bowls. It is known that, on average, 8% of the bowls are
faulty. The bowls are packed in boxes of 20. A box is considered imperfect if it contains
more than 2 faulty bowls. Assume that the number of faulty bowls in a box follows a
binomial distribution.

(a) Find the probability that a randomly chosen box is imperfect. 2]

These boxes are packed into cartons of 12 boxes each.

(b) Find the probability that, out of 3 randomly chosen cartons, there are 2 cartons that
contains fewer than 15 faulty bowls each. [3]

Let Y be the number of imperfect boxes in a randomly chosen carton.

(c) State the values of E(Y) and Var(Y). [2]
(d) Hence using a suitable approximation, find the probability that the total number of
imperfect boxes in a random sample of 35 cartons is at most 85. [2]

8  An examination consists of two parts: a written paper and a lab-based practical. Marks
obtained by a randomly chosen candidate follow normal distribution with means and

standard deviations as shown in the following table.

Mean Standard deviation
Written paper 62 o
Lab-based practical 56 12

It is given that the 95™ percentile score for the written paper is 85 marks.
(a) Show that the value of ¢ is 13.983, correct to 5 significant figures. [1]

(b) Find the probability that the difference between the marks obtained in the written
paper and in the lab-based practical of a randomly chosen candidate is at least 9.

(3]
The overall mark obtained for the examination is the total of 60% of the mark obtained
from written paper and 40% of the mark obtained from lab-based practical.

(¢) Find the probability that the overall mark of a randomly chosen candidate is less
than 60. [3]

(d) Find the smallest value of #n such that the probability that the mean overall mark of
n randomly chosen candidates being at least 58 is at least 0.95. [3]

(e) State an assumption needed for the calculations in part (b) to (d) to be valid and
explain why the assumption may not be valid in practice. [2]
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9  Ataschool canteen, the average queuing time (in minutes) for a student to be served at a
stall is known to be 4.5 minutes. The school operation manager claims that with a recent
change in students’ timetable, there is an improvement in the average queuing time.

A random sample of 10 students’ queuing time is observed after the change in students’
timetable and the data is shown below.

42, 5.2, 3.1, 3.5, 4.6, 48, 3.8, 3.7, 45, 5.0

Given that the population variance of queuing time is known to be 0.48 minutes?, a one-
tailed test is carried out to determine whether the manager’s claim is justified.

(a) State an assumption needed to carry out the hypothesis test. [1]
(b) Test whether the manager’s claim is justified at 5% level of significance.

[5]

A student leader Jason suspected that with the change in students’ timetable, the average
queuing time for a student to be served at a stall is in fact more than 4 minutes and also
that the population variance of queuing time is no longer 0.48 minutes®. To investigate
this, Jason recorded the queuing time of the first 50 students who visited the stall from 12
pmto 1 pm.

(¢) Give areason why the sample collected is not a random sample. [1]

Jason decided to collect another set of data to do his investigation. He recorded the
queuing time, x, in minutes, of a random sample of 50 students. The summarized data
is as shown below.

x=46 and Y x’=1068

(d) Find an unbiased estimate of the population variance. [1]

Jason carried out a hypothesis test at 2% level of significance with an alternative
hypothesis of x> A where u is the population mean queuing time.

(e) Explain why the assumption in (a) is no longer necessary. [1]

() By finding the critical region in terms of z-values, find the range of values of 4
such that the Jason’s suspicion is justified. [3]
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10 Anand signed up for a privilege card with Temasek Airlines where cardholders earn more
reward points as they fly further with the airline. From the airlines’ website, Anand
identified 8 different destinations and recorded the flight distance, x miles, of each
destination from Singapore. He also recorded the corresponding reward points, y, credited
into his card after each flight. The data are shown below.

Destination A| B | C|D E F G H
Flight distance, x 200 | 400 | 600 | 800 | 1000 | 1200 | 1400 | 1600
Reward points, y 110 | 160 | 190 | 200 | 210 | 215 | 220 | 225
(a) Sketch a scatter diagram of the data. [2]
(b) Calculate the value of the product moment correlation coefficient, and explain why
this value does not necessarily mean that a linear model is the best for the
relationship between x and y. [2]
(¢) Without calculating the product moment correlation coefficient, explain which of
the following equations, where a and b are constants, and b > 0, can be used to
model the relationship between x and y.
D y=a+bx’
(1) y=a+blnx
(I1I) y=a+be™ [3]
(d) Using the model identified in (c), find the equation of the corresponding regression
line. [2]
(e) Hence estimate the reward points that can be earned for a destination 700 miles
away from Singapore. Comment on the reliability of your estimation. [2]
(f) Itis given that 1 mile is approximately 1.609 kilometres. State what will happen to
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the product moment correlation coefficient found in (b) if the flight distance is
measured in kilometres instead of miles. [1]
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