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1 Solution

(a) | Cofactor expansion along the first column:

detA = S(af)—y(ya)—a(ap) +y(By) +alya)— B(By)
=—af(a-p)-y (a-p)+(a-p)ay+pr)
=(a-p)-af -y’ +ay+py)
=(a-Py(B-y)-a(f-7))
=(@-pNB-ry-a)

(b) | detB==3(a- )AL -7)r-a)

2 Solution

(a) 0z T
9% __ s r —=—xsin[x +—j
p ysm(xy+ 4), o % 4

d_ozdx ozdy
dt oxdt Oy dr

=—ysin xy+£ .e¢' —xsin xy+£ L
4 4) 1+¢

When 1=0, x=1,y=0

r_ 2

Therefore dz = _gin—=-2Y%
dr 4 2

(b) fxy (x,»)=0 implies f_ is independent of y

fyx (%,)=0 implies fy is independent of x
So f must take the form of f(x, y)=g(x)+h(y) for some functions g and h
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3 Solution

(@) | Length of'arc PQ
! dy 2 4\/712
S - [
T - [
:j;\/xz +2x(t)+(t)2 d
:J;mdx
PV o et
2 ’

when 2<x<4 |

Il
1
Nl*,\,
L1
SN
+
1
EN[E

—_—

=

=
L1

(42-2°)+4(In4-1n2) = 6+1(In%) = 6+1in2. (shown)

(bi) | Area of surface of revolution generated by arc PQ about the y-axis

=2nj4x 1+(ﬂ)2 dx
) dx

4 TV
=27Z'J X 1+(x——) dx
4x
2
=120.4277...

=120.43 2 d.p.)

(bii) | Volume of solid of revolution generated by shaded region abt. y-axis

=Jj27rxydx
oo
=177.9648...
=177.96 (2d.p.)
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4 Solution

By de Moivre’s Theorem, (cos®@ +isin @)’ = cos56 +isin 50

(cos@ +isin )’

=cos’ @ +5cos* O(isin @) +10cos’ O(isin )
+10cos” O(isin @)’ + Scos(isin )" + (isin )’
=cos’ @ —10cos’ Osin® @+ 5cosPsin” O

+i(5cos* @sin@ —10cos” @sin’ @ +sin’ 9)

c0s50 =cos’ @ —10cos’ fsin” @ + Scosfsin* @
=cosé(cos* @ —10cos’ Osin’ O + 5sin* 9)
Hence = cosé’(cos4 6 —10cos’ (1 —cos’ 8) + 5(1—cos” 8)’ )
= cos¢9(cos4 0 —10cos* @ +10cos* & +5—10cos” &+ 5cos” 49)
=cos@(16cos* @ —20cos” @ +5)

Substitute 8= z :
10

cos = cos 2| 16cos* = —20cos? X + 5
2 10 10 10
0=cosZ| 16cos* 2= —20cos’ 2= +5
10 10 10
l6cos41—200052£+5:0 since cos£¢0
10 10

» T _20£+/80 5%4/5

10 32 8

COS

. .. . 3 .. -
Note that the cosine function is decreasing from 0 to 2=, 50 cos? —— > cos? - = . Since > 8\/5 <%
> T 5+ \/g
COS —=—"""
10 8

(shown)

10

cosZE=2cos? X —1=2
5 8 4

5+\/§J_1=1+\/§
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5(a)(i) | Solution

(18,10)
10 ®
8 »
! )
(13, 5)
.I
4 VK
2 \1 / -
tan  — f
'\ 2 (8,0) (13,0)
o 2 61 R SV 18 1 ] 8 0
—tan™ —
5 2 ' 5
4
-6

(a)(i) The circle’s tangents through the origin have gradients i% , both smaller in magnitude than the half
. 5 . 1 . . . 1 < . -1 1 -1 1
lines’ gradients iE . So the points satisfying |Z - 3| <3 also satisfy —tan 5 <arg(z)<tan 3 Hence
the inequality —tan™' % <arg(z)<tan™ % is implied by |Z - 13| <5.
(b) Maximum distance of z from the origin

=18

Minimum distance of z from the origin
=5 +13°
=+/194

6 Solution

(a) | Consider AX =AX where 4 is an eigenvalue and x is the corresponding non-zero eigenvector.
Pre-multiplying both sides by x” :

x'(AX) =x" (1x)
X Ax = Ax'x

x'Ax=1 |X|2
Since A is positive definite, x' Ax >0 for all non-zero x.

2 . .
Also, X| >0 since x is a non-zero.

T

X Ax
Therefore, A =

2
x|

>0 (shown)
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O A= (x y)(z IZJ@

X
=(ax+by bx+cy){ J
y

=ax’ + bxy + bxy + ¢y’

=ax’ +2bxy +cy’

= a(x2 +2—bxyj+cy2 (a#0)
a

[ b j o,
=a|x+—y| —Yy +cy
a a

( b jz (ac—sz )
=alx+—y | + y
a a

For A to be positive definite, we need @ >0 and ac—-5b*>0.

() (2 lj
A=
13

Since a=2>0 and ac-b*=5>0, A is positive definite
- f(x,y)=x"Ax >0 forall (x,y) except the origin where f(0,0)=0
Hence the origin must be the global minimum.
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7 Solution
(2) u,., =3u, +2 for n20 with », =k
u,=3u,  +2

=3QCu, ,+2)+2
=3u,_,+3-2+2
=3"Cu, ,+2)+3-2+2
=3u, +3°-2+3-2+2

=3"u, +3"" 24377 2+4... 43242
2(1-3")

1-3
=(k+1)-3" -1

=k-3"+

Alternatively

u, =3u, ,+2
u, +1=3(u,  +1)
= 32 (un—Z + 1)

=3"(uy +1)

cou, =3"(k+1)—1

(b) Vn+l = 3vn + 2”
Multiplying x"*' to both sides,

v +1xn+1 — 3ann+1 + 271 xn+1

n

0 0 0
n+l __ n+l n _n+l
E VX —E v x" + E 2"x
n=0 n=0

n=0

f(x)—v, =3xf(x)+x-1 !

(1-30)f () =1+ al

(1—3x)f(x)=11_x
)= — =X
(1-3x)1-2x)

l-x 4 B
A-3x)(1-2x) 1-3x 1-2x
| -
Letx=—,A:—31:2

1_2()
3
1 -
Let x=—, B=— 2 =]

AT
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Hence, f(x):i+ -

1-3x 1-2x
© |-t
1-3x 1-2x

= 2i(3x)" - i(Zx)”

= i(2-3” =2")x"
n=0

Hence v, =2.3" — 2"

£=2—(gj —>2asn—>®
3" 3

Further note:
v, =3y, +2"
v, =3, +2""

n-1

By eliminating 2",

v, =3v +%(Vn+l —3vn)

n-1

\%

n+l =

Sv, —6v
Therefore, the sequence is also a solution of another second order linear recurrence relation.

n—1

8 Solution

(a) | Given that > —2rcos@ +sin’6=0,

(20050 J(=2cos6)* — 4(1)(sin2 0)
2(1)
_ 2cosf+ \/4(cos2 0 —sin* 0)
2
=cosd £+/cos® @ —sin* @
= r=cosf£~/cos20
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y 4 )
=3 7 C,: r=cosf +./cos20
/" C.:ir=cosf —/cos20 0=0
O ™ 2 X
p=E
T4

(b)
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10

Required area of region enclosed by C (shaded)

=2- Area of region enclosed by C and above horizontal axis & =0

due to reflective symmetry about 8=0

Y éﬁ’mzdﬁ—éff"igzd@j
= _(M \/00526’)2 —(cos&—\/cos26)2} de

J O L

& _(cos2 0+ 2cosB+/cos28 + cos 2(9)
= do
- (cos2 0 —2cosO+/cos20 + cos 29)

JOL

= 4.[; cosf+/cos26 db
= 4J‘g cosOV1—2sin? 6 dé(shown).

.. Required area

in~1(v/2 sin® dog
o (V2sing) cosu =\Ecos6’—

—4 cos 01— (v/2sin 6)23—9du du
- u

J u=sin"" (\/5 sin )
sin”' (/2 sin 0)

f'%l

=4 | —=cosuy1- (sinu)zdu

Jo
:2\/§I%cos2udu

0
=\X\/§ 1+cos2udu
o 2

n
2

=\/§[u+%sin2u} _ g%sm(xij _ Bt

S

IE]

9 Solution

(2) x°—10x +45x, — 243
‘xn+l = “xn - 4 2

Sx," =30x,~ +45
By GC, x,, =1.73532, x,, =1.73423, x,, =1.73351

Leastn =13 and x,, =1.734 correct to 3 decimal places

(b) f(\/§)=(\/§)5 —10(\6)3 +45\3 -243
=93 -30+/3 +45/3-24/3

=0
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() lim h(x) _ lim ():— R)""'q(x)
—Rx—R  w=Rm(x—R)""q(x)+(x—R)"q'(x)
= lim 1)
=R mq(x)+(x - R)q'(x)
_a®)
mq(R)
= l #0
m

Since h(R)=0 and h'(R)= lin;h(x);};(m = 1 # 0, h crosses the x-axis with non-zero gradientat x =R,
x> x— m

so R is a simple root of h(x)

@ | _ _h)
n+l n h'(xn)
£(x,)
B CR T CA R (ECAIED)
(f'(x,))’
£(x,)F'(x,)

(£'(x,))" = £(x,)f"(x,)
(e) | The least n for x, =x,,, correct to 3 decimal places 1.732 is 3 and thus the sequence converges much faster
than in (b)

10 | Solution

@) Given %z—Z(y—z), z=——"+

2
Differentiating w.r.t. time ¢, dz _1d%y +d_y

dr 242  dr

Also given that %:_d_y_&’
dr dt
2
ld_y+d_y=—d_y_3(ld_y+yj
24 dr de 2 dt
2
d_y+2d_y=_ d_y_32(ld_y+yj
de?  dt dr 2 dr
d’y dy
L —+7—4+6y=0
a? A

(b) | Characteristic / Auxiliary Equation for this 2"%-order ODE of y :

Eél'b? 2025 JC2 H2 Further Mathematics Preliminary Examination Paper 1 [Turn over



12

x> +7x+6=0

(x+D(x+6)=0

= x=-1or x=-6

oop(6) = AeT + BeT™® | where 4, B e R are arbitrary constants,

=Ade' +Be™®  (shown)

1dy
Then, z(t) =———+
) sar
:li(Ae_t + Be™® ) + (Ae_’ + Be_6t)
2 dt

= %(—Ae" — 6B ) + (Ae" +Be ™ )

= z(t)= %Ae" —2Be™®  (shown)

(¢) | Given the initial conditions,
y(0)=A+B=5

20)=L4-2B=0
2
Solving this pair of simultaneous equations, 4 =4, B =1

Loz (f) = %(4)& —2(l)e™™

=2¢" —2¢7%

(d) | Given the boundary conditions, z(0)=z(l)=c

Z(O)=%A—2B=C = A=4B+2c

Z(I)Z%Ae_l —236_6 =c = %(434_20)6—1 —236_6 —c

(2B+c¢)—2Be” =ce
2B(1—-e)=c(e—1)
_c(e-1)
S 2(1-e7)

Then, A=4B+2c
—_ — 6_

S Gl I =2c( © 15+1j Py
2(1—¢ 1—e” e’ —1

(. e*-1 1 e-1
oz, (t)==| 2¢ e'-2|=¢ e o
2() 2( es—lj [2 l—esj
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(e)

o0
The expression Z z)(t+n)
n=0

i (26—(t+n) —6(t+n) )
=2¢™’ i e " -2 i e "
n=0

n=0
1 1
=2e'— e~
1—e! 1-¢®
6

-2 ° e_’—26e e

e—1 e’ -1
5 6 6 5 6 5
— — -1 -

_9 e e6 1 e5 1e_t—2 e e : e5 e ot

e—1{e"-1)l e -1 S e -1
:zi ﬁ]
b1 e’ (e-1)

B 2e(e’ —1) e -1 3 2e(e’ —1) e —¢ o
(e-1)e® -1 )l & -1 (-1 -1l -1
%,—/ %,—/

6 6 .5
. 65 1 ¢ 65 e’ | ¢
e’ —1 e’ —1

=2,(1)
< 2e(e’ -1

" Zzl(t+n)=zz(t), where c:e(e—6) (shown)
n=0 (e_l)(e _1)
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