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1 Suppose a, b > 0.

Letg; =2aand g4 = 2a+b2/q,,. Since (g)nen converges, let g, gne1 = 2aq,,+b2. Note that L2—2aL—-b%* = 0
so L = a + Va2 + b2. Notice that all terms in the sequence are positive so L = a + Va2 + b2, otherwise
L = a — Va? + b? < 0 which is impossible, as a < Va? + b2.

2 (@) Letz; =5+iand zo = 239 +1i. Then |z;| = V26 and |z5| = V57122. Also, arg(z;) = tan‘l(é) and
arg(z2) = tan~! (335).

(b) By considering the properties of re'?, see that |z4] = |z1]*/|z2| = ‘/5677% = 4561976 = 2V2. Also,

arg(z4) = 4arg(z1) — arg(z2) = 4tan"' (1) - tan_l(leg)-
(¢c) We are to show arg(z4) + arg(z3) = 4 arg(z), i.e. we must literally find arg(z4). By GC,
4 (5+0)
 239+i

=2+2i.
Hence arg(z4) = tan~!(1) = ‘]—lﬂ', and the conclusion follows.

3 (a) xz+(y+a)2—r2
(b) Write y = Vr2 —x2 —a. Sety = 0sox = +Vr2 — a?. Also note that

dy by
dx 2 _ 2
Hence
Vr2ta? 2
27r/ (Vv 2—)62—61)\/ (L) dx
-Vri-a? Vr2 — x?
Vr2—a?
_27r/ (\/rz—xz—a)ﬂ > dx
R 5,y
ViZZa2 a
= 27Tr/ (1 — —) dx
N2 22
5 X Vri=a?
=2nr [x—asm (;) e
2_ 2
:47rr( r2—a?2—qasin”! (r—a))
r
Here, k = 4r.

4 (@ L~aV2+32x~11.10721 ~ 11.1072 (4dp).

2 2 2n
b)) @ jx—y = sin(x) + xcos(x) so L = /0 \/1 + (%) dx = '/0 \/1 + (sin(x) + x cos(x))? dx.

(ii) The size of each interval is le X 2n = 7. Hence, letting f(x) = \/ 1 + (sin(x) + x cos(x))?,

<2 (f(O) 2f (3)+27(m 427 (37”) + f(27r)) ~ 15.40396 ~ 15.4040 (4dp).
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(c)

(b)

(c)

(d)

(b)

(¢

(iii) L = 15.37457 = 15.3746 (4dp) by GC.

The student’s approximation is inaccurate because it is far from the true (GC) value, while the trapezium
rule approximation is accurate because it is close to the true value.

7= f(x,y) = xtan?(y), so % = tan?(y) and % = 2x tan(y) sec?(y). Hence
X y

e=/(23)+c-AR ) -G ARG =2r 20 (- F)®

— z=x+8y—-2n = x+8y—z=2nm.

Thena=1,b=8and c = —1.
1
A vector normal to the plane is | 8
-1
1
Calculateu =i+ jand v=1i+8k. Thenux v =| 8 [which is normal to the plane.
-1
Both u and v are direction vectors on P. u is the direction vector giving the directional derivative along
the x-axis at the point P, while v is that along the y-axis.

The annual interest rate is (1.008'2 — 1) x 100% =~ 1.10% (3sf). F is the minimum amount the business
repays per month, and G is the additional amount that the business pays per month as the number of
months passed increases and more interest is charged monthly.

Let
My 1.008M,,

Ax1.008" + B(n+1)+C =1.008(A x 1.008" + Bn + C) —-F — Gn.

Then Bn+B+C = 1.008Bn+1.008C - F —Gn = 0.008Bn— B+0.008C = F + Gn. Hence B = 125G
and —B + 0.008C = —125G + 0.008C = F — C = 125(F + 125G). It now remains to determine A.
Since My =10°=A+C, A =10° - C = 10° — 125(F + 125G).

Set Mgy = 0. Then
(10% — 125(F + 125G)) x 1.008% + 60 x 125G + 125(F + 125G) = 0
and we solve for G in terms of F. Indeed,
~15625 x 1.008%° x G + (10° — 125F) x 1.008%° +23125G + 125F = 0

_ (10° - 125F) x 1.008% + 125F
15625 x 1.00860 — 23125
Since G varies linearly with F and is decreasing, max G = 684 (3sf) occurs at min F = 2500.
F>2500 F>2500

T admits two eigenvalues, one with multiplicity 2. By GC,

pr(d)=| 3 2-1 -1 |=(+2)1-4)*=0

implies A = =2 or A = 4.
If A =4, then

ZOE

N = =

S O N
O -

N =
Il
(=]

Z 3 -2 -1

=]

X -3 2 1
[T—-A-id]g|ly|=0 = [3 -2 -1
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Hence z = 3x — 2y, and the equation of II is

1 0
M:r=al0|+b| 1 Va,b € R.
3 -2

Else if A = =2, then

3 2 1 1 0 1 -1
rref|3 4 -1]=]0 1 —-1| = [l:r=al 1 Ya € R.
3 -2 5 00 O

(b) (i) For no unique solutions, det(7 —¢-id) = 0. Hence the values of ¢ are the eigenvalues of T, i.e. t = —2
and r = 4.

(i) Ifr=—2then (a,b,c) € R? must be on I. Hence —a = b = ¢ for a solution to exist.
If t = 4 then (a, b, c) must lie on I1. Hence ¢ = 3a — 2b.

2 2 3 2 2
8 (a) u=x%+y=> %=xjx—)2}+23x—y= jx—gzxjx—i+3%.Hencejx—Z+u:2.
The characteristic equation is A2 + 1 = 0 so A = +i. Hence a solution to the complementary equation
inuis u = C; sin(x) + C cos(x) for all Cy, C; € R. Thus a solution to the nonhomogenous DE in u is
u = Cy sin(x) + C; cos(x) + 2.
. dy dv dy .
Let Cy sin(x) + C cos(x) +2 = X +y. Thenletv = xy so — =x— +y = Cy sin(x) + Cp cos(x) + 2.

dx dx
Hence

G cos(x) N C; sin(x) oy 9

v==Cicos(x)+Cysin(x)+2x+C3 = y=
X X X

dy x sin(x) + cos(x) xcos(x) —sin(x) Cj3
—=C1 X +Cy X -—.
dx ! x2 2 x2 x2
n dy 2
Wh =—,y=2and — = ——:
enx =,y and — -
2C 2C
) Pk Cy = —Cs,
T T

1 dy
Wh =m,y=2+—and — =
enx =71,y —and =

1 C
__+2+_3:2+— = (3=2 = (C =-2.
T T T

It follows that

y= cos(x) _ 2 sin(x) o4 2
X X X

3 : 3
2 2 4
(b) By GC, / (COS(’C) _2sine) oy —) dx ~ 4.17431 and /  dx ~ 4.39445, both values to Sdp.
1 1 X

X X X
4.17431 — 4.39445
The relative error £ = 117031 ’ X 100% =~ 5.27% to 3sf, which is a small error.
Considering the graphs:
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5 -
y
41 underestimation ~ overestimation
3+ " S
underestimation .
cosx 2sinx 2
y= - +2+—
2| b X X
overestimation 7= ==- y==-
1 £+
1 1 1 1 1 x
1 1.5 2 2.5 3

3 3 4
the area of the overestimation is approximately the area of the underestimation, so / ydx = / —dx -
1 1 X

3 4 3 4 3
overestimation + underestimation = / — dx and so / — dx is suitable to approximate / y dx.
1 X 1 X 1

9 (a) Write Q = Z(y—ax?—bx)?. Then (y —ax?>—bx)* = y> +a’x* + b’x> —2ax*>y —2bxy +2abx>. Hence Q =
S(y2+a’x*+b*x% —2ax*y—2bxy+2abx?) = T(y?)+a*Z(x*) +b*Z(x?) —2aX (x2y) —-2bZ (xy) +2ab X (x3).
(b) ‘2—Q =2aX(x*) - 22 (x%y) + 2bZ(x?) and ?9_% = 2bX(x?) — 22(xy) + 2aX(x%).
a
(¢) (i) Since Q is minimal, VO = 0. Hence

aZ(x*) + b2 (x%) = (x%y)
aX(x®) + b2 (x?) = Z(xy)

/_f—
4 3 2
and this is a linear system such that (;E;% ;gzz) (Z) = (22(();;))) =
(i) Recall that if M = (‘C’ Z), then M~! = det;M) (_dc _ab). Thus
(z(x4) Z(x3))_1 ~ 1 ( 2(x?) —2(x3))
() AP T ZOHZA) - (Ze))2 -2 e )
Considering A~'A (Z) =Aly,
(a) B 1 ( (x2) —Z(x3)) (Z(ny))
b " S(xHE(2) - ()2 -2 =) [\ Z(xy)

_ 1 ( () E(x%y) = Z(x?)Z(xy) )
T EHZ(2) - (Z(3))2 \-EEHEEY) + 2N E(xy) )

Hence
_Z(A)E(x?y) - Z(x)E(xy)
T ZAHZ) - (B())?
_ =E(F)Z(Py) + Z(x)E(xy)
T Z(HZ(D) - (2(x))?

(d) Q isasum of squares, so it is bounded below. Hence the values of ¢ and b in (¢)(i), which give a stationary
value of Q, must correspond to a minimum value of Q.

(e) (We are asked to find approximate values of a and b.) Note that for all the points, x = y. Hence
Y(x%y) ~ Z(x%) and X(xy) ~ X(x?). Using the result in (¢)(ii), a ~ 0 and b ~ 1.
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10 (@) (@) z—exp(z’”“)fork 0,.

(i) z2°-1=()Y1-1=(- 1)(110+z +1). Letz = cos( Z)+isin(3%) = exp(3Z). Clearly exp(3Z!
is not a solution to z° — 1 = 0 so it must be that z!0 + 2° + 1=0.

(iii) z" +z7" = cos(nf) +isin(nb) + cos(nd) — isin(nb) = 2 cos(nh).

(b) Letz= cos( ) +isin(21’5‘). Then z'+2°+1=0s02>+z7>+1=0. See that 7" + 77" 2cos(2 ) s0
2cos(5 x 2 $)+1=
By De Mowre s theorem notice that

cos(56) = R[(cos() +isin(h))’] = cos®(6) — 10 cos*(6) sin®(0) + 5 cos(8) sin*(6)
=cos’(0) — 10 cos>(0) (1 = cos?(8)) + 5 cos(6) (1 — cos>(0))?
= 16cos’(0) — 20 cos®(0) + 5 cos(0).

Hence32coss(215 4Ocos3( )+10cos( )+1—0 Setx—2c0s( )sox —5x>+5x+1=0. But

then notice that x> — 5x3 + 5x + 1 =(x+ 1)(x —4x% +4x +1). Clearly 2cos( z) + 1 # 0 so it must
be that x* — x3 — 4x? +4x + 1 = 0.

2 . . . . 2 _ 4
(c) We bound the value of cos(53). Recall that cos : (0,7) — (=1, 1) is strictly decreasing, so 5 = 55 <
5 _ 1

T — cos( 5) >cos(g) = ‘f . We now have a reference point to compare the roots against.

Setx—2cos( ). We first compare x| = 4(1—\/_+\/6(5+\/_) Check that V5 > 1 so
(1—\/_+\/6(5+\/_) %\/6(5+\/_ <—\/6(5 3) \/_ ‘/§<2005(15)

noting that 5 < 9 = /5 < 3. Hencex¢x1,andx=x2:%(1+\/§+ 6(5 — V53)).
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