2025 JC2 H2 Math Prelim P1 Solutions

1 Using an algebraic method, solve the inequality 24x——3 <1. [3]
4x" +3x -1
4Inx—
Hence, find the set of values of x that satisfy nx-3 <1. [2]

4(Inx)* +3Inx—1"

No. | Solution
b 43
4x* +3x-1
_4x=3
4x* +3x—1
2

dx—-3—-4x —3x+1£0

(x+D)(4x-1)

2

—4x"+x-2 <
(x+1D)(4x-1)

4x* —x+2
(x+1)(4x—1)_

2 2
Ay’ —x+2=4 (x—lj —(lj +2
8 8
—4[x—lj2+2
8 16
P31

2
Since | x— 1 >0 for all real values of x, 4| x— 1 +—>0
8 8 16

1<0

OR

Since coefficient of x? is 4 >0 and the discriminant of 4x> —x+2
is (—1)? —4(4)(2) =—31<0, 4x’ —x+2>0 forall xeR.

We have (x+1)(4x—1)>0.

ENGEE

1
x<-lorx>—
4

Replace x with Inx:

Inx<-1or lnx>i

1
O<x<e' or x>e*
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2 The function fis defined by

-1
f:xHx—, xeR, x#0, x=1.

x
(a) Show that £*(x)=f"(x).
(b) Find £’ (x) in simplified form.
(¢) Find £2%°(5).

Functions g and h are defined by

X
gix—>—,xeR, x21,
X

h:x+ —sinax, xeR,
where a is a positive constant.

(d) Find the value of a given that the range of hg is (—1, O] .

[1]
(2]

2 —
] Lety=2to L

2b fz(x):

2c f2030(5):f3(676)+2(5):f2(5):L:_l

1-5 4
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2d

Range of g = [0,1) =new domain of h

0

Given: range of hg is (—1, O]

o i
—=1 =a=—
2a 2

3

Referred to the origin O, points 4 and B have position vectors a and b respectively. Point C lies on O4, such
that OC:CA=2:1. Point D lies on OB, such that OD: DB =A: u. It is given that the area of triangle ABD is

half the area of triangle ABC.

(a) Show the area of triangle ABD is given by 3 |a X b| . Hence find the ratio A4 : . [4]

M
(/1 + ,u)

. .. 1 5 .
(b) The point £ has position vector Za + gb . Show that 4, E and D are collinear. [3]

It is further given that the angle AOB is % and O lies on the perpendicular bisector of the line segment AB.

(¢) Find the length of projection of a on b, giving your answer in terms of |b| . Hence find the position vector
of the point £, the foot of perpendicular from A4 to OB. [3]

No. | Solution

3a

Area of triangle ABD = %‘ﬁ X E‘

1

=3 E_bx(b-a)

A+u”

y7,
=— 2 _|bxb-b
2(4+ﬂ)|~x~ bxgl

7,
=———10 b
z(ﬁ+ﬂ)|~+qx~|

7,
—— = |axb
z(z+ﬂ)|‘~’x~|

Area of triangle ABC = %@ X E‘

zax(b-a)

=éMXé—9Xﬂ

=<faxd]
6

202
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Area of triangle ABD = 1/2 (area of triangle ABC)

)7 (1
— £ Jaxbl==| Z|axb
z(my)'m z(d‘”'}

a1
2(A+p) 12
6u=A1+u
Su=A4
A:u=5:1

3b
AE=0E -04

=la+§b—a

Since AD = %TE and 4 is a common point, 4, £ and D are collinear.

3c Length of projection of a on b
= ‘a . b‘

= |a|‘b‘cos£
4

=|21|COSZ
4

1
=—Ib
=
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. . Su
4 (a) A sequence is such that u, = p, where p is a constantand u,,, =——, for n..1.

8u, +1
(i) Describe how the sequence behaves when p=1. [2]
. . 3125
ii) Find the value of p for which u, ==—=. 2
(i) p g = (2]

(b) Another sequence v,, v,, v, ... issuchthatforall n..1, v, —2v, , +v, =k, where kis a constant.

Let w, =v,,, —v, for n..1. Explain why the sequence {w,} is an arithmetic progression. 2]

No. | Solution
4ai | When p=1,

5 25 125 625
u =1, u,=—, u,

=—, u4:—’ Z/IS =TT,
9 49 249 1245

: : . 1
The sequence is a decreasing sequence, and it converges to —.

4aii Su, 1 Su,+1 8 1
Uy = — = =<zt
8u, +1 U, Su, 5 Su,
118 58w,
Sun un+l 5 Sun+l
Su" — 5un+l
5 - 8un+1
un — un+1
5—-8u

n+l

Using the GC, y, :%

4b Wn+l W = vn+2 - vn+l - (Vn+1 - Vn)
=V ., =2V, +V,

n+l

=k (which is a constant )

Hence {w,} is an arithmetic progression.
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5

The function fis given by

f 242> —(x-2)°, 0<x<4,
X)=
2-2 = (x=6), 4<x<8.

It is given that (x) =f(x+ 8) for all real values of x.

(a) On the diagram in the Printed Answer Book, sketch the graph of y =f (x) for —6 < x <7, indicating clearly

the coordinates of the end points and the points where the graph cuts the axes. [3]

(b) Without integrating, write down the exact area of the region bounded by y =f(x), the line x =4, the x-axis

and the y-axis. [1]
. (y - 3)2 2 . ..
The curve C has equation = (x + 2) =1, where a is a positive real constant.
a
(c) State the equations of the asymptotes of C in terms of a. [1]

(d) Determine the range of values of a if there is at most one intersection between C and the graph of y=f (x) .

(2]

No. | Solution
Sa v
'y
-6, 4 (2,4)
( y=f()
(-4.2)  (0,2) (4,2)
(7,2-3)
— = -A’ X
(2,00 © (6,0)
5b 1 .,
Area = 2><4+§7:(2 )=8+2m
5¢ | Equations of asymptotes:
_ 2
(ya23) — (x+2)2
y—3=xa(x+2)
y=3+a(x+2) and y=3-a(x+2)
5d | Cisahyperbola centred at (—2, 3) with vertices at (—2,3+a) and (-2,3—-qa).
When a =3, there is exactly one intersection at (-2, 0).
Hence there is at most one intersection between C and the graph of y=f(x) when a=>3.
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1 1

’ 1
6 Itisgiventhat Y —=— -
1 glven tha ,.Z;r(rz—l) 4+2(n+1) 2n
(a) Show that i; is less than l
o r(r2 —1) 4
(b) Give a reason why the series iﬁ converges, and write down its value.
r=2 V\T —
(¢) Find the smallest value of n for which Zn:+ differs from Z+ by less than 0.0007.
— r(r —1) o r(r —1)
d 3 ! h d h
d) Fi , N are int ith N 0.
(d) Fin ,.:Zm;l(r—m)(r—m+1)(r—m+2) where m and N are integers wi >m>
(There is no need to express your answer as a single algebraic fraction.)
No. | Solution
6a - _
LIS Sl AR B WP P R
2(n+1) 2n 2n(n+1) 2n(n+1)
! 1 _1. 1 _L<l
pucy r(r —1) 4 2(n+1) 2n 4
Alternative
2(n+1)>2n foralln>2
Lo
2(n+l) 2n
1 1
-—<0
2(n+1) 2n )
v+ 1,1 1.1
pucy r(r2 —1) 4 2(n+1) 2n 4
6b 1
As n—>w, —0 and -0,
(n+1) n
Zn:; - l , a constant.
o r(r2 —1) 4
Hence i; converges and i;:l
=2 7”(7”2 —1) = r(r2 —1) 4
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6¢c 0 1 » |
- <0.0007
— r(rz—l) ;r(r —1)‘
1 1
— —-———<0.0007
4 Z(n +1) 2n
1
——|<0.0007
2(n + n
Using GC: Alternative
" NORMAL FLOAT AUTO REAL RADIAN HP
1 1 CALC INTERSECT
- Yas=, 0807
2(n+1) 2n

26 0.000712 > 0.0007

27 0.000661 < 0.0007
smallest value of n =27

Inttr:ml:.‘i:.il:;ll;'
H=26.230B61 Y=PE-Y

1

n>26.231= smallest value of n =27

6d il 1
,;Hl(r—m)(r—m+l)(r—m+2)
= ! + ! +..+ !
1(2)(3) 2(3)(4) (N=m)(N-m+1)(N—-m+2)
_N—m+1 1
T2 N
N-m+1 1
:;r(rz—l)

1 1

1
4 2(N-m+2) 2(N-m+1)

Alternative

il 1
,gl(r—m)(r—m+l)(r—m+2)

r+r§:N 1
_r+m—1=m+1(r_1)(r)(r+1)

N-m+1 1
B o (r)(rz—l)

1 1

4 2(N—m+2) 2(N—m+1)
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7

Do not use a calculator in answering this question.

4zl _

5_z%

5i. [3]

(a) Find the complex number z which satisfies the equation

(b) The complex number w is such that (w—i)3 =—i.

(i) Given that one possible value of w is 2i, find the two other possible values of w. Give your answers in
cartesian form a + bi. [4]

The points W, W, and W, on the Argand diagram represent the three roots of the equation (w—i)3 =—i,
and the point 4 represents the complex number ki, where £ is a positive real number.

(i) Show that the points W, W, and W, lie on a circle with centre 4 on the Argand diagram for some value

of k, stating the value of k. [2]
No. | Solution
7a | Let z=a+bi,where a,beR.
i
———=5i
15-z%*
4a* + b _si
15— (a - bi)

4\a’ +b* =751-5ai—5b=-5b+(75-"5a)i
Comparing real and imaginary parts:
da® +b* =-5b -——(1)
75-5a=0=a=15 ———(2)

Substitute (2) into (1):

415% +b* =-5b

4(15° +p%)=250"

95> =3600

b* =400

b=-20 (-5 <0byeqn. (1))
.z=15-20i
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7o [ (i) =i
w? +3w? (=i) + 3w (=) +(-i) +i=0

w =3in’ —3w+2i=0

Since 21 is a root,

w' =3in” = 3w+2i=0=(w-2i)(4w’ + Bw+C)
By comparing coefficients,

A=1,C=-1

C2iB=—3=B=_113__;

21

w—iw—1=0

2
Tbii B 1 B

1. . .
Let W, W,, W, and A represent 2i, 7+51, —7+51 and ki respectively.

ﬁ+i_
2

For WA=W,A,i.e.
2
)1

2
(—J +(5—kj :(2—k)2 :>%+1—k+k2 =4-4k+k = k=1.

2
J§+i_
2

ki‘:|2i—ki|,

So, we have W, 4 :|2i—i| =1 and W,A=

i‘zl.

Check that W;4 =1 too:

—\/§+i_. _ \Ei%:\/{sz+(7l)z =1

1l =
2
Since the distances are all equal to 1, Wi, W, and W lie on a circle with radius 1, centred at 4
representing the complex number i.
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8 (a) A curve C with equation y=f (x) undergoes in succession, the following transformations.
A: A reflection in the x-axis.
. | . :
B: A stretch parallel to the x-axis with scale factor > with the y-axis invariant.
. . , b
The resulting curve has equation y = ax” + — , where a and b are real constants.
X
. ). . . .
Given that (—l,gj is a turning point of y = %) , find the values of @ and b and state the equation of C.[5]
X
(b) The diagram below shows the curve of y = g(x) . The curve has a minimum point at (—2,—3) and crosses
the x-axis at (—1,0) and (—4,0) . The line x =2 is the vertical asymptote and the line y =3 is the horizontal
asymptote.
Ip¥=2
| y=g(x)
y=3 ] e
(=LO))| : .
(—4,0) ~_/ |0 x
(-2.-3) | &
(i) Sketch the graph of y = g'(x) , labelling the coordinates of all relevant point(s) and state the equations of
any asymptotes. (2]
(ii) Find the area of the region bounded by the graph of y = g'(x) , the lines x =—4, x =-2 and the x-axis.
(2]
No. | Solution
8a )
y=ax +—

X
{ Before B (replace x with gj

2
(%
X
2) %

_e | 2%
4 by
 Before A (replace y with — y)
2
ax” 2b
y=——+ ——=1(x)
4 X

1 . . 1 : .
—1,5 turning point on y = T) = (—1,3) turning point on y =f(x):
X

a
S ) s S — 1
2 (1)
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dy 1 2b
—=-—ax+—
dx 2 X
. dy 1
Since when x=-1, —=0, —a+2b=0. = -oemmmemeeev )
dx 2

Solving (1), (2) using a GC, a=-4, b=1. Therefore, y=f(x)=x" - 2
X

Alternative

y=1(x)

I A (replace y with — y)
y=-f(x)

4 B (replace x with 2x)

y=—f(2x) = ax’ +é
x

2 2
f(zx)z_m_% = f(x):—ﬂ—%
4 2x 4
= 1
T
4
&mﬁ.QJAJimoy:—l—:lz L 493
3 f) 3 _a,,,
4
(“f+ﬂjen—em(”ﬁj
dy 4 4
dx_ 2
(ax3+2bj
4

a

When x=-1, d—y=0, -
dx 4

1) + 2bj(—1) - (—(—D)(%“(—l)zj -0.
g+2b=0 -------------- )

Solving (1), (2) using a GC, a =4, b=1. Therefore, y =f(x)=x" - %
X

Alternative

Since (—l,gj is a turning point of y = , (—1,3) is a turning point of y=f(x).

f(x)

(—1,3)—A>(—1, —3)—3{—%,—3) , a turning point on y = ax” + é

X
y=axz+é = d—y=2ax—i2

X dx X
Subst. —l,—3 in‘coy=c1x2+é e, 7 S (1)

2 x 4
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8bi

When x=—l, d—y=0: —a—4b=0.
dx

Solving (1), (2) usinga GC, a=-4, b=1.

Therefore, the transformed graph has equation y =—4x” + 1

X

2 2
y:—4x2 +—T>y——x2+—T>C:y=x2 -
X X

X

8bii

A

y=0 2,0/

0]

Required area = —Jj g'(x) dx=—[g(x)] :i

—[g(-2)—g(-4)] (from graph in the question)

= —[—3 - O] =3 units’
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9 In the diagram below, the region R is bounded by the curve C with equation x=6—(y—2), the lines y =8,
y=2—x and the y-axis. The shaded region S is bounded by C and the line y=2—x.

y=2-x 3
y=8
R
s (6.2)
0 .
/ X
x=6- (y - 2)2
(a) Find the exact area of region R. [5]

(b) Find the volume of the solid of revolution formed when S is rotated through 360° about the x-axis, leaving
your answer to 2 decimal places. [3]

No. | Solution
9a | For point of intersection of Cand y=2—x:

2-y=6-(y-2)

2—-y=6-y"+4y—4

¥ =5y=0

y(y=5=0

y=0 or y=5

When x=0, 6—(y—2)° :O:y:2i«/g.

Area of R
= [L 602 dy+j2 ydy} OR

o] 5]
oo {2 o) o3)

= % + 4\/8 units®

6+3

5 2
x3— 2+,jg6—(y—2) dy

Alternative method:
For point of intersection of Cand y =2—x:

2-y=6-(y-2)
2—-y=6-y)"+4y—4

Y =5y=0

y(y=35)=0

y=0ory=5 ..x=-3or2
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When y=8,8=2-x=>x=-6.
Area of R

=(6)(8)~ [, (2—x)dx— [ (2+f6—x)d

% | x=6-(y-27

Volume of solid =" (2+v6—x ) dx—n[" (2-x) dv—n[ (2-V6—x) dx

-3
=327.25 units?
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10 (a) (i) Express 1+4x inthe form A(2x—2)+ B, where 4 and B are constants to be determined. [1]

1+4x
ii) H ,find | ————dx. 4
(ii) Hence, fin Jx2 “oras (4]
(b) Find the exact value of |3 xsin2x dx . [3]
0

No. | Solution
10ai | 1+4x=A2x-2)+B

2Ax-2A+ B=4x+1

24=4=>A4=2 and B—-2A=1=B=5
1+4x=2(2x—2)+5
10a 1+4x 2(2x 2)+5
- - —  dx= dx
1 -[ X' —2x+5 -[ X' —2x+5
2x 2 5
J A
2x+5 x =2x+5

2x-2 1
= fﬁ 5[ —5—
x —2x+5 (x-1)"+4
=21n(x2—2x+5)+%tan'xT_I+C

Note: x> —2x+5>0 for all real x.

10b

s

3 x
j3xsin2xdx: —lXCOSZX +lj3cos2xdx
0 7 o 270

1 T l1p . o 4% d
=|——xcos2x | +—[sin2x]3 u=x L _gin2x
{ 2 0 4[ ]0 dx
1(n 21 1 i du 1
B N ftadll IR PSS had —=1 v=——cos2x
{ 2(3)005 3 }+4{sm2(3ﬂ o 7
_x B
12 8

dy 2
11 It is given that 2—y+——lnx=y.
dx x

d
(a) Use the substitution y = ln(zj to show that the differential equation can be reduced to au =f (u) , Where
X

the function f (u) is to be found. [3]

. .. . . ) dy 2

(b) Given that y has a minimum value at x =3, solve the differential equation 2ay+— —Inx =y, to find the
X

particular solution for y in terms of x. [5]

(c) Sketch the graph of this particular solution. [2]
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No.

Solution

11a

yzln[z):yzlnu—lnx ——————
x

dy ldu 1

Differentiating w.r.t. x: o ad x ——— (2)

dy 2
Subst. (1) and (2) into given DE 2ay+——lnx =y

X

2(ld—u—lJ+%—lnx=Inu—lnx
ude x) x

21d—u=lnu
u

du 1
—=—ulnu
2

11b

1

| u duzjédx

Inu

1n(|1nu|) =§+C

X
|nu| = Be?, where B =€
X

Inu= Ae5

X X
From (1): y+Inx=A4e? = y=A4e? -Inx

X

& 451
dx 2 X
3
d A= 1
Whenx=3,—y=0:0:—ez——.
dx 2 3

3
2 R
Azge 2 =0.14875

X

.y =0.1492 —Inx

Alternative

d
When x =3, —y=0.
dx

2
Sub into DE: y = O+§—ln3 =-0.43195

3
Sub into (3): —0.43195 = Ae? —In3
3
A=(In3-0.43195)e 2 =0.14875

X

<. y=0.149¢2 —In x
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11c

A X

y=0.14875¢2 —In x

\1.34 4.68 oy

ol S~—__— g

(3, -0.432)

12 A chemical processing plant uses two types of automated dosing pumps, Pump A and Pump B, to regulate the
flow of a catalyst into a reaction chamber. Each pump is removed from the plant and tested over a 10-hour trial
period, and the volume of liquid dosed per hour is recorded.

The following data were collected.

e Pump A: The volume of liquid dosed was 4.5 litres in the first hour, and for each subsequent hour, the
volume of liquid dosed decreased by a constant percentage of 7% .

e Pump B: The volume of liquid dosed was 4.7 litres in the first hour, and for each subsequent hour, the
volume of liquid dosed decreased by 0.1 litres.

(a) Show that the total volume of liquid dosed by Pump A at the end of the trial period is

k
ﬂ 1-|1-— litres,
r 100

where £ is a constant to be determined. [3]

(b) It would be ideal if at the end of the trial period, the volume of liquid dosed by Pump A is equal to that of
Pump B. Find the value of r for this ideal situation. [2]

After the trial period, the two pumps were cleaned and reset, and were subsequently installed in the actual plant.
Assume that the two pumps perform consistently as what was observed during the trial period.

(¢) Pump A is installed for dosing in Reaction Line 1. To prevent underdosing, Pump A will cease to operate if
the volume dosed in the next hour falls below 4.0 litres. With the assumption that » =1, find the number of
complete hours that Pump A should be in operation. [2]

Before operations begin in Reaction Line 2, Pump A breaks down.

(d) To minimise disruption, the company considers buying a new motor for Pump A from a third-party supplier.
The supplier claims that with the new motor, Pump A can dose at least 360 litres of liquid in total if it ran
continuously without stopping. Determine the range of values of » for which the supplier’s claim is invalid.

(2]
(e) The company eventually decides to use Pump B in Reaction Line 2. Using an algebraic method, determine if
Pump B can dose at least 150 litres of liquid if left to run continuously without stopping. [3]
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No.

Solution

12a

Total volume of liquid dosed by Pump A at the end of 10 hours

9
=4.5+451-— |+ . +45/1-—
100 100
r 10
45/1-[1--
{ ( 100) } a=4.5,
1-[1--" o
( 100) r=l-—

450 r)’
s S PR ~1
, { ( 100] } n=10

Hence £=10.

12b

r 100
By GC, r=12771=128(t0 3 s.f).

@{1—(1 r ) }%[2(4.7)+9(—o.1)]=42.5

12¢

Let n be the number of hours pump A has operated.
4.5(0.99)" >4.0

L 4.5(0.99)""

11 4.07
12 4.03
13 3.99
It should operate 12 complete hours.

Alternative

(n—l)ln(0.99)zln(%)

n<12.719
It should operate 12 complete hours.

12d

For the supplier’s claim to be invalid,

4.5 <360

1-{1--—
( 100}

@<360

,
r>1.25
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12e

Total volume of liquid by Pump B
= 3[2(4-7) +(n-1)(-0.1)|=4.75n - 0.05n’

4.75n—0.05n" 2150 = 0.05n" —4.75n+150 <0
Since Discriminant =(—4.75)" —4(0.05)(150) = ~7.43 <O and Coeff of °> 0, there is no real solution for .

Thus it is not possible for Pump B to dose at least 150 litres of liquid if run continuously.
Alternative

Let 4.7+ (n - 1)(—0. 1) =0

n=48

Hence Pump B can only operate at most 47 hours.

Total volume dosed at the end of 47 hours

=4—27[2(4.7)+(47—1)(—0.1)]

=112.8<150
Thus it is not possible for Pump B to dose at least 150 litres of liquid if run continuously.
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