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Mathematical Formulae 

 

1. ALGEBRA 

 

 

Quadratic Equation 

 

        For the equation , 

                                                   

 

 
 
Binomial Expansion 

 

 

  

 where  is a positive integer and  

 

 

2. TRIGONOMETRY 

 

Identities 
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Answer all questions. 

 

1 (a) Write down the turning point of the curve 
2 1y x= − + , stating clearly whether it is a 

maximum or minimum point. [2] 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 (b) In a clearly labelled diagram, sketch the graph of 2 1y x= − + , indicating clearly the 

coordinates of the turning point and axial intercepts.   [2] 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   

               

 

 

 

 

 

 

  

Maximum point (0, 1) 

  
B1 maximum 

B1 (0, 1) 

x 
O 

y 

(0, 1) 

1  

 

B1 shape of graph 

B1 label 
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2 A cylinder has radius (2 2)−  cm and volume (7 8 18) −  cm3. Find, without using a 

calculator, the height of the cylinder, in cm, in the form ( 2)a b+ , where a and b are 

integers. 
 

[4] 

  
 

 Volume, 2(2 2) (7 8 18)h − = −  

  

 

( )

( )
2

7 8 18

2 2

7 8 18

4 4 2 2

14 2 18 6 4 2

6 4 2 6 4 2

84 2 112 108 72 2

36 32

12 2 4

4

1 3 2

h




−
=

−

−
=

− +

− +
= 

− +

+ − −
=

−

+
=

= +

 

 

The height of the cylinder is (1 3 2)+  cm.  

 
 
 

  

 

 

 

 

 

 

 

 

  

B1  

 

 

B1 for expansion of 
2(2 2)−  

 

 

 

 

 

M1 for correct numerator or 

denominator 

 

A1  
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3 (a) Explain why the principal value of 
1 2

cos
2

−
 
  
 

 cannot be 
4


− . [1] 

  

 For any cosy = , 10 cos y −  ,  

 Hence principal value cannot be 
4


− .  B1 10 cos y −   

            

*Accept since
1 2

cos
2 4

−
 

=  
 

, 
1 2

cos
2 4

−
 

 −  
 

.  

 

 

 

 

 

 

 (b) It is given that cos p = − , where 0p  , and   is an obtuse angle. Without using a 

calculator and leaving your answers in terms of p, find the value of 

 

 

 
 (i) cos

2




 
− 

 
,  

[2] 

  

  

2

cos sin
2

1 p


 

 
− = 

 

= −

 

 

 

  (ii) 
2cot  . [2] 

  

  2

2

2

2

1
cot

tan

1

p

p




=

=
−

 

 

 

  

M1  
2

1

tan 
  ,   A1  

OR   B2 
2

21

p

p−
 

M1 sin     A1  

 

OR   B2 21 p−   
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4 (a) Find the remainder when 3 24 3 11 3x x x+ + −  is divided by 2x + . 

 

[2] 

  Let 3 2P( ) 4 3 11 3x x x x= + + −  

 
 P( 2) 4( 8) 3(4) 11( 2) 3

45

− = − + + − −

= −

 

 

 The remainder is 45− . 

 

 

 

 

 

 

 

   

 (b) When a polynomial g( )x  is divided by 1x −  and 2 1x − , the remainders are 1 and 2 

respectively. Find the remainder when g( )x  is divided by ( 1)(2 1)x x− − .  

 

[4] 

  

Degree of remainder is less than degree of divider.  

Let the remainder be ax b+ .  

Then g( ) ( 1)(2 1) Q( )x x x x ax b= − − + +   

g(1) 1

1 (1)

1
g 2

2

1
2 (2)

2

1
(1) (2) : 1

2

                     2

Sub. into (1):  3

a b

a b

a

a

b

=

+ =

 
= 

 

+ =

− = −

= −

=

 

Therefore the remainder is 2 3x− + .  

 

 

 

 

 

 

   

 

 

 

  

M1  sub ( 2)−  

 

A1   

M1   

M1  
1

g(1) 1  and g 2
2

 
= = 

 
 

M1  solve for a and b 

 

A1   
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5 (a) Prove the identity  

2 2 2 2cos cos sin sin sin ( ) sin ( ) cos 2A B A B A B A B A− − + − = . 

 

[4] 

  

 

Proof 1  

( )( )

( ) ( )

2 2 2 2

2 2 2 2

2 2 2 2 2 2 2 2

2 2 2 2 2 2

2 2

LHS cos cos sin sin sin ( ) sin ( )

cos cos sin sin

   sin cos cos sin sin cos cos sin

cos cos sin sin sin cos cos sin

cos cos sin sin sin cos

cos sin

cos 2

R

A B A B A B A B

A B A B

A B A B A B A B

A B A B A B A B

A B B A B B

A A

A

= − − + −

= −

− + −

= − − +

= + − +

= −

=

= HS  (proven)

 

 

 

 

Proof 2  

  

( ) ( )

( )( )

2 2
LHS cos cos sin sin sin ( ) sin ( )

cos cos sin sin cos cos sin sin

   sin ( ) sin ( )

cos ( ) cos ( ) sin ( ) sin ( )

cos ( )

cos 2

RHS  (proven)

A B A B A B A B

A B A B A B A B

A B A B

A B A B A B A B

A B A B

A

= − − + −

= + −

− + −

= − + − + −

= + + −

=

=

 

 

 

  
 

 

 
(b) Hence find the value of A for 0

2
A


−    such that  

      2 2 2 2cos cos sin sin sin ( ) sin ( ) 0.241A B A B A B A B− − + − = − . [2] 

  

 

 
2 2 2 2cos cos sin sin sin ( ) sin ( ) 0.241

cos 2 0.241

A B A B A B A B

A

− − + − = −

= −
 

Reference angle 1.3274=   

2 ( 1.3274)

0.907  (3 s.f.)

A

A

= − −

= −

 

 

 

 

 

M1  factories ( )2 2sin cosB B+  

M1 addition formula sin ( )A B  

M1 2 2( )( )a b a b a b+ − = −  

A1  

A1  

B1  

B1  

M1 cos ( )cos ( )A B A B− +  

M1 2 2 ( )( )a b a b a b− = + −  

M1 ( )A B A B+ + −  
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6 (a) The curve 1
x

y
y
+ =  and the line 2 6 0x y− + =  intersect at the points A and B. Find 

the x-coordinate of A and of B. 

 

 

[3] 

  

 

1 (1)
x

y
y
+ =  

2 6 0

2 6 (2)

x y

x y

− + =

= −
 

 

Sub. (2) into (1),  

2

2

2 6
1

2 6

6 0

( 2)( 3) 0

2     or    3

2          12

y
y

y

y y y

y y

y y

y y

x x

−
+ =

− + =

+ − =

− + =

= = −

= − = −

 

 

 

 

 

 

 

 

 

 

  

M1 for substitution. 

 

 

 

M1 for ( 2)( 3) 0y y− + =   

 
A1 for both x-coordinates 
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 (b) Hence solve for the value(s) of x in the simultaneous equations  

 

   

2

lg
lg 1 ,

lg

lg 6.

x
y

y

x

y

+ =

= −

 

  

[3] 

 

  

  
2

lg
lg 1 (1)

lg

lg 6

lg 2lg 6 0 (2)

x
y

y

x

y

x y

+ =

= −

− + =

 

 

  From (a),      

2

lg 2    or      

10

x

x −

= −

= 12

lg 12

10

x

x −

= −

=

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

B1 Quotient Law 

 
B1 substitution 

 A1 

 

(Accept 
2 1

10 ,  ,  0.01
100

−
) 
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7 The equation of a curve is 

2

2

ln x
y

x
= , where 0x  .   

 
(a) Show that the gradient of the curve can be written as 

ln
r

p q x

x

+
, where p, q and r are 

integers.  

[2] 

  

 
2

2ln x
y

x
=  

 

2

4

4

3

2
( ) 4 ln

d

d

2 4 ln

2 4ln
  (Shown)

x x x
y x

x x

x x x

x

x

x

−

=

−
=

−
=

 

  

 

 

 (b) Find the range of values of  ln x   for the graph to be decreasing.  [3] 

  

 

 For decreasing graph, 
d

0
d

y

x
  

  
3

2 4ln
0

x

x

−
  

 

  Since 30, 0x x  .  

  Hence 2 4ln 0

4 ln 2

1
ln

2

x

x

x

− 




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 (c) The curve passes through the x-axis at point A. Find the equation of the normal to the 

curve at A.  [3] 

  

 At A,  0,     y =

2

2

2

ln
0

ln 0

1  (since 0)

x

x

x

x x

=

=

= 

 

 

         

d 2 0

d 1

2

y

x

−
=

=

 

 

 Equation of normal is  
1

( 1)
2

y x= − − .  
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8 (a) Express   

2

2

1 3 10

(1 2 )

x x

x x

− +

−
   in partial fractions. [4] 

   

   

 

Let    

2

2 2

1 3 10

(1 2 ) 1 2 (1 2 )

x x A B C

x x x x x

− +
= + +

− − −
 

 2 21 3 10 (1 2 ) (1 2 )x x A x B x x Cx− + = − + − +  

 

When 0x = ,     1A =  

 

When 
1

2
x = ,     

3 1 1
1 10

2 4 2

4

C

C

 
− + = 

 

=

 

 

When 1x = ,     1 3 10

8 1 4

3

A B C

B

B

− + = − +

= − +

= −

 

 
2

2 2

1 3 10 1 3 4

(1 2 ) 1 2 (1 2 )

x x

x x x x x

− +
= − +

− − −
 

 

 

 

 

 

 

 

 
(b) Hence, find the integral of 

2

2

1 3 10

(1 2 )

x x

x x

− +

−
.  

[3] 

  
2

2 2

1 3 10 1 3 4
  d   d

(1 2 ) 1 2 (1 2 )

3 2
ln ln (1 2 )

2 1 2

x x
x x

x x x x x

x x c
x

 − +
= − + 

− − − 

= + − + +
−

 
 

 

 

 

 

 

 

 

 

  

B1  

B1  

B1  

*Deduct 1 mark if don’t have the final 

statement.   
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9 (a) Show that the solution of the equation 18 3 (16 )x x+=  is 
ln 48

ln 2
− . [4] 

  

 18 3 (16 )

ln8 ln 3 ( 1) ln16

(ln8 ln16) ln 3 ln16

x x

x x

x

+=

= + +

− = +

 

 

ln 48

8
ln

16

ln 48

1
ln

2

ln 48
   (Shown)

ln 2

x =
 
 
 

=
 
 
 

= −

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

  
 

 

M1   Power law to bring down x.  

M1   x as the common factor  

M1  make x the subject 

A1 must see 
11

ln   or  ln 2
2

− 
 
 

 

Alternative 1,  

18 3 (16 )

8 3 (16 16 )

8
48

16

8
48

16

1
ln ln 48

2

ln 48

1
ln

2

ln 48
   (Shown)

ln 2

x x

x x

x

x

x

x

x

+=

= 

=

 
= 

 

 
= 

 

=
 
 
 

= −

 

Alternative 2,  

1

3 4 4

3

4 4

4

8 3 (16 )

2 3 (2 )

2
3

2

2 3

( 4) ln 2 ln 3

ln 3
4

ln 2

x x

x x

x

x

x

x

x

+

+

+

− −

=

=

=

=

− + =

+ = −

( )4

ln 3
4

ln 2

ln 3
4

ln 2

ln 3 4ln 2

ln 2

ln 3 2

ln 2

ln 48
  (Shown)

ln 2

x = − −

 
= − + 

 

+ 
= − 

 

 
 = −
 
 

= −

 

B1   same power / same base 

B1 gather x 

B1  ln both sides 

B1 shown 
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 (b) Express the equation 
2 16log log ( 1) 1x x+ − =  as a cubic equation in x. [4] 

  

 
2 16

1

22
2

2

2
2

log log ( 1) 1

log ( 1)
log 1

log 16

log ( 1)1
log 1

2 4

x x

x
x

x
x

+ − =

−
+ =

−
+ =

 

 2 2

2

2

2

3 2

2log log ( 1) 4

log ( 1) 4

( 1) 16   (accept)

16 0

x x

x x

x x

x x

+ − =

 − = 

− =

− − =

 

  

 

 

  
 

 

 

 

  

M1  
2log 16 4=  

M1 change base 

M1 single log 

A1  
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10  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The diagram shows a kite OSTU in which OS TS=  and OU TU= . Point S lies on the          

y-axis, point T is (8,4)  and VU is parallel to the x-axis. 

 

 

 (a) Find the equation of line SU.  

 

[3] 

  

Midpoint of OT is 
0 8 0 4

, (4, 2)
2 2

+ + 
= 

 
.  

Gradient of OT 
4

8

1

2

=

=

 

Gradient of SU 2= −  

 

Equation of line SU is    2 2 ( 4)

2 10

y x

y x

− = − −

= − +

 

 

 

  
 

  

y 

x 

T  

V 

O 

S 

U 
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 (b) It is given that the coordinates of U are ( , )h k .  

 (i) Express k in terms of h.  

 

[1] 

  

  Since U lies on the line SU, 2 10k h= − + . 

  

  

 

 (ii) Find the distance between S and U in terms of h. Give your answer in the form 

of h a , where a is an integer.   

 

 

[3] 

  

  Coordinates of S are (0,10) .  

 

  

2 2

2 2

( 0) ( 2 10 10)

4

5   units

SU h h

h h

h

= − + − + −

= +

=

 

 

 

 

 (c) In the case where 12h = , find the area of the quadrilateral STUV. [2] 

  

(0,10),  (8,4),  (12, 14),  (0, 14)S T U V− −  

 

Area of the quadrilateral 

2

0 0 12 8 01

10 14 14 4 102

1
0 0 48 80 (0 168 112 0)

2

1
(408)

2

204 units

=
− −

= + + + − − − +

=

=

 

 

Alternative:  

Area of the quadrilateral 

2

1 1
(10)(12) (12)(24)

2 2

204 units

= +

=
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 11 (a) Find the value of  k such that  ( )23

0

2 3 3
2sin   sin cos  1 d

k



   
+

− − = − .  
 

[5] 

 
( )

 

23 3

0 0

 
3

 0

 
3

 0

sin 2
2sin   sin cos  1 d cos 2 d

2

sin 2 cos 2

2 4

1
2sin 2 cos 2

4

1 3 1
2 (0 1)

4 2 2

1 3
3

4 2

2 3 3

8

 






     

 

 

 
− − = − − 

 

 
= − + 
 

= − +

  
= − − − +   

   

 
= − − 

 

+
= −

 

 

Therefore 8k = .  

 

  

B1, B1 double angle 

formula  

M1 either integrals, 

ignore sign  

M1  
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 (b) The function f ( )x  and g( )x  are given by f ( ) 3sin 2x x= and g( ) 2cosx x= .  

(i) On the same axes, sketch the graphs of f ( )y x= and g( )y x=  for 

0 360x   . 

 

[4] 

  

 

 

 

 

 

 

 

 

 

 

  

  

 

 

 

 

 

 
(ii) Hence, find the number of solutions of the equation 

2
sin 2 cos 0

3
x x− =  for 

0 360x   . [1] 

  

  

2
sin 2 cos

3

3sin 2 2cos

x x

x x

=

=

 

   

 Hence, 4 intersections on graph implies 4 solutions.   

 

 

 

 

  

y 

x 
O        

 

 

 

 

 

 

 

f ( ) 3sin 2x x=    A2 2 cycles, correct shape  

g( ) 2cosx x=      A2 1 cycle, correct shape 

1−    no label 

1− , 1−   for each graph if wrong or unclear position of points 
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12  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In the diagram, A, B, C and D lie on a circle. PQS is the tangent to the circle at B. DQ and 

BR are straight lines that meet at C. SR is parallel to QC. Angle ADC is twice the size of 

angle QBC. 

 

 

 (a) Prove that AB BC= . [4] 

  

 

 Let QBC  =  

 2 2ADC QBC  =  =  (given) 

 BAC QBC  = = . (Alt. Segment Theorem)  

 180ABC ADC = − ( s  in the opp. segment)  

             180 2= −  

 180

180 (180 2 )     (  sum of )

    

BCA ABC BAC

BAC

 



 = − −

= − − −  

=

= 

  

 Since BAC BCA  =  = , ABC  is an isosceles triangle.  

 Hence  AB BC= .  (Proven) 
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 (b) Prove that   AB SR BR QC =  . [4] 

  

  
     ( corr. s, / / )

=       (common )

BQC BSR QC SR

QBC SBR

 =  

  

 

 Therefore,   is similar to  .BQC BSR  (AA similarity test) 

 

 

 

   (corr. sides of similar triangles) 

   ( since ,  from part (a) )

(Shown)

BC QC

BR SR

BC SR BR QC

AB SR BR QC AB BC

=

 = 

 =  =
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 13  

 

 

 

 

 

 

 

 

 

[Area of sector 
21

2
r = ] 

Mr Rich owns a restaurant. His intention is to create a fan-shaped design for his restaurant, 

which can be modelled by a sector, centre O, with radius R cm. Part of the fan is to be 

painted gold, leaving an unpainted sector, also centre O, as shown in the diagram.  

The width of the strip of gold paint is x cm.  

 

 

 
(a) Show that the area, A cm2, of the gold-painted region is given by ( )22

2
A Rx x


= − . [2] 

  

( )

2 2

2 2 2

2

1 1
( )

2 2

( 2 )
2

2    (shown)
2

A R R x

R R Rx x

Rx x

 





= − −

 = − − + 

= −
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 It has been decided that the area of the gold-painted region is to be 880 cm2.   

 (b) By making   the subject, find x in terms of R which gives a stationary value of   and 

determine its nature.  

[6] 

  

 ( )2880 2  
2

Rx x


= −  

 
2

1760

2Rx x
 =

−
 

 
2 2

2 2

d
1760 (2 ) (2 2 )

d

3520 ( )

(2 )

Rx x R x
x

R x

Rx x

 −= − − −

−
= −

−

 

 For stationary value of  , 
d

0
dx


=  

  
2 2

3520 ( )
0

(2 )

R x

Rx x

x R

−
− =

−

=

 

  

 

  

 First derivative test:  

x R −  R  R +  

  
d

dx


 ve−  0 ve+  

Tangent  
 

 

 Therefore,   is minimum when x R= .  

 

  

 

 

 

 

 

 

 

 

 

 

Alternative (second derivative test): 

 
2 2 2 2

2 2 4

2 2

2 4

2 2 2 2

2 4

2 2

2 3

d (2 ) ( ) 2(2 ) (2 2 )
3520

d (2 )

(2 ) (2 ) 2( )(2 2 )
3520

(2 )

3520(2 ) 2 4( 2 )

(2 )

3520 3 6 4

(2 )

Rx x R x Rx x R x

x Rx x

Rx x Rx x R x R x

Rx x

Rx x Rx x R Rx x

Rx x

x Rx R

Rx x

  − − − −  −  −
= −  

− 

  − − − + − −  = −  
−  

 − − + − + =
−

 − + =
−
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 (c) Explain why the value of x obtained in part (b) fails to achieve the intended effect of 

the design of the fan. [1] 

  

The value of x implies that the entire fan is to be painted with gold, leaving no 

space for unpainted sector. Therefore, it fails to achieve the intended effect of the 

original design.  
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