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Mathematical Formulae

1. ALGEBRA

Quadratic Equation

For the equation ax* +bx+c=0,

—b++/b? —4ac

2a

Binomial Expansion

n n n
(a+b)"=a" 4{1] a™ b+(2j a"? b? +'"+(rj a"™ b +..+Db"

n
where n is a positive integer and (rj = i

2. TRIGONOMETRY

Identities
sin 2A+cos 2A=1
sec A =1+ tan %A
cosec 2A=1+cot 2A
sin (A+B)=sin Acos B + cos Asin B
cos(A+ B)=cos Acos B ¥sin Asin B
tan At tanB
1xtan Atan B
sin2A =2sin Acos A
c0s2A = cos 2A—sin 2A=2cos? A—1=1—2sin 2A
2tan A
1-tan 2A

tan(A+B)=

tan2A =

Formulae for A ABC
a b ¢
sinA sinB  sinC
a?=b?+c?-2bc cos A

A:Eabsin C
2
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Answer all questions.

1 (a) Write down the turning point of the curve y =—x*+1, stating clearly whether it is a
maximum or minimum point. [2]

Maximum point (0, 1)

(b) In aclearly labelled diagram, sketch the graph of y=—x*+1, indicating clearly the
coordinates of the turning point and axial intercepts. [2]

(0, 1)
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A cylinder has radius (2—\5) cm and volume 72'(7\/§—18) cm?®. Find, without using a

calculator, the height of the cylinder, in cm, in the form (a+b\/§), where a and b are
integers.

[4]

Volume, 7(2-+/2)?h=7r(7+/8-18)

) 7r(7\/§—18)

7z(2—\/§)2
_ 748-18
1442-18 6+442
TT6-a2 | 6+42
| 844/2+112-108-7242
- 36-32
_12\/§+4

4
=1+3/2

The height of the cylinder is (1+3\/§) cm.
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[1]

3 (a) Explain why the principal value of cos ‘{7] cannot be e

Forany y=cos@, 0<cos'y<r,

.. T
Hence principal value cannot be 7

ﬁJ=% cos‘{ﬁ}t—z.

*Accept since cos | —
2 2 4

It is given that cosd=—p, where p>0, and & is an obtuse angle. Without using a

(b)

calculator and leaving your answers in terms of p, find the value of

. T
(i) cos(E - 49) ,

[2]

(i) cot?d. [2]

cot? @ = 1
t
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4 (a) Find the remainder when 4x°®+3x? +11x—3 is divided by x+2. [2]
Let P(x) =4x®+3x* +11x -3

P(-2) =4(-8)+3(4)+11(-2) -3
— 45

The remainder is —45.

(b)  When a polynomial g(x) is divided by x—1 and 2x —1, the remainders are 1 and 2
respectively. Find the remainder when g(x) is divided by (x—1)(2x-1). [4]

Degree of remainder is less than degree of divider.
Let the remainder be ax+b.

Then g(x) = (x-1)(2x—-1) Q(x) +ax+b
9@ =1

10)-(2): %a=—1

a=-2
Sub. into (1): b=3
Therefore the remainder is —2x+3.
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5 (a) Prove the identity
cos” Acos® B — sin® Asin®B — sin (A+B)sin (A—B) = cos 2A. [4]

Proof 1
LHS = cos® A cos® B —sin® Asin® B —sin (A+ B) sin (A-B)
=cos® Acos® B -sin® Asin®B
—(sin Acos B +cos Asin B)(sin Acos B —cos Asin B)
= cos® Acos® B —sin® Asin® B —sin® Acos’ B +cos® Asin® B
= cos® A(cos” B+sin” B)—sin” A(sin’ B+ cos’ B)
=cos” A—sin’* A
=C0Ss 2A
=RHS (proven)

Proof 2

LHS = (cos Acos B)® —(sin Asin B)” —sin (A+ B) sin (A—B)
=(cos A cos B +sin Asin B)(cos Acos B —sin AsinB)
—sin (A+B)sin (A-B)
=co0s (A-B)cos (A+B)—sin (A+B)sin (A-B)
=cos(A+B+A-B)
=C0S 2A
=RHS (proven)

(b) Hence find the value of A for —% < A<0 such that

cos® Acos® B — sin® Asin®B — sin (A+B)sin (A—B) = —0.241 . [2]

cos® Acos’ B — sin® Asin?B — sin (A+B)sin (A-B) = —-0.241
cos2A= —-0.241

Reference angle =1.3274
2A=—(7-1.3274)
A=-0.907 (3s.f)
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6 (@ Thecurve L y =1 and the line x—2y+6=0 intersect at the points A and B. Find
y

the x-coordinate of A and of B. [3]
—+ y:]_ ...... (1)
X-2y+6=0
X=2y—6 - (2)

Sub. (2) into (1),
2y—6

+y=1

2y—-6+y° =y
y?+y-6=0
(y-2)(y+3)=0
y=2 or y=-3
X=-2 X=-12
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(b) Hence solve for the value(s) of x in the simultaneous equations

Ig—X+|@Jy=1,
lgy
X
lg— =-6.
y* [3]
Ig_x+|gy=1 ...... (1)
lgy
X
IQF__(S
lgx—2lgy+6=0 ------ (2)

From(a), Igx=-2 or Igx=-12
x =107 x=10"
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2
7 Theequation of acurveis y =

>—, Where x>0.
X

(a) Show that the gradient of the curve can be written as m where p, g and r are
X

[2]

integers.

_2Inx

X2

dy )Z((xz)—4xlnx
ax x*
_ 2x—4xInx

X4

_2-4Inx

X3

(Shown)

(b) Find the range of values of Inx for the graph to be decreasing. [3]

For decreasing graph, g_y <0
X

2—-4Inx
-—<

X3 0

Since x>0, x*>0.
Hence2—-4Inx<0
4Inx>2

1
Inx>=
2
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(c) The curve passes through the x-axis at point A. Find the equation of the normal to the

curve at A. [3]
In x*
AtA, y=0, —=0
X
Inx*=0

x=1 (since x > 0)

dy 2-0

dx 1
=2

Equation of normal is y= —%(x -1).
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in partial fractions. [4]

1-3x+10x* A B C
X (1-2x)? X 1 2x (1-2x)?

1-3x+10x* = A(1-2x)* + Bx(1-2x) + Cx
When x=0, A=1
When x:l, 1—§+1O 1 :EC
2 2 4 2
C=4

When x=1, 1-3+10=A-B+C

8=1-B+4
B=-3
1-3x+10x° 1 3 4

X (1-2x)2 X T1-2x (1 2X)*

1-3x+10x?
x(1-2x)* [3]

J-l 3x +10x? _M 4 }dx
X (1-2x)? X 1-2x (1 2x)°?

=In x+§ln(l—2x)+ 2
2 1

(b) Hence, find the integral of

+C
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(@)

Show that the solution of the equation 8* =3 (16**") is

8X — 3 (16X+1)

xIn8=In3+ (x+1)In16
X (In8-1In16) =In3+1In16

~ In48

~In48

.n(—;]

13

Alternative 1,
8)( — 3 (16><+1)
8" =3(16x16%)

= _In48 (Shown)
In2

_In48
In2

Alternative 2,

8)( — 3 (16X+1)

23x — 3 (24x+4)
23X

W

274 =3

—(x+4)In2=1In3

In3

+4=—_"
In2

~In3

" In2

=— In_3+4j
In2

In3+4|n2)
In2

oi-2)

In2

=3

= _In48 (Shown)
In2
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(b) Express the equation log, Jx+ log,;(x—1) =1 as a cubic equation in x. [4]

log, X+ log,(x-1) =1

1

|og2 XE +M:1

log, 16
1Iog2 x4+ 109.(=1) )
2 4

2log, x+log,(x-1) =4
log, [ x*(x-1) |=4
x?(x—1)=16 (accept)
x*—x*-16=0

2024 YTSS Preliminary Examination Secondary 4E5N Additional Mathematics EXP (4049/01)
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10 y
A
S
T(&.4)
» X
O
V _____________ U

The diagram shows a kite OSTU in which OS =TS and OU =TU . Point S lies on the
y-axis, point T is (8,4) and VU is parallel to the x-axis.

() Find the equation of line SU. [3]
Midpoint of OT is (%Mj =(4,2).
2 2
. 4
Gradient of OT = A
_1
2

Gradient of SU =-2

Equation of lineSUis y—-2=-2(x—-4)
y=-2x+10
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(b) Itis given that the coordinates of U are (h,k).
(i)  Express k in terms of h. [1]

Since U lies on the line SU, k =-2h+10.

(i) Find the distance between S and U in terms of h. Give your answer in the form

of h\/a , Where a is an integer. [3]
Coordinates of S are (0,10).
SU = /(h—0)? +(~2h+10-10)?
=+/h? +4h?
=hy5 units
(c) Inthe case where h=12, find the area of the quadrilateral STUV. [2]

S(0,10), T(8,4), U(12,-14), V(0,~14)

110 0 12 8 0

Area of the quadrilateral =
2|10 -14 -14 4 10

=%| 0+0+48+80 — (0-168-112+0) |

1
= (408)

=204 units?

Alternative:
. 1 1
Area of the quadrilateral = > 10)@2)+ > 12)(24)

= 204 units?
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_2\/§+3

11 (a) Find the value of k such that jf(Zsinze — singcosf— 1)d6 = — [5]

z
3

Jo (2sin*0 — sindcosd- 1)d9=j5(—c0529—5in220jd9

) {_sin 20 _cos 20}’5
2 4

0

O w|N

- %[—Zsin 260 +c0s 20]

{8y

2

Therefore k =8.
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(b) The function f(x) and g(x) are given by f(x) =3sin2xand g(x) =2cosXx.

(i)  On the same axes, sketch the graphs of y=f(x)and y=g(x) for

0<x<360°. [4]
y
A
3 ________________________________________
NN = 0S X
s > X
o 45° 9 135° 360°
v =3sin2x
e s e it
S e SO

(i) Hence, find the number of solutions of the equation sin 2x—§cosx:0 for

0< x<360°. [1]

] 2
Sin 2X = —Cc0S X

3sin2x =2c0s x

Hence, 4 intersections on graph implies 4 solutions.
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12

In the diagram, A, B, C and D lie on a circle. PQS is the tangent to the circle at B. DQ and
BR are straight lines that meet at C. SR is parallel to QC. Angle ADC is twice the size of

angle QBC.
(a) Provethat AB=BC. [4]
Let £ZQBC =6

ZADC =2-/QBC =26 (given)
ZBAC = ZQBC =6 . (Alt. Segment Theorem)

ZABC =180°—- ZADC ( Zs in the opp. segment)
=180°-26
Z/BCA =180°—- ZABC — ZBAC
=180°—(180°—20)—6 (£ sum of A)
=0
= /BAC
Since ZBAC = Z/BCA =6, AABC is an isosceles triangle.
Hence AB=BC. (Proven)
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(b) Provethat ABxSR = BRxQC. [4]

ZBQC = ZBSR (corr. Zs, QC//SR)
ZQBC=4SBR  (common £)

Therefore, ABQC is similar to ABSR. (AA similarity test)

BC _QC (corr. sides of similar triangles)

BR SR

BC xSR=BRxQC

AB x SR=BR xQC (since AB=BC, from part (a) )

(Shown)

2024 YTSS Preliminary Examination Secondary 4E5N Additional Mathematics EXP (4049/01)
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13

@ ™
(o)

[Area of sector = % r’o]

Mr Rich owns a restaurant. His intention is to create a fan-shaped design for his restaurant,
which can be modelled by a sector, centre O, with radius R cm. Part of the fan is to be
painted gold, leaving an unpainted sector, also centre O, as shown in the diagram.

The width of the strip of gold paint is x cm.

(@) Show that the area, A cm?, of the gold-painted region is given by A= g (2Rx— xz). [2]
A:lee—l(R—x)ze
2 2

_9 R? —(R*-2Rx +x%)
2

= g (2Rx=x*) (shown)

2024 YTSS Preliminary Examination Secondary 4E5N Additional Mathematics EXP (4049/01) [Turn over



22

It has been decided that the area of the gold-painted region is to be 880 cm?.

(b) By making @ the subject, find x in terms of R which gives a stationary value of 8 and [6]
determine its nature.

0
880:5(2Rx—x2)

1760
2Rx—Xx*
(;—9 =-1760 (2Rx - x*)*(2R - 2X)
X
_ 3520(R-%)
(2Rx - x?)?

For stationary value of 4, (;—9 =0
X

3520(R-x)
(2Rx —x?)?
X=R

First derivative test:

X R~ R R*

déo

_— - 0 +

dx ve ve
Tangent ™~ — /

Therefore, @ is minimum when x=R.

Alternative (second derivative test):
2024 YTS

d?_ez_%m( —(2Rx— x?)? —(R—x)-z(sz—xz)-(zR—zxﬂ
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(c) Explain why the value of x obtained in part (b) fails to achieve the intended effect of
the design of the fan. [1]

The value of x implies that the entire fan is to be painted with gold, leaving no
space for unpainted sector. Therefore, it fails to achieve the intended effect of the
original design.

End of Paper
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