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Mathematical Formulae
1. ALGEBRA
Quadratic Equation

For the quadratic equation ax?+bx+c=0,

—b++b* —4ac

2a

X =

Binomial Expansion

n n n n-1 n n-272 n n-ryr n
(a+b) =a" + e b T | e b
r

where n is a positive integer and |"|___ 7! _n(=D..(n-r+1)
r (n—r)!r! r!

2. TRIGONOMETRY
Identities
sin?4 + cos?4 =1
sec’4 =1 + tan* 4
cosec?4 =1 + cot? 4
sin (4 = B)=sin 4 cos B+ cos 4 sin B

cos (A+£B)=cosAcosB F sinA4sin B

tan(A:I:B): tan A+tan B
1Ftan Atan B

sin 24 =2 sin 4 cos 4
cos24=cos’ A —sin*A=2cos’4—-1=1-2sin’* 4

tan 24 = _2tand
1-tan* A4

b
Formulae for A ABC 2 ¢

sin 4 B sin B B sinC
a’ = b>+ ¢?> — 2bccos A

A= ZabsinC
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(i) Express 5—4x—2x? in the form c¢—a (x+ b)2 , where a, b and c are constants

and a > 0. [2]

5—4x—2x2=—2[x2+2x]+5

= 2(x+1)*+7

(ii) Sketch the graph of y = 5—4x—2x* , indicating clearly the turning point and the y-
intercept. [2]

(iii)  Hence find the range of values of k for which the equation 5—4x— 2x* =k has at most
one root.

[1]
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The function f is defined by f (x) =4cosax+b for 0<x <37, where a and b are constants.

The maximum value of f is 6 and the period of fis 47 .
(i) State the amplitude of f. [1]

Amplitude = 4

(ii) Write down the value of a and of 5. [2]
f(x)=4cosax+b
Period =4r
2 =4r
a
1
a=—
2
4+b=6
b=2
(iii)  Sketch the graph of y =f(x) for 0<x<3x. [3]

6
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(i) Find the range of values of k& for which the line y=kx+2 intersects the curve
xy—y =2x at two distinct points. [4]

x(kx+2)—(kx+2)=2x
hx? +2x—kx—2=2x
kx> —kx—2=0

b* —4ac = (—k)2 —4k(—2)
>0

k> +8k>0
k(k+8)>0
k<-8 or k>0

(ii) Hence state the possible value(s) of £ for which the line y =kx+2 is a tangent to the
curve xy—y =2x. [1]

k=-8
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Solve the equation 8 —+/11-2x =—x, giving your answer in the form a + N , Where a, b and
c are integers. [4]

8—m=—x

8+x=m
64+16x+x> =11-2x
x2 +18x+53=0

~18+4/18% —4(1)(53)
2(1)
_ 1844112

2

47

=9+ V0

X =

2
=—9+27 or  —9-2J7 (rej.)
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Water is being poured, at a constant rate of 42 m?/s, into an empty container. After ¢ seconds,
the depth of water is 4 m and the volume, ¥ m?, of the water in the container is given by

(5+2h)°
V=-—"
RY/4
@) Find the rate of change of the depth of water in terms of 4 and . [3]
2
dr 2(5 + 2h)
oz
dh_dh v
de dV dt
=— x4
2(5+2h)
2z
T e A2
(5+2h)
(ii)

As the depth of water in the container rises, determine with a reason, whether the rate
of change of / will increase or decrease.

[1]
Mtd 1:

. 2 .
As h increases, (5+24)° increases.

. . dh 21z
Since 217 is a constant, — =

5 will decrease.
e (5+2h)

Mtd 2:
d%h 8471

d®  (5+2h)
h>0

:>(5+2h)3 >0
:>—(5+2h)3 <0
2
:M<O
dr?

= % will decrease
dr
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A ( ‘
(2+\B) cm B

The diagram shows a solid prism with a triangular base, ABC, with angle BAC =60° and

20
AB = (2 +3 ) cm. The height of the prism is (—

NG

Without using a calculator, express the length of AC in the form (a +b3 ) where a and b

j cm and its volume is (25+10\/§) cm3.

are constants. [5]
2(2+\/_)(AC)sm (60°)x [%j 25+104/3
2(2+\/_)(AC[ ] (%j:zsﬂoﬁ
(4C)(10+5V3)=25+1043
25+104/3
4C= 104543
_ 2541043 10-53
T 104593 10-543
=4-3




8—3x

(i) Express
(2x+3) (x2 +4

) in partial fractions.

8—3x A Bx+C

Let = +—
(2x+3)(x2+4) 2x+3  x"+4

8-3x = A(x +4)+ (Bx+C)(2x+3)
Letx=—i: £= (éj = A=2

Let x=0:8=2(4)+C(3) = C=0
Let x=1: 5=2(5)+B(5) = B=-1
2 X

2x+3 244

(ii) Differentiate In (x2 + 4) with respect to x.

%[ln(xz +4)} = 22x

x“+4

(iii)  Use your answers to parts (i) and (ii) to find
J-l 8—3x

0 (2x+3)(x2 +4)

1 8—3x ! 2 x
IO (2x+3)(x2+4)dx_'[0 2x+3 X% 14

1 2 1 X
_Io 2x+3 dx_jo x2+4dx
:J-l 2 dx—ljl ( 2x jdx
0 2x+3 2790 \ 4244
= [ln(2x+3)}; —%l:ln(x2 +4)]l

=[ln5—ln3]—%[ln5—ln4]

0

:llnﬁ

2 9
or 0.399 (3s.f.)




tan 20

Prove that —————=cotf .

sec26—1

10

tan26  sin20 y 1

sec20—1  cos26 |
cos 26
_ sin26 . 08 260
" c0s20 1-cos20
_ sin26
 1-cos26
2sinfcos

1—(1—25in29)

_ 2sinfcos@
25sin2 @
_cosf

~ sind
=cotd
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The equation of a curve is y =3xsin2x+1 . The point 4 (7z, 1) lies on the curve. The normal

to the curve at 4 meets the x-axis at P and the y-axis at Q. Find length of PQ. [9]

y=3xsin2x+1

d—y=3sin2x+3x020052x
dx

=3sin2x+6xcos2x

d_y =3sin2x+67wcos2r

X=T

=6r

Grad. of normal at 4 = —L

67
Eqn. of normal at 4 :

PO= \/(77[ ~0)’ +(0—82

=22.0 units (3 s.f)




C

P
In the diagram, 4, B and C lie on a circle where O is the centre and AC is a diameter. The
tangents to the circle at B and C meet at Q. The line BO extended meets the line OC at P.

(i) Show that angle BOC =2 xangle BCQ. [2]

Mtd 1:
XBAC=XBCQ  (Alt. Seg. Thm.)

£BOC = Z(ABA C ) (£ at centre = 2Xs at circumference)
=2XBCQ

Mtd 2:
Let XBCQ = x.

£OCB=90°-x  (rad. L tan)

£BOC =180°-2(90°-x) (isosceles AOBC)
=180°-180°+2x
=2x
—24BCQ

(ii) If C is the midpoint of PQ,
(a) prove that triangle POC is similar to triangle POB,

£LOPC = XQPB (common pt P)
APCO = XPBQ =90° (rad. L tan)

Since 2 pairs of corresponding angles are equal, triangle POC is
similar to triangle POB.
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(b) show that POx PB = %PQZ .

Since triangle POC is similar to triangle POB,
PO _PC

PO PB

Since Cis the midpoint of PO, L€ =L = pc =L pg
PO 2 2

1

Po_3"
PO PB
POx PB zéPQxPQ
1
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11 Solve the equation 2cot? 2x=1-

sin2x

for —180° < x <180°.

5
sin 2x

2cot?2x=1—

2cot2 2x=1-5 cosec 2x
2(00S602 2x—1) =1-5 cosec 2x

2 cosec® 2x+5 cosec 2x—3=0

Let y = cosec 2x.
2% +5y-3=0
(2y-1)(y+3)=0
1
Yy y >
1
cosec 2x=-3 or cosec 2x:§
. 1 ' .
sm2x=—§ or sin2x=2 (rej.)

.1
o=sm -—

=19.471°

2x=199.471°, 340.529°
x=99.7°, 170.3°  (1d.p)

2x=-19.471°, -160.529°
x=-9.7°, —-80.3° (1d.p)
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n
12 (i) Write down the general term in the binomial expansion of ( px—gj , where p and ¢
X

are positive integers. [1]

2]

(iii)  Hence find the value of p and of ¢ given that the fifth term is 1120 and p—g =1. [5]

[i}(p4)(—q)4::1120

70p*¢* =1120

(pq)4 =16
pg=2

p—£=1
p

2
p-—2=p

pz—p—2=0
(p+1)(p—2)=0
p=-1(rej.) or p=2
. qzl
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13 The diagram shows three points P(—6, 0) , O(4k, k—2) and R(8, 5) where PQ is
perpendicular to OR and k£ < 0.

R(8, 5)

P(-6, 0)

v

O(4k, k-2)

(i)  Show that k=—1. [3]

1
Gradpp

(k=2)-0  4k-8
4k—(6)  (k-2)-5
k-2  —4k+8
4k +6 k-7
(k=2)(k=7)=(—4k+8)(4k+6)
k% —9k +14 = —16k> + 8k + 48
17k% 17k -34=0
K -k-2=0
(k=2)(k+1)=0
k=2 (N.A)or k=-1

GmdPQ =—-
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(ii) The perpendicular bisector of PR cuts the y-axis at S. Find the coordinates of S. [4]

Midpoint of PR = [_6 +8 s Ej = [l, EJ
2 2 2
0-5 5
Gradpp =——=—
MOPR T 68 14
Eqn. of L bisector of PR:
o _ﬂ( x—1)
5
14 .53
5 10
o %)
10
(iii)  Find the area of the quadrilateral PORS. [2]
1-6 -4 8 0 -6
Area of PORS =—
210 -3 5 53 0

:%|(18—20+42.4)—(—24—31.8)|

— 48.1 units?
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14 [The volume of a pyramid of height /4 is %x (Base Area) xh.]

Q

The diagram shows a piece of paper in the shape of a circle centre O and radius 6 cm.
ABCD is a square of side 2x cm with the same centre O. P, O, R and § are points on the
circumference of the circle such that AS=BS=BP=CP=CQ=DQ=DR=AR.

The shaded regions of the paper are to be cut off and the remaining paper can be folded to
form a right pyramid with base ABCD.

(i) M is the midpoint of BC such that OMP is a straight line. Write down an expression for
MP in terms of x and hence show that the height of the pyramid is 2v9—-3x cm.  [2]

OM =x
MP=6-x
Height of pyramid =/(6— x)2 +x2
=+36—-12x
=2v9-3x

(i)  Show that the volume of the pyramid, ¥ cm?, is given by V = gxz V9-3x. [1]

V= %(2x)2 (249-3x)

:§x2 9-3x
3




(iii)  Given that x can vary, find the value of x that gives the stationary value of V.

19

B —

1 _
%:%49_%)2%%.5(9_3@ (=3)
1 _1
=?x(9—3x)2 —4x?(9-3x)
_4x(12-5x)
V9 -3x
¥ _o
dx
12-5x=0
x=24

(iv)  Explain whether this value of x gives a maximum or minimum V.

Mtd 1:
X 2.39 2.4 241
d—V 0.3533 0 -0.3622
dx
Tangent / — \

V is a maximum.

Mtd 2:
a2y 23 (537 -24x+24)
2 :
RN
2
& 3580
dx x=2.4

V is a maximum.

--- End of Paper ---

[4]

[2]



