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Section A: Pure Mathematics [50 marks]

1 Solution

Let f(x)=+/In(x+2)
[+ 2) de

z%(O.S)(f(—l) +2(f(=0.5) +£(0) +£(0.5) + £ (1)) + £(1.5))
=2.02 (3sf)

2 y=yIn(x+2) -

p

06 1
0.4+

0.2+

The graph is concave downwards over the interval —1 < x <1.5. Each The total area of the 5 rectangles is less

than the actual area under the curve. Hence, the approximation by the trapezium rule is an underestimate of
the area.

2 Solution

@ | oz X x Oz y y

a \/x2+y2 z’ ay \/x2+y2 z
Let z, =+/x," + ¥,

Equation of tangent plane at (x,,,):
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X,
Z=1z, +_0(x_x0)+&(y_yo)

Zy Zy
2 2
X b% X, +y
_ 0 0 0 0
=Zy+—x+—y———"
z, z, Z,
X Y
_ 0 0
=z, +—x+—y—z,
z, z,
X
z z

0 0

When x=0 and y=0, we have z=0

So the tangent plane passes through the origin.

(b) )
Normal of tangent plane | y,
—z,
Angle between the normal and the z-axis
=cos | ——=0
X+ +z)0
= cos™! | -2
2z,
=cos”' LJ
2
=45°
Alternative
Let the angle between the tangent plane and xy-plane be 6, then
2 2 2
tan§ =|Vf|= |70+ 20 = [F0 1,
Zo %o 20
Hence the angle between the tangent plane and z-axis is also 45°
3 Solution
(@ | S(x,»)=0

3x° +y* =2x=0

y=1+2x-3x7

y==%x(2-3x)

So points correspond to perfectly balanced spots must have
x(2-3x)20

OﬁxSz
3

Alternatively,
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3x* +y° —2x=0
2
1 1
3 x—=| +y’ ==
( 3) Y73
9(x—1)2+3 2=1
3 y
. . . A | .
Points correspond to perfectly balanced spots are on an ellipse centred (%,Oj with semi-major 3 and semi-

. 1
minor —

N

(b)

S, =6x-2,S =2y

~

S =0=x

owl-‘

S, =0

=y
( j is a stationary point

S, =6,8,=2,8,=S, =0
5.8, —(8,) =12>0

xx™yy

Since S_ >0, S has a local minimum at (%,0)

()

On the boundary, x* + 1> =4=y* =4—x’
S(x)=3x"+4-x"-2x
=2(x —x+2)
1 7

2
=2(x——j +— -2<x<2
2 2

1
.. S(x) is a quadratic function and has a minimum at x = ) and S(%) =%
At endpoints x =12 :

S(2)=8
S(-2)=16

53]

Minimum on the boundary: +
272 72

Maximum on the boundary: (-2,0,16)

Hence, absolute maximum is at (—2,0,16) and absolute minimum is at [%,0,—%} .

Solution
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(a) A:[o 1}
10 3

Consider |A - ﬂ,I| =0
-4 1]

10 3-4|
-23-1)-10=0
A2 =31-10=0

A=-2or A=5

SR WY

1
An eigenvector is ( 2]

ST P B

1
An eigenvector is (5}

b
®) Let Vn:(u”]
un+1

0
Then v, = V,,=Av, , and v, = .
10 3 u,

Lo(1 1) (=2 o)1
By(@. A=QDQ'=| | = |
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=A"v,
— QDanlVO

S )
SN T

4
[ 2y 5") 7
- (_2)n+1 57+l 2

7

4 n E n
7(—2) 5 )

4 3
__2n+l+_5n+1
7( ) 7()
4 3
Hence u =—(-2)" +=(5)"
. 7( ) 7()

Alternative

el

4 3
By GC, (& 27,6’2 27

v, =Av,

n

§(—2)" + 35y

4 n+l 3 n+l
— (2" +=(5
7( ) 7( )

4 3
Hence u =—(=-2)" +=(5)"
. 7( ) 7()

()

u !
Let A be the corresponding eigenvalue for [ J
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Uy

Uy
! !

U U

common ratio the eigenvalue 4.

SV, =Av, = =A" ( J =" L J and this means u, = A"u,, which a geometric progression with

5 Solution

(a)

= y? =b2(1—x2)

Volume of required solid of revolution, V' = j_a oL y2 dx.

(b) 2
x2+y—2:1
b
2
s W b bx

Curved surface area of required solid of revolution,

1 2
dy
S= ZWJ nl+ (aj dx, available from MF27
-1

1
=4 LR
=an| y, |1+ y 2 > due to reflective symmetry about x=0
0

= 4nj; y2 +b*x? dx
1
=4nj \/bz(l—x2)+b4x2 dx
0
=4nb_[(:v1—x2+b2x2 dx

1
S=47zbf 1+(b? ~1)% dx  (shown)
0

(¢) | When b=1, b*> -1=0.
(i)
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S= 4nbj; i+ (67 1) d

=4n(1)j;1dx

x=1

=4n [x]x:O

S S=4n

(¢) | When b<1, 1-b>>0.
(i)
sind dx cosd
- — =
1-b? do  J1-p?

. 2
(b2—1)x2=(b2—1)( sin0 ]
1-5°

, and

——sin’ @
1
S = 47tbj 1+(b2 —1)x2 dx
0 N 7

sin~'\1-p?
- 4an —sin20 % 49
. — do

sin”' V1-57 cosd
= 4nbj

cos@ do
0 1-b?
sin”! \/k?
_ 4nh f 1+00526d0
V1-p* /o 2
sin ' A/1-b2
= 2nb [0+lsin29}
\N1- b? 2 0
__2mb [6+sinBOcosb)] ;in_ =

N

_ 2nb2(sin1 %+ 1—b2-b) "+ cosf=b
Ji-b

L S= % sin '\1-b% +2nb°
1-b

(d) | Consolidating from the results of parts (a) and (c),

(1)
2nb2+%sin1\/1—b2, if b<1
1-b

S=1{4n , if b=1 andegan,

2nh
b++b* ~1
Vb -1

2nb? + In , if b>1
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. .S
.. Required ratio —-
V3

Eds b+
2b

=1 36

sin”! \ll—b2
- |

—

b+b* -1

In
39_7.E hb+———— 1
\ 2b

b -1

2

b

Obtaining the graph of % versus b (using the GC) :

V3

S

2
Vs
1

(36:7)3 =4.836

y

if b<1

if b=1

if b>1

o

(d)
(i)

When this (isoperimetric) ratio is minimised, the shape of the solid of revolution is a sphere.
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10

Section B: Probability and Statistics [50 marks]

6 Solution
(a) | H,: The number of absentees is independent of the day of the week.
If the number of absentees is independent of the day of the week, then we’d expect the total of 500 to be
uniformly spread throughout the week.
. 500
.. Expected number of absentees for any day is = =100.
(b) | Alternative hypothesis H; :
The number of absentees is NOT independent of the day of the week.
Under H,,,
Day of the week
No. of absentees Mon T Tues | Wed | Thuss | Fri Total
Observed (0) 121 87 87 91 114 | 500
Expected (E) 100 100 100 100 100 | 500
(0-E)’
—r 441 | 1.69 | 1.69 | 0.81 | 1.96 | 10.56
5 2
. (O, -E)) 2
Test statistic y? ==Y ———2 ~ 4
;(2 distribution
with 5—1=4
Observed value of = 10.56 degrees of freedom
test statistic 7* | = 1 gl it
pvalue=P( x> 10.56 )=0.031980...< 0.05=5%
— | —
observed value significance level
of test statistic
. At 5% significance level, there is sufficient statistical evidence to reject the null hypothesis H,,, in favour of
the alternative hypothesis H; that the number of absentees is NOT independent of the day of the week.
7 Solution
@) Tin 1121314 [5]6]7]|8[9]10[11]12
Treated
Sape | (E999) 35137 (23(38|36(36|27(32|35(41|29|33
lifetime
Untreated| 34 | 35|26 (343533 |25|31|31|37]30|29
d, Differenc
(Treated —untrezeited) L2314 1 13121 414]-1]4
From the sample of 12 tins taken,
. . . o - Xd 22
e Sample mean paired difference in safe lifetime, d = ) = 12 =1.8333...
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e Unbiased est. of population variance for the difference

2
s, g2 DT 8787
11 12

e Standard error of the mean difference

s J48787..
Jizoo iz

Assuming that the paired differences are normally distributed,

SE = =0.63762...

D—yu,
T::—~
5 (1)

V12

For a 95% confidence interval,

1-0.95

P(-t<T<#)=095 = PT<-t)= =0.025

= t=2.200985...

Required confidence interval for population mean difference in safe lifetime 2,
=d + 4 4975 (SE)
=1.8333...£2.200985...x0.63762...

=(0.42993... , 3.2367...)
=(0.430, 3.24)

(b) | Let D be arandom variable denoting the difference in safe lifetime, in coded units, between treated and untreated
portions for a randomly selected tin of catfood ( D := Treated lifetime — Untreated lifetime ).

Let u, be the population mean paired difference in safe lifetime, in coded units.

Hy:u;, =0
H,:p; >0
=0
5 —~
Under H, the test statistic 7 := S Ha t(1)
D

E‘

_d _ 1.8333..
s¢  SE  0.63732...

Ji2

Observed value for test statistic, ¢ =

=2.8752...

Against H;, p=P(T 1)
=P(7'>2.8752...)=0.0075494...< 0.01=1%

significance level
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12

.. At 1% significance level, there is sufficient statistical evidence to reject the null hypothesis H,,, in favour of
the alternative hypothesis H, that there is an increase in the mean safe lifetime as a result of the addition of
E999.
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8 Solution

(a) | Let X and Y be measurement error before and after respectively
Let D be the difference D=Y - X

Let m be the median difference

H,: m=0

H,: m<0

Let S be the number of negative signs out of 15

Under H,,, S~ B(lS,%)

Bef 102 1105 |99 11.0 | 10.8 |9.8 104 | 10.0
Aft 122 195 10.0 | 10.8 ]9.7 7.6 9.0 10.7
d 2.0 -1 0.1 02 | -1.1 | =22 | -14 |0.7

Bef 102 ]10.3 10.6 | 10.0 | 10.7 ]9.8 10.0
Aft 7.8 9.9 10.0 | 8.7 132 | 8.1 9.2
d 24 | 04 | -06 | -13 |26 -1.7 | -0.8

From data, s=11

P —value P(S >11)=0.0592

Since p — value >0.05, we do not reject H, and conclude that at 5% level of significance, there is insufficient

evidence to support the claim that the new calibration procedure leads to a reduction in measurement error.

(b) | Under H,,, the differences are symmetric around 0

So P(X, =1)=P(X, =0) :%

E(W) :E(Zn:XiRij

i=1
= zn:R,.E(X,.)
i=1
1 n
_5;&

11
=—-—n(n+1
5 5t

1
—Zn(n +1)
Var(X,) =E(X,*) - (E(X,))’
11
2 4
1
4
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Var(W) = Var(zn:XiRi ]

i=1

= Zn:RfVar(Xi)

i=1

(¢) | H;: m=0

Bef | 10.2 | 10.5 9.9 11.0 | 10.8 9.8 104 | 10.0

Aft 12.2 9.5 10.0 | 10.8 9.7 7.6 9.0 10.7
d 2.0 -1 0.1 02 | -1.1 | =22 | -14 0.7

rank 20 10 1 2 11 22 14 7

Bef | 102 | 103 | 10.6 | 10.0 | 10.7 9.8 10.0

Aft 7.8 9.9 10.0 8.7 13.2 8.1 9.2
d 24 | 04 | 06 | -1.3 2.5 -1.7 | -0.8

rank 24 4 6 13 25 17 8

Bef | 103 | 99 [ 100|102 | 98 | 10.1 | 9.8 | 104 | 10.1 | 9.9

Aft | 10.8| 84 | 11.6 |99 |10.7 ] 80 | 8.0 | 92 | 82 | 7.6
d 05 | -15| 16 | 03] 09 | -2.1| -1.8| -1.2| -1.9| -2.3

rank | 5 15 16 3 9 21 18 12 19 23

From table, sum of ranks for positive =83 and sum of ranks for negative =242

Using the results in (b), E(7) = %(25)(26) =162.5, Var(W) = 2—14(25)(26)(5 1)=1381.25

W ~N(162.5,1381.25) approximately

From data, w=83

p —value =P(W <83)=10.0162 (3sf)

Since p — value <0.05, we reject H, and conclude that at 5% level of significance, there is sufficient
evidence to support the claim that the new calibration procedure leads to a reduction in measurement error.

(d) | The result in (c) is more reliable because it is based on a larger sample size and the Wilcoxon signed rank test
considers both the sign and the magnitude of differences, whereas the sign test only considers the sign.
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Solution

(C))

Casualties arrive independently of other casualties
Average number of casualties arriving at the hospital per day is constant over time

(b)

Let S be a random variable denoting the number of casualties that require surgery, out of N casualties that
arrive on a day.

S~B(N, lj
4

Required probability when 7 casualties arrive,

n 1 r 3 n—r
P(S=r|N=n)= —| = ,where r=0,1, 2, ..., n
ri\4)\4

(©

-8 on

Given that N ~Po(8), i.e. P((N=n)=——, n=0, 1, 2, ..

o0

P(S=r)= Z (S=r|N=n)xP(N =n)

OB

i 3* *8871
- r'(n r)' 4"

n!
n=r

= \h{ 3n_r(8)n Letm=n—r,

SO n=m+r

rl o= (n—r)! N

-8 m=o 3m2m+r

= ire. S~Po(2) (shown)
r!

The number casualties of requiring surgery on a day also follows a Poisson distribution with mean 2.

()

Let M and T respectively denote the number of casualties requiring surgery on Monday and Tuesday of a
particular randomly chosen week.

Then, M ~Po(2), T ~Po(2), M +T~Po(4).
)
2+2
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Required conditional probability,
P(M =8| M +T =12)
_P(M =8 " M+T=12)
 P(M+T=12)
P(M=8 N T=4)

O P(M+T=12)
_P(M=8) x P(T=4)
 P(M+T=12)
~0.00085927...x0.090223...

0.00064151...
=0.12084... =0.121 (3s.f)

(use poissonpdf on GC)

Alternative approach :

Let M and T respectively denote the number of casualties requiring surgery on Monday and Tuesday of a
particular randomly chosen week.

So, M ~Po(2), T ~Po(2).

Given that 12 casualties require surgery across both Monday and Tuesday, i.e. M +T =12, each of these

. 2 aqe o .
12 casualties have a 5= probability of requiring surgery on Monday.

242
—

M|(M+T=12)~B[12, L], ie B(12, 1)

Required conditional probability, P(M =8| M +T =12)

(S5 G -
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10

Solution

(@)

: 1=j:f(x)dx,
=I;kx”(l—x)dx

_ 1 n _ _n+l
_kjo(x " dy
=1
s xn+1 _er—Z x
n+l n+2
x=0

N

(n+1)(n+2)
o k=(n+D)(n+2)  (shown).

(b)

E(X)= jjoxf(x)dx
=I;xkx"(1—x)dx
— kJ.; (xn+l _ xn+2)dx

=1
s xn+2_xn+3 x
n+2 n+3

x=0
:k(l _1)
n+2 n+3

1
=(n+1) () eIy

_n+l
n+3

()

Given that m denotes the mode of X,

d

Then %f(x) =akx" (1-x)

xX=m xX=m

d
= f— n __ _n+l
dx(x x)

xX=m

= k(n)c"_1 —(n+ 1)x”)

= k(nm"_1 —(n+ l)m")
= km"™! (n—(n+1)m)=0

~n—(m+1)m=0, sincek, m#0

= m=

n+l
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@D px<my=[" t(ar

=L:"kx"(1—x)dx

_ n n _ _n+l
_kjo (x" —x")dx

_k _xn+l ~ xn+2 x=m
n+l n+2
L x=0
i n+l n+2
=k || Z—-2 -0
n+l n+2

w1 (M+2)—(n+Dm
Ko CE: 2)

m"™ ((n+2) = (n+1)m)

n+l
( j ((n+2)—(n+1)Lj
n+1
n+l
5]

x+1
. X . . . .
Since (—j is an increasing function of x,

n

n+1

n

n+l1

x+1
and n>1
n n+l 1 1+1 1
>| —— =—
n+1 1+1 4
n

Then, L'" f(x)dx = 2(

n+l
n+1j
> 2(1J =l
4) 2

m > median of X

jmedian of X

—00

i.e. The mode of X is greater than its median.

f(x)dx

(shown)
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