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When the complex polynomial P(z) is divided by (z + i), (z — i) and (z> 4 1), the remainders are 1 +1i, 1 —i and
Az + B respectively. Find A and B. [3]

An arithmetic sequence with first term @ and common difference d is such that the sum of its first » terms is m, and
the sum its first m terms is n.

(a) Find a and d in terms of m and n. [4]

(b) Hence, show that the sum of the first (m + n) terms of the sequence is —(m + n). [2]

A complex number z = x + iy, where x and y are real, satisfies |z + 3| = 2Re(2).
(a)  Show that x and y are related by the equation of a hyperbola. State the equations of its asymptotes. [3]

(b)  Sketch the part of the hyperbola on which any point (x, y) satisfies the above equation in z, including its
asymptotes. On your sketch, indicate the values of the axial intercepts of these asymptotes. [2]

(c) Deduce the exact range of arg(z — 1). [2]

A curve C has equation x> + 3xy — y> + 4x = 1.

(a) Find ? in terms of x and y. [1]
x

The tangents to C at two distinct points intersect at (6, —4).

(b)  Show that these points satisfy the equation 2x + 13y = 11. (3]

(¢)  Hence, find the equation of these tangents, giving your answer in the form ax + by + ¢ = 0, where a, b and ¢
are integers to be determined. [3]

It is given that u = rcos 8 + i r sin 8, for some real values r and 6 such that » > 0 and 0 < 8 < %ﬂ'.

u-—r

(a)  Express in the form k tan % 0 ,where k is a complex number to be found. (3]

u-+r

With respect to the origin O on an Argand diagram, the points Z and W represent the complex numbers (u — r) and
(u + r) respectively.

(b)  Explain why triangle OWZ is a right triangle, stating the right angle. [1]

(¢) Deduce an expression for angle OWZ in terms of 8 and the distance between Z and W in terms of r. Hence,

express |u — r| and |u + r| in terms of r and 6. [4]
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Relative to the origin O, the points A and B have position vectors a and b respectively such that O, A and B are not

collinear. The point C lies on the line segment A B such that AC: CB = (1 — A): 4 and that OC bisects angle AOB.

(a) Find 4 in terms of |a| and |b]|.

[4]

(b)  Another point D lies on the line segment A B such that AC = BD. By considering suitable dot products, show

that OD* — OC? = (|b| — |a|)?.

7 (a)  The functions f and g are defined such that gf exists and

x+1 1
f = eER, -,
W=7 YERx#3
gf(x):zx_7, xER,x#2.
x—2

(i) Explain why f has an inverse. Find its inverse in a similar form, stating its domain.

(ii) Find a simplified expression for g(x).

(b) A function h is given such that

_ 3
h(x)—2h<x 1>+h< L ):x o yeRx#0.1.
X

1—x x2 —x

(i) Find the value of h(2), h(0.5) and h(—1).

(ii) Deduce an expression for hhh(x). Hence, given that hh(x) = 1 ! find h(x).

—_— x ’
8 The integral I,, where n =0, 1,2, 3, ..., is defined by

I,= / x"Vax — x? dx,
0

for some constant a > 0.

(a) By substituting x = asin® @, find the exact value of I in terms of a.

2n+3
2n+6

(b) Show that I,,, = ( ) al, for n > 0.

(¢)  Find the exact area of the region enclosed by the curve y = 1/(2x — x2)° and the x—axis.
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D4,a,b)
B(1,7,2)

G(3,0,8)

E(-1,1,-2)
F@,2,1)

A cardboard with negligible thickness is cut and folded into the shape following the surface of a truncated tetrahedron
BCDEFG, which is formed by removing the tetrahedron ABCD from the larger tetrahedron AEFG. It is known that
the faces BCFE and EFG are hollow, and that the plane BCD is parallel to plane EFG. The coordinates of B, D, E,
Fand Gare (1,7,2), (4,a,b), (—1,1,2), (8,2, 1) and (3, 0, 8) respectively (see diagram).

(a)  Show that a = 6.25 and find b. (2]

(b) The outer surface area of the shape can be expressed as p|FG X F(ﬂ + q|D—(§ X Fd| + r|FG X F_(f|
Find the exact value of p, g and r and hence evaluate this area numerically. [6]

[The area of a trapezium is % X height X sum of parallel sides.]
(¢)  The folded shape is detached along DG and flattened such that BCD remains attached to BDGE at BD and to

CDGF at CD. Find the shortest distance between C and E on this flat surface. [5]

A free-hanging rope is held by two people standing at a distance of 2a units from one another. Due to its weight, the
rope curves downwards in the shape of a caftenary defined by parametric equations

1
x=ualnt, y=§<t+?>, fort; <t <t,,

where parameters ¢, and ¢, correspond to the two ends of the rope at which it is being held.

(a) Find ﬂ in terms of ¢. [1]
dx

(b)  Given that the lowest point on the rope is horizontally in the middle of both people, find ¢, and ¢,. [3]

(¢) Find, in degrees, the acute angle that the rope ends make with the horizontal as it curves downwards. [2]

The rope is rotated about the line y = k at which height it is being held. The rope remains taut throughout its motion
and the shape of the curve is maintained.

(d) Show that y = g (eE + e_E> . Hence find k exactly in terms of a. (2]

(e)  Determine the exact volume of the space enclosed by the rotating rope, expressing your answer in the form

Ad® (B +Ce? + De_z), where A, B, C and D are exact constants to be determined. [5]
9758/01/1
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In Ecology, the Lotka-Volterra equations are often used to model the population dynamics of a predator-prey
ecosystem. Under this model, the population of prey and predators are each defined by a differential equation: the
prey population grows at a rate proportional to its own population and declines at a rate proportional to the product
of its own population and the predator population, while the predator population declines at a rate proportional to
its own population and grows at a rate proportional to the product of its own population and the prey population.

(a) An ecosystem initially has 1 000 prey rabbits and 1 000 predator wolves. After ¢ years, the population of
rabbits R and wolves W, each measured in thousands, are such that the rabbit population grows and declines
with a coefficient of 0.6 and 0.4 respectively, while the wolf population grows and declines with a coefficient
of 0.2 and 0.8 respectively.

(i) Write down the two Lotka-Volterra equations relating R, W and ¢. 2]
(i) Hence, show that2W + R—3InW —4In R = 3. [5]

(b)  The graph below shows the population dynamics of the ecosystem described in (i). Point A corresponds to
the initial population, while points B; and B, correspond to the population in other years.

WA
R
(i) Find, to the nearest hundred, the smallest and largest population size possible for each species. [4]
(ii) Which point, B, or B,, corresponds to the population in the year after the initial? Explain. (2]
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