2025 JC2 FM Prelim Paper 1 Solution

Suggested Answers
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90—-+/3725 1is the unstable equilibrium soln

90++/3725 is the stable equilibrium soln




2 Suggested Solution
(@) y=Xxc082x = %:—2xsin2x+cos2x
. 1 1. (1
At P, 2xsin2x=cos2x = 2tan2x=— = x=—tan | —
X 2 2x
x—ltam*1 (Lj =0
2 2x
b
®) Let f(x)=x —ltan‘1 (Lj
2 2x
£(0.3)=-0.21518 <0 and £(0.5)=0.10730>0
Since f is continuous in the interval [0.3, 0.5] and there is a sign
change, there must be at least one root in the interval [0.3, 0.5].
(c) x,=0.51518
x, =0.38521
x, =0.45717
() Ya y=x

= ltan"' Lj
Y 2 2x

»
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XX o X, X X




3 Solutions

(a) N :0|f(4)|+4|f(0)| _4
o f@[HE©O)] 15

(®) X, =X —M, where f'(x) =

1
n+l n f,(xn) 2\/;

X, =24.38936

x, =12.25320

X, =6.22125

X, =3.26743

x, =1.89602

x, =1.36799

x, =1.25436

x, =1.24848 =1.248 (3 d.p)
x, =1.24846=1.248 (3 d.p)

—4x

Thus B =1.248 (3 d.p.)

Since £(1.2475)=0.00440 > 0, £(1.2485)=—-0.000141<0 and f is

continuous over (1.2475, 1.2485), the result obtained is correct to 3
decimal places.

(c) A

A 4

f'(x) = —4x

1
24x
For f'(x)=0:

1
. _4x=0
2x

1
xX=—
4

Newton-Raphson method would fail if x, < %




. _O[f®)|+£[f©O)] _ 1
TN R+ T4
[£(0)[=2, thus |f (k)|=24> -k -2
o) L
2k —Jk-2+2" 4
2k 1

(4.2427,0)

1)3
X = (5) =0.62996

v

Since k> S, (f =1.248 from part (ii)), k>4.24)




4 Suggested Solution
@ |Asn—>w,C,>C*C, ,>C*, T >T*and T,  —>T*

C*=0.8C*+0.2T*+5=02C*-02T*-5=0------ 1)

T*=0.1C*+0.7T *+3=0.1C*-0.3T *+3 =0 -----—-- )

Using GC, C*=152.5and T*=27.5

®) | using X, =C,-C*=C, =X, +52.5

Y =T -T*=T =Y +27.5

Therefore X, +52.5= 0.8()(n_1 -i-52.5)+0.2(Yn_1 +27.5)+5
= X,=08X,, +42+0.2Y ,+55+5-52.5
=X, =08X,,+02Y - 3)

Similarly

Y +27.5= O.I(Xn_1 +52.5)+O.7(Yn_1 +27.5)+3

=Y =0.1X ,+0.7Y - 4)

From (3): ¥, = X, —08X,, _ L) gD g— (5)

Sub (5) into (4): = 5X,,, —4X, =0.1X,  +0.7(5X, -4X,_,)
=5X,.,-4X,=0.1X, ,+3.5X, -2.8X, ,
=5X,,=75X,-27X,,
=X, =15X,,-0.54X, ,

(© X,=15X,,-054X ,

Auxiliary equation: A —1.54+0.54=0
Using GC: A =0.6 or 1 =0.9

Therefore X, = 4(0.6)" + B(0.9)" for n>0
= C,=4(0.6)"+B(0.9)" +52.5

Given C; =20 and 7, =15. Using the recurrence from the question

C,=0.8C, +0.2T,+5=24

Hence C; = A+B+52.5=20=> A+ B=-325
C = A(0.6) + B(O.9) +52.5=24=0.64+0.9B =-28.5
UsingGC  A=-2.5 and B=-30

Therefore C, =52.5-2.5(0.6)" —=30(0.9)"




5 Suggested Solution

(a) (x—R)2+y2 =r

y=24r —(x—R)2

V=27rjR+rx[\/r2 ~(r=R) ~(~r (=) )}dx

= 27rf::x[2,lr2 —(x - R)2 J dx

_ R+r 2_ _ 2
=4 Rirx«/r (x R) dx

x=R-r, u:(R—r)—Rz—r

X=R+r, u:(R+r)—R:r

And u=x—R=x=R+u

V:47r[ (R+u)Vr? —u’® du (shown)

OO | Let £ (u)=(R+u)r” —u’

uy==r | f(-r)=0

By Simpson’s rule,
r
Vadrx2|o+a R-L £r+2Rr+4 R+L £r+0
3 2) 2 2)2
2rr
=T|:4RI"\/§+ 2RI”:|

= 4”§r2 (2\/§+1)

na=2,b=3,c=1

O | 1 i¢ hatved :%r and R is doubled = 2R,

and since V o R’

1 1

(21%)(7}2 =5er

The answer in (b)(i) would be halved.




6 Suggested Solution

(a) = i(9+&] h 2
E e\ /=gl E e "
k=0 k=0
- . -
I-|e”
RT
l-e "
_eig 1_61211
= =
l-e "

=0 since e’" =1
But on the other hand, by Euler’s formula,

. Z (o

k=0

n—1
=Z[cos(0+&j+isin(0+&ﬂ
pay n n
n—1 n-1
2km 2km
= 0+— |+1 in| @ +—
Zcos( » j 1Zsm( " j

k=0 k=0

Equating real parts gives

n—1
Zcos(0+%j:0 where n>1.
n

k=0

(b)

In general, in triangle POA, , cosine rule gives

P4’ =0P* + 04, —2(0P)(0Ak)cos(6?+&)
n

=p2 +7? —2prcos(«9+&),k=0,1,2,...,n—1
n

Adding gives
PA +PA* +...+PA, °




k=0
=i{p2+r2—2prcos(9+%ﬂ
=0 n
n—1 ZkTEJ
— a2+ p?)=2 il
n(r + p?) pr;cos( +2
0

:n(r2+p2)

(©)

When P is the centre O of the circle, OP=p =0.

X =nr.

When P lies on the circumference of the circle, OP=p=r.
Y =2nr*.
Y 2w’
X

=2.




7 Suggested Solution
(a) 3ay’ =x(a—x)
6ay%=(a—x)2 +x Z(a—x) -1)
=(a——x)2——2x(a——x)
=(a—x)[(a—x)—2x:|
=(a——x)(a-—3x)
d_y 3 (a —x)(a —3x)
dx 6ay
(b)
55
379
(0’0) a,0
B
379

(c)

Forregion R, 0<x<a.
Considering the upper half of region R where y >0,

)C(CZ—)C)ZZ> _\/;(G—X).

we have y* =
Y 3a \/@
a—ax a—3x (a 3x) _(a—3x)

L xf_x)] (\/\/%J_ 2\Bax

12ax
_lhm+a2—&m+9f
12ax

B a’ +6ax +9x’
B 12ax
(a +3x)2
12ax

Required arc length




1 ¢a -2+ 1
= ax % +3x? dx
@J‘o
1 1 37"
= {Zczx2 +2x2}

0

= L(Za\/; + 2a\/;)

3

(d)

(a+3x) - J.aa X +3x2 dx
=2
EJ * 12ax \/5 ’
a+3x =z {2—axz+—xi}a
= dx
o ~3ax \/g 3 0
a 2
Z”j ax+3x dr
o ~3ax
_xf23 62
V3al|3 5

=L §a§ 2B ror —28\/_ a’n
Va5 153 45
Surface Area by the entire loop about y-axis
283 , 563 ,
X amw= amnm
45 45

=2

10



Suggested Solution

(@)

dy du
y=ux—=>-—=x—+u
dx

dx
2
d_2y (x
dx x y

2
I u dv=jldx
u +1 X

%ln(bﬁ +1)=Inx+c since u >0

w+l=Ax’, A=¢*
y® = x’(A4x’ —1) [General Solution]
When x=1, y=1andso 4=2

y> =2x° —x’ [Particular Solution]

(b)

2
12 X
yn+l _yn+_l:ﬁ+[_nj ]
2| x, Y,

B 2
2
ylzyo+l R Y =1+l(2+1):2.5
2] x, Yo 2

2 2
y2:y1+l ﬁ+ ﬁ :2_5+l i+[1_5j :ﬁ
2| x » 2115 \2.5 75
. . 326
Therefore, the estimated value of y when x =2 is TS or

4.3467

(©)

When x=2, y=</120

120 - 326
Percentage error = 73 1%100% =11.876%

120

(d)

1. Use Improved Euler’s Method
2. Use a smaller step size

11



Suggested Solution

(@) ()

5 —-a a 5 —-a a
12 -1l 12 |—=0 0 —55+12a 60-12a
a -a 3 o 2osa 25-a
Observe that g # % otherwise dim(7) # 2.
5 —a a
CosaRA{dsak o 55412 60 -12a
0 0 (-55+12a)(25-")~(a* -5a)(60-120)
dim(7) =2 = (-55+12a)(25 -4’ )~ (a” - 5a)(60~12a) =0
(-55+12a)(5-a)(5+a)-a(a-5)(60-12a) =0
(5-a)[(-55+12a)(5+a)+a(60-124)]=0
(5-a)[-275+65a]=0
=>a=5 orE
13
a =5 since a is an integer
1 01
Whena=5A—>|0 1 0| using GC.
0 0 0
5\(5
So, a basis for the range space R of T =4| 12 |,| 11
5)15
(a)(ii) 5 5
R=<x=a|12 |[+A|1]1|,a, A€ R
5 5
When SN R,
5 5 2
al12 [+ A 11} 3 |=1
5 5 =5
21a+18/1=1:>/1=%(1—21a)
_3
5 5 5
x=a| 12 |[+—(1-21a)[ 11 |=—| 11 [+a —%
5 5 5 _i

12



1
Thus S M R represents the set of points lying on a line parallel to | 1 | and passing
1
. 511 5
through the point | —,—,— |.
18 18 18
Since 0 ¢ S MR, it is not a subspace of R’ .

(b)

Ax=—3x:>(A+3I)x=0

Since there exists non-zero eigenvector X,
det(A+31)=0

8 —a a

12 -8 12|=0

a —a 8
8(—64+12a)+a(96—12a)+a(—12a+8a):0
a’—12a+32=0

(b))

5-4 4 4
A-ADx=| 12 -11-12 12 [x=0
(A-2I)

12 -11-4 12 |=0

4 —4 5-2
Using GC, A =1,1,-3
When A =1,
4 -4 4 1 -1 1
12 -12 12 |x=0=|0 0 O0|x=0
4 -4 4 0 0 O
X—y+z=0=>x=y-z
y—z 1 -1
x=| y |=|1|y+| 0|z
z 0 1
Full set of eigenvectors is
1 -1
xeR :x=p|1|+y| 0 | where 8,y e R\{0}
0 1
When A =-3,
8 -4 4 0 1 -3
12 -8 12|x=0=|3 -2 3 |x=0
4 -4 8 1 -1 2

13



-3 2 -1 1
1
Full set of cigenvectorsis 4 X € R* :x = 1| 3 |, u € R\ {O}
1
(b)(i) | When A =1, we have a plane (punctured (or excluded) at the origin) of invariant
points.
When A = —3, we have an invariant line (punctured (or excluded) at the origin).
(b) 1 -1 1
(iii)
Since det| 1 0 3 |=-1#0, thus when
0 1 1
1 -1 1
all|+c| 0 |[+¢]3|=0 =¢=c,=¢,=0
0 1 1
The eigenvectors are linearly independent and forms a basis for the space for R?.
(b)(iv) -1

1 -1 1)1 O O )l -1 1
A=|1 0 30 1 O1 0 3

1
0 1 1){0 0 =3){0 1 1

—_
|
—
—_
—
o
()

>
(98]
Il
O =
—_ O
—_— U
oS O
o
—_
L o o
~
w
O = = N

14
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Suggested Solution

()
®

W, = (kW +k,T)

When k, =0, ¥, = (k, 7, ) =(k, ) W, n>1
/4 2 L . . .
For 0 < kd <l,—2= (kd) this implies that ¥ is a GP with common ratio
n—1
(ko)

/4
Since 0< (k)" <1=0<—-<1=W, <W,

n-1

for all n > 1. Therefore,
n-1
the sequence W is decreasing and converges to 0 . This means that without

probiotic treatment ( k& b= 0), the waste naturally breakdown due to microbial

activity with the waste concentration decreasing each day and approaches 0 in the
long run.

(i)

For k, =1, W =W

n—1

Therefore, the sequence IV is a constant sequence that converges to . This

means that without probiotic treatment ( k£ = 0), the microbial activity alone is

enough to balance the waste concentration which remain stable at the initial level

W,

(b)

Asn—>o, W -4, W _ —>4

Therefore 4 = (0.5\/Z + 0.2T)2

= 4=(1+027)

=1+02T =12
=T =5 or T =—15 (reject, dosage cannot be negative)

(©)

w,=(05,, +027)  n=1.

Given thatW, =16, I, =W,

(1, =(0.51,,+0.2T)", I, =~/16 = 4
I =051, +0.2T

Method 1: General Solution

General solution: 7, = A(0.5)" + B

B is a particular solution: B =0.58+0.2T
= B=04T

s 1, =4(0.5)"+0.4T

W, = 4(0.5)" +0.4T

15



n=0,16=A+0.4T
— A=4-0A4T

S, =(4-047)(0.5)" +0.4T

W, =| (4-047)(0.5) +O.4TT

Method 2: Back Substitution
1,=05(0.51,,+0.27)+0.2T

=(0.5)° 1, ,+0.5(0.2T)+0.2T
=(0.5)°(0.57, , +0.27)+0.5(0.2T) +0.2T

=(0.5)" 1. +0.2T| (0.5)" " +---+(0.5) +0.5+1
0

-3y (e 2700

=4(05)" +0.47(1-(0.5))

=047 +(4-0.4T)(0.5)"

Since I, = \/Wn,

W, =0.4T +(4-0.4T)(0.5)"
W, :[0.4”(4—0.47’)(0.5)”}2

d 2\2
@ T = (04T +(4-047)(0.5)' ), W, =16

Asn—>», (0.5) =0 W, —(04T)

. (04T) >16
=047 >4 (since T >0)
=T>10

Therefore when 7' > 10 mL/L, the long-term waste concentration exceeds

w,=16
(e) When T > 10, the probiotics overwhelm the microbes causing higher waste

accumulations. This may deplete oxygen and threaten aquatic life like fishes
Or

It may promote algae bloom due to the extra nutrients from the waste
accumulations.

16



