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1 Solution 

(a) Cofactor expansion along the first column: 

2

2

det ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )( )

( )( )
( )( ( ) ( ))
( )( )( )

β αβ γ γα α αβ γ βγ α γα β βγ

αβ α β γ α β α β αγ βγ

α β αβ γ αγ βγ
α β γ β γ α β γ
α β β γ γ α

= − − + + −

= − − − − + − +

= − − − + +
= − − − −
= − − −

A

 

(b) det 3( )( )( )α β β γ γ α= − − − −B  

 

2 Solution 

(a) 
sin

4
z y xy
x

π∂  = − + ∂  
, sin

4
z x xy
y

π∂  = − + ∂  
 

d d d
d d d

1sin e sin
4 4 1

t

z z x z y
t x t y t

y xy x xy
t

π π

∂ ∂
= +
∂ ∂

   = − + ⋅ − + ⋅    +   

 

When 0t = , 1, 0x y= =  

Therefore d 2sin
d 4 2
z
t

π
= − = −  

(b) f ( , ) 0xy x y =  implies fx  is independent of y 

f ( , ) 0yx x y =  implies f y  is independent of x 
So f must take the form of f ( , ) g( ) h( )x y x y= +  for some functions g and h 
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3 Solution 
(a) 

( ) ( )

( ) ( )

( ) ( )

( )

( ) ( )21 1 1
4 4 4

2

4 42 2d 1
d 422

4 42 22 21 1 1 1
2 4 2 42 2

4 22 1 1
4 42

4 21
42

4  ,1
    when 2 4 ,42

4
1

2 42

Length of arc 

 1 d  1 d

 1 d  d

 2 d

 d

 d ,      

  ln

x x x

y
x x

x x

x x

x

x x x
xx

x

PQ

x x x

x x x x

x x x

x x

x x

x

+ = + = +
≤ ≤

= + = + −

= + − + = + +

= + +

= +

= +

  = + 

⌠ ⌠ ⌡⌡

⌠ ⌠ 
⌡ ⌡

⌠
⌡

⌠
⌡

∫


( ) ( )

4

2

2 21 1 1 4 1
2 4 4 2 4  4 2 ln 4 ln 2   6 (ln )  6 ln 2.   (shown)

 

= − + − = + = +

 

(bi) 

( )
4 2d

d
2
4 2

2

Area of surface of revolution generated by arc  about the -axis

2π 1 d

12 1 d
4

120.4277...
120.43 (2 d.p.)

y
x

PQ y

x x

x x x
x

π

= +

 = + − 
 

=
=

⌠
⌡

⌠

⌡

 

(bii) 

( )2

4

2
4 ln

2 42

Volume of solid of revolution generated by shaded region abt. -axis

 2π d

 2π d ,

 177.9648...
 177.96   (2 d.p.)

x x

y

xy x

x x

=

= −

=
=

∫

∫  
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4 Solution 

 By de Moivre’s Theorem, 5(cos isin ) cos5 isin5θ θ θ θ+ = +  

5

5 4 3 2

2 3 4 5

5 3 2 4

4 2 3 5

(cos isin )
cos 5cos (isin ) 10cos (isin )
10cos (isin ) 5cos (isin ) (isin )
cos 10cos sin 5cos sin
i(5cos sin 10cos sin sin )

θ θ

θ θ θ θ θ

θ θ θ θ θ

θ θ θ θ θ

θ θ θ θ θ

+

= + +

+ + +

= − +

+ − +

 

Hence ( )
( )

5 3 2 4

4 2 2 4

4 2 2 2 2

4 2 4 2 4

4 2

cos5 cos 10cos sin 5cos sin
cos (cos 10cos sin 5sin )

cos cos 10cos (1 cos ) 5(1 cos )

cos cos 10cos 10cos 5 10cos 5cos

cos (16cos 20cos 5)

θ θ θ θ θ θ

θ θ θ θ θ

θ θ θ θ θ

θ θ θ θ θ θ

θ θ θ

= − +

= − +

= − − + −

= − + + − +

= − +

 

Substitute 
10
πθ = : 

4 2

4 2

4 2

cos cos 16cos 20cos 5
2 10 10 10

0 cos 16cos 20cos 5
10 10 10

16cos 20cos 5 0 since cos 0
10 10 10

π π π π

π π π

π π π

 = − + 
 

 = − + 
 

− + = ≠

 

2 20 80 5 5cos
10 32 8
π ± ±

= =  

Note that the cosine function is decreasing from 0 to 
2
π , so 2 2 3cos cos

10 6 4
π π

> = . Since 5 5 3
8 4
−

< , 

2 5 5cos
10 8
π +

=   

2 5 5 1 5cos 2cos 1 2 1
5 10 8 4
π π  + +
= − = − =  

 
 (shown) 
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5(a)(i) Solution 

 

 
(a)(ii) 

The circle’s tangents through the origin have gradients 5
12

± , both smaller in magnitude than the half 

lines’ gradients 1
2

± . So the points satisfying 13 5z − ≤  also satisfy 1 11 1tan arg( ) tan
2 2

z− −− ≤ ≤ . Hence 

the inequality 1 11 1tan arg( ) tan
2 2

z− −− ≤ ≤  is implied by 13 5z − ≤ . 

(b) Maximum distance of z from the origin 
18=  

 
Minimum distance of z from the origin 

2 25 13

194

= +

=
 

 

6 Solution 

(a) Consider λ=Ax x  where λ  is an eigenvalue and x is the corresponding non-zero eigenvector.  

Pre-multiplying both sides by Tx : 

T T

T T

2T

( ) ( )λ

λ

λ

=

=

=

x Ax x x
x Ax x x

x Ax x

 

Since A is positive definite, T 0>x Ax  for all non-zero x. 

Also, 
2 0>x  since x is a non-zero. 

Therefore, 
T

2 0λ = >
x Ax

x
 (shown) 

 

 
5 



6 

 2025 JC2 H2 Further Mathematics Preliminary Examination Paper 1 

(b) 
( )

( )

T

2 2

2 2

2 2

2 2
2 2

2 2
2

2
2 ( 0)

a b x
x y

b c y

x
ax by bx cy

y

ax bxy bxy cy
ax bxy cy

ba x xy cy a
a

b ba x y y cy
a a

b ac ba x y y
a a

  
=   

  
 

= + +  
 

= + + +

= + +

 = + + ≠ 
 

 = + − + 
 

 − = + +   
   

x Ax

 

For A to be positive definite, we need 0a >  and 2 0ac b− > . 

(c) 2 1
1 3
 

=  
 

A  

Since 2 0a = >  and 2 5 0ac b− = > , A is positive definite 
Tf ( , ) 0x y∴ = >x Ax  for all ( , )x y  except the origin where f (0,0) 0=  

Hence the origin must be the global minimum. 
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7 Solution 

(a) 
1 3 2n nu u+ = +  for 0n ≥  with 0u k=  

1

2
2

2
2

3
3 2

3

1 2
0

3 2
3(3 2) 2

3 3 2 2

3 (3 2) 3 2 2

3 3 2 3 2 2

3 3 2 3 2 3 2 2

2(1 3 )3
1 3

( 1) 3 1

n n

n

n

n

n

n n n

n
n

n

u u
u

u

u

u

u

k

k

−

−

−

−

−

− −

= +
= + +

= + ⋅ +

= + + ⋅ +

= + ⋅ + ⋅ +

= + ⋅ + ⋅ + + ⋅ +

−
= ⋅ +

−
= + ⋅ −





 

Alternatively 

1

1
2

2

0

3 2
1 3( 1)

3 ( 1)

3 ( 1)

n n

n n

n

n

u u
u u

u

u

−

−

−

= +
+ = +

= +

= +



 

3 ( 1) 1n
nu k∴ = + −  

(b) 1 3 2n
n nv v+ = +  

Multiplying 1nx +  to both sides, 
1 1 1

1

1 1 1
1

0 0 0

3 2

3 2

n n n n
n n

n n n n
n n

n n n

v x v x x

v x v x x

+ + +
+

∞ ∞ ∞
+ + +

+
= = =

= +

= +∑ ∑ ∑
 

0
1f ( ) 3 f ( )

1 2
x v x x x

x
− = + ⋅

−
 

(1 3 )f ( ) 1
1 2

xx x
x

− = +
−

 

1(1 3 )f ( )
1 2

xx x
x

−
− =

−
 

1f ( )
(1 3 )(1 2 )

xx
x x
−

=
− −

 

1
(1 3 )(1 2 ) 1 3 1 2

x A B
x x x x
−

= +
− − − −

 

Let 1
3

x = , 

11
3 2
11 2
3

A
−

= =
 −  
 

 

Let 1
2

x = , 

11
2 1
11 3
2

B
−

= = −
 −  
 
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Hence, 2 1f ( )
1 3 1 2

x
x x

−
= +

− −
 

(c) 

0 0

0

2 1f ( )
1 3 1 2

2 (3 ) (2 )

(2 3 2 )

n n

n n

n n n

n

x
x x

x x

x

∞ ∞

= =

∞

=

−
= +

− −

= −

= ⋅ −

∑ ∑

∑

 

Hence 2 3 2n n
nv = ⋅ −  

 
22 2

3 3

n
n
n

v  = − → 
 

 as n →∞  

 
Further note: 

1
1

1

3 2

3 2

n
n n

n
n n

v v

v v
+

−
−

= +

= +
 

By eliminating 2n , 

( )1 1

1 1

13 3
2

5 6

n n n n

n n n

v v v v

v v v

− +

+ −

= + −

= −
 

Therefore, the sequence is also a solution of another second order linear recurrence relation. 
 

 

8 Solution 
(a) Given that 2 22 cos sin 0r r θ θ− + = , 

2 2

2 2

2 2

( 2cos ) ( 2cos ) 4(1)(sin )
2(1)

2cos 4(cos sin )
2

cos cos sin

cos co 2 s

r

r

θ θ θ

θ θ θ

θ θ θ

θ θ

±

±

±

⇒ = ±

− − − −
=

−
=

= −
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Curve C is a combination of an outer branch 1C  & an inner branch 2C . 

 

(b) 

 

y

x
θ = 0C2 : r = cosθ − cos2θ

C1 : r = cosθ + cos2θ

θ = −
π
4

θ = 
π
4

2O

y

x
θ = 0C2 : r = cosθ − cos2θ

C1 : r = cosθ + cos2θ

θ = −
π
4

θ = 
π
4

2O
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due to reflective symmetry

Required area of region enclosed by  (shaded)
  2  and above horizontal axis 0

                                        

Area of region enclose

 

d

                  

b

      

 y 
C

C θ⋅= =
 about 0

  2

θ =

=
1
2

⋅
π
4 2

outer0

1d
2

r θ −∫

( ) ( )

( )
( )

π
4

π
4

π
4

π
4

π
4

2
inner0

22

0

2

2

0

0

2
0

d

  cos cos 2 cos cos 2  d

cos cos 2
   d

             cos cos 2

  4 cos 2  d    

= 4  d (shown).

2cos cos 2

2cos cos 2

cos

cos 1 2sin

r

θ

θ

θ θ θ θ θ

θ θ
θ

θ θ

θ θ

θ θ

θ

θ

θ θ θ

 
 
 

 = + − −  

 
 =  −

+ +

− +

−

 

=

⌠
⌡

⌠


⌡

∫

∫

∫

 

π
4

1 π
4

1

π
2

π
2 2

2
0

sin ( 2 sin )

2
1

sin ( 2 sin 0)

2

0

0

  4 1 2sin  d  sin 2 sin
dcos 2 cos

d d  4 cos 1 ( 2 sin ) d
d sin ( 2 sin )

1  4 cos 1 (sin ) d
2

 

 Required area

cos

co

2

s 2 2 d

  

u

u
uu

u u

u

uu

u u

θ θ θ
θθ

θ

θ

θθ
θ

−

−

−

∴

= − =

=
= −

=

= −

=

=

⌠

⌡

⌠

⌡

∫

∫
1 cos 2

2
2 u+

π
2

π
2

0

0

d

1 π 1  2 sin 2 2 sin 2
2 2 2

u

u u = + = +  

⌠
⌡

π
2

π
2

0 0

π π2  
2 2

=

  
= =  

  
  



 

 

9 Solution 

(a) 5 3

1 4 2

10 45 24 3
5 30 45

n n n
n n

n n

x x xx x
x x+

− + −
= −

− +
 

By GC, 12 13 141.73532, 1.73423, 1.73351x x x= = =  
Least n 13=  and 13 1.734x =  correct to 3 decimal places 

(b) ( ) ( ) ( )5 3
f 3 3 10 3 45 3 24 3

9 3 30 3 45 3 24 3
0

= − + −

= − + −
=

 



11 

 2025 JC2 H2 Further Mathematics Preliminary Examination Paper 1 [Turn over 

(c) 1

1

h( ) ( ) q( )lim lim
( ) q( ) ( ) q ( )

q( )lim
q( ) ( )q ( )

q( )
q( )

1 0

m

m mx R x R

x R

x x R x
x R m x R x x R x

x
m x x R x
R

m R

m

−

−→ →

→

−
=

′− − + −

=
′+ −

=

= ≠

 

 

Since h( ) 0R =  and h( ) h( ) 1h ( ) lim 0
x R

x RR
x R m→

−′ = = ≠
−

, h crosses the x-axis with non-zero gradient at x R= , 

so R is a simple root of h( )x  
 

(d) 

( )

( )

1

2

2

h( )
h ( )

f ( )
f ( )

f ( )f ( ) f ( )f ( )
f ( )

f ( )f ( )
f ( ) f ( )f ( )

n
n n

n

n

n
n

n n n n

n

n n
n

n n n

xx x
x

x
xx x x x x
x

x xx
x x x

+ = −
′

′
= − ′ ′ ′′−

′

′
= −

′ ′′−

 

(e) The least n for 1n nx x +=  correct to 3 decimal places 1.732 is 3 and thus the sequence converges much faster 
than in (b) 

 

 

10 Solution 
(a) 

Given d 2( )
d
y y z
t
= − − ,            1 d

2 d
yz y
t

= + . 

Differentiating w.r.t. time t,  
2

2
d 1 d d
d 2 dd
z y y
t tt
= + . 

2

2

2

2

2

2

d dAlso given that   3 ,
d d

1 d d d 1 d3
2 d d 2 dd
d d d 1 d2 2 3

d d 2 dd
d d  7 6 0

dd

2

z y z
t t

y y y y y
t t tt

y y y y y
t t tt

y y y
tt

= − −

 + = − − + 
 

 + = − − + 
 

+ +∴ =

⋅
 

 

(b) Characteristic / Auxiliary Equation for this 2nd-order ODE of y : 
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2 7 6 0
( 1)( 6)

 1  o
0

r  6x

x x
x x

x

+ + =

⇒
=

−
+

= = −
+  

( 1) ( 6)

6

  ( ) e e ,   where ,   are arbitrary constants,

e e      (shown)

t t

t t

y t A B A B

A B

− −

− −

∴ = + ∈

= +



 

( ) ( )
( ) ( )

6 6

6 6

6

e e e e

e 6 e e e

e 2 e      (

1 dThen,  ( )
2 d
1 d
2 d
1
2
1  ( ) shown)
2

t t t t

t t t t

t t

A B A B

yz t y
t

t

z

A B

At

A B

B

− − − −

− − − −

− −

+ +

− −

= +

= +

⇒ −

=

=

++

 

(c) Given the initial conditions, 

(0) 5
1(0) 2 0
2

y A B

z A B

= + =

= − =
 

Solving this pair of simultaneous equations, 4,  1A B= =  

6
1

6

1( ) (4)e 2  (1)e
2
2e 2e

t t

t t

z t − −

− −

= −

= −

∴  

(d) Given the boundary conditions, (0) (1)z z c= =  

1 6 1 6

5

1(0) 2               
2
1 1(1) e 2 e    ( )e 2 e
2 2

                                                                 ( ) 2 e e

                            

  4 2

  4 2

      

2

    

z A B c

z A B c B c

B

A B c

B c

B c c

− − − −

−

⇒ = +

⇒ +

+

= − =

= − = − =

− =
5

5

                             e (e 1)
(e 1)                                                                                   

2(1

2 (1 )

e )

c
cB

B −

−

− = −
−

=
−

 

6

5 5 5

Then,  4 2

(e 1) e 1 e 14 2   2 1   2
2(1 e ) 1 e e 1

A B c

c c c c− −

= +

  − − − = + = + =       − − −    

 

6
6

2 5 5

6 6 5
6

5 5

1 e 1 1 e 1( ) 2 e 2 e
2 2e 1 1 e

e 1 e ee e
e 1 e 1

  t t

t t

z t c c

c c

− −
−

− −

 − − = −    − −  
   − −

= −      −  

∴

−
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(e) 

( )

6

6

1
0

( ) 6( )

0

6 6

0 0

6
1 6

6
6

6

5 6 6 5

6 5 6 6 5

e2
e

The expression ( )

 2e 2e

 2e e 2e e

1 1 2e 2e
1 e 1 e

e e 2 e 2 e
e 1 e 1

e e 1 e 1 e e 1 2 e 2
e 1 e 1 e 1 e 1 e e

n

t n t n

n

t n t n

n n

t t

t t

t

z t n
∞

=

∞
− + − +

=

∞ ∞
− − − −

= =

− −
− −

− −

−

=

+

= −

= −

= −
− −

= −
− −

    − − −
= −        − − − − −    

∑

∑

∑ ∑

5

5

6 5
6

5

e 1
1 e (e 1)

5 6 5 6 5
6

6 5 6 5

: :

6 6 5

5 5

e e e
e 1

2e(e 1) e 1 2e(e 1) e e e e
(e 1)(e 1) e 1 (e 1)(e 1) e 1

e 1 e e e
e 1 e

t

t t

c c

tc c

−

 −
  − − 

− −

= =

−

 −
  − 

     − − − −
= −          − − − − − −     

 − −
= −  − − 



 

6

2
5

1 2 6
0

e
1

 ( )

2e(e 1) ( ) ( ),   where       (shown)
(e 1)(e 1)

t

n

z t

z t n z t c

−

∞

=

 
  
 

∴

=

−
+ = =

− −∑

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


