H2 Further Mathematics
9649

Pure Mathematics

ZHUO ZHUZHEN

Hwa Chong Institution



Preface

One of my most vivid memory from JC is how I was con-
templating my life decisions after finding out that my friend
who dropped FM for computing was getting easy As while I
was stuck with my Ds no matter how hard I tried. Indeed,
I don’t think many can deny the fact that FM is a difficult
subject, and I would argue its one of the most difficult A level
subject there is. Perhaps you are feeling the same struggle -
and maybe even a bit of helplessness - as I once did.

Pure mathematics can feel really demoralising at times, es-
pecially given how creative examiners can be. However, just
remember that the very fact that you are reading this means
that you have the ability to do well in this subject (since you
passed the selection test). The power of spamming papers
and questions should not be understated - remember to never
give up no matter how difficult it seems.

I created this set of notes as a convenient reference for
myself for everything that I needed to know about FM and
as a tool for memorising the dozens of formulas. Now that
it has served its purpose, I hope it will be as useful to you
in achieving your desired goals, just as I was able to achieve
mine.

All the best for all your future exams!
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1 RECURRENCE RELATIONS AND MATHEMATICAL INDUCTION

CHAPTER 1

Recurrence Relations and Mathematical Induction

1.1 Convergence of Infinite Sequence

When given a recurrence relation, if v,, — L when n — oo, then u,,.; — L. Hence, a recurrence
relation can be reduced to an expression with one algebraic term to find the limit of the equation.

1.2 Proving

To prove that w, .1 > u, or vice versa, there are two ways to prove:
1. Show that w,,1 — u, > 0.

2. Let y1 = uyy1 and yo = u,, and compare graphically.

1.3 Solutions to RR
1.3.1 First Order

If we consider the equation u,, = au,_1 + b, to solve:

Method 1 - Iteration

Up = QUp—1 + b
= a(au,_o+0b)+b
=a*u,_o+ab+b

=a" 'uy+a" P+ +ab+b
bla"t —1]

:an—1u1+
a—1

Method 2 - Formula

1.3.2 Second Order

Consider the equation u, = pu,_1 + ¢. To solve, we solve the characteristic equation m? —

pm — q = 0, where the solution of the RR is:

Am7 + Bmj, my # me
u, = { (A+ Bn)mf?, my = Mo

(x/oﬂ —|—52)n[Acosn6’+Bsinn9], m; =a+if,ms=a—1if



1 RECURRENCE RELATIONS AND MATHEMATICAL INDUCTION

1.4 Mathematical Induction

Proof by mathematical induction consisits of two steps:

1. The basis (or base case) - showing that the statement is true for the smallest value of n
that is given in the statement.

2. The induction step - showing that the statement is true for some n = k, then its true for
some n =k + 1.

Example 1. Using Mathematical Induction, prove that Q(n) = T(n) for all n € Z*.

@ Write down the statement provided, denoting it as P(n) for convenience.

Let P(n) be the statement Q(n) = T'(n) for all n € Z*.

@ Show that the base case P(«) is true.

When n =1, LHS = Q(1) = v
RHS=T(1) =~
Since LHS = RHS, P(1) is true.

@ Important assumption to prove P(k + 1) to be true.

Assume P(k) is true for some k € Z*, i.e. Q(k) = T(k).

@ Write down P(k + 1) explicitly (not super important).

To prove P(k+ 1) is true, i.e. Q(k+1)=T(k+1),

@Using the assumption, prove that P(k 4 1) is true.

LHS = Q(k+ 1) = ---

= T(k +1) = RHS

@ State the conclusion

Since P(1) is true and P(k) is true = P(k + 1) is true for all £k € Z*, by MI, P(n)
is true for all n € Z*.




2 NUMERICAL METHODS

CHAPTER 2

Numerical Methods

[ A number « is known as the root of the equation f(z) =0 if f(a) =0.

2.1 Determining the Existence of Roots

2.1.1 Graphical Method

Method 1: Sketch the graph of f(z) = 0. The z values of the points of intersection of the graph
with y = 0 are the roots.

Method 2: Rewrite the equation f(z) = 0 into the form fi(z) = fa(z). The z value of the
intersections are the roots.

2.1.2 Analytical Method

The equation f(z) =0 has at least one real root in the interval (a, b) if @ f is continuous
in the interval [a, b] and @ fla)f(b) <O.

To show that there is only one root, one needs to show that f(z) is always increasing or
decreasing in the interval [a,b].

2.2 Approximate Roots

2.2.1 Linear Interpolation Method

Ay (b,£(b))
(x.f(x)) y=1(x)

(xz,f(xz))\
\ :




2 NUMERICAL METHODS

Ensure that « is always bracketed by x,, and a or b. This is done by ensuring that if f(x1) >0
and f(b) > 0, discard (b, f(b)) and replace with (z1, f(z1)). If f(z2) <0 and f(b) > 0, discard

(a, f(a)).

Error in Linear Interpolation

Error | fi(x) f(x) Diagram Shape

Ay

y="Ff(x)

Increasing,
Concave
Upwards

>0 <0

Overestimation

Decreasing,
Concave
Downwards

<0 >0

Increasing,
Concave
Upwards

>0 >0

Underestimation

Decreasing,
Concave
Downwards

<0 <0




2 NUMERICAL METHODS

2.2.2 Fixed Point Iteration

A y
y=x
(x(nx])
(x,,%,)
() (3,;)
1
(xy,x, i (x,%,)
! y=g()
|
.
! |
: » X
0 Xo X, @ x X

Steps to use fixed point iteration:
1. Rewrite f(z) into the form z = g(x).
2. Form the iteration by changing it to x,+1 = g(z,).

3. Substitute zg, x; etc into the iteration formula until z,,, = z,, is found to the required
degree of accuracy.

4. Use the fact that f is continuous in the interval [a,b] and f(a)f(b) < 0 to confirm that
x, is the required root.

Convergence of Iteration. Consider the equation z = g(z). If g(z) and ¢'(z) are continuous
and |¢'(z)] < 1 for all z € [a,b], then for any number xy in [a,b], the sequence defined by
Tpi1 = g(x,) converges to a fixed point « in [a, b].

Failure of Iteration. If |¢/(x)| > 1, x, may not converge.

2.2.3 Newton-Raphson Method

Ay y="f(x)

ot Y= (x)=1"(x)(x—x))

T:y—f(x)=f"(x)(x—x)

»

» X




2 NUMERICAL METHODS

Steps to use Newton-Raphson Method

f(zn)
f'(x)

1. Use z( in the iteration formula z,1 = z,, — (formula given in MF26) to obtain

xy.
2. Repeat until one has attained z,.1 = z, to the required degree of accuracy of a.

3. Use the fact that f is continuous in the interval [a,b] and that f(a)f(b) < 0 to confirm
that x,, is the required root.

Divergence/ Failure of Newton-Raphson. One needs to ensure that @ The initial value

xg is close to a and away from the turning points of the curve, and @ ensure that |f/(x)| will
not be very small.

2.3 Approximate Definite Integrals

2.3.1 Trapezium Rule

The formula for trapezium rule (somewhat given in MF26) is:
’ h
/ (@) dr = Slyo +2(y1 + 92+ -+ yo1) + 40
Note:

1. The values yo, 41, - - - Yo, are known as ordinates. There are exactly (n + 1) ordinates in n
trapeziums.

2. The number of intervals is equal to the number of trapeziums.

3. Larger n lead to better approximations.



2 NUMERICAL METHODS

Error in Trapezium Rule

Error Diagram Shape

Overestimation Concave Upwards

Underestimation Concave Downwards

2.3.2 Simpson’s Rule

N

Y »
Yo

Unlike trapezium rule which uses trapeziums to estimate the area, Simpson’s rule a quadratic
equation to estimate the area. Note that when using Simpson’s rule, the number of intervals n
must be an even number. It has the formula:

b
h
/ f(.l?) d.?f ~ g[yo + 4<y0dd indices) + 2(yeven indices) + yn]



3 POLAR CURVES AND CONIC SECTIONS

CHAPTER 3

Polar Curves and Conic Sections

3.1 Polar Equations

Cartesian Polar
xr rcosf
Y rsin 6
(z,y) Base angle: 6 = tanfl(%)

Note:
1. The origin is called a pole.
2. Positive z-axis is known as the initial line, # = 0, or polar axis.
3. 0 is measured from the initial line and spans the range (—, 7.
4. P(r,0) = P(r,0 + 2kr).
5. (—a,0) = (a,0 + 7).

The max and min points can be found via differentiation, i.e. via:

dy _dy d0_
dez df dx
3.1.1 Symmetry
Type of Symmetry Polar Equation Can b:qi);rt)ir(fisii as an
About polar (z-axis) r=f(0) = f(-0) cos 0
About vertical (y-axis) r = f(0) = f(r —6) sin 0
About pole r=f(0)=f(r+0) -




3 POLAR CURVES AND CONIC SECTIONS

3.2 Conic Sections

3.2.1 Parabola

directrix

[ Parabola is the set of points that are equidistant from the focus and the directrix.

Equation Directrix Focus Shape
p>0 p<0
Mirectrix y=k=p .
(h, k)
(x—h)?=dply—k) y=k—p (hk+p) (k)
Mireetrix y=k=p .
p>0 p<0
(y—h?=4dplx—k) z=k-p (k+ph) = " e LR
Idircctrix x=k-p directrix x=k—p
3.2.2 Ellipse
|
PF1+PF2=2a b e=fla |
|
i
-a T F |a jd
F [ & H
i
1
D

P I
O<e<l b e=PFz/PD |

Parabola is the set of points such that the sum of the distance to the 2 focus F; and F5
is constant for every point on the curve.




3 POLAR CURVES AND CONIC SECTIONS

Equation Directrix Focus Shape
Y a : _______________ _
y=k —T" g 2_‘_”}_"),1'_ Ity b W) |,
—h)° — k)? a i (h k) i
< 2aI >
0 .\'I=l1 .
y
— h)2 — k)2 a
(y : S, @ : V4 asb (BhEY (khte)
a b e
O X

3.2.3 Hyperbola

|1PF3| — [PF|| = 2a

Hyperbola is the set of points such that the difference of the distance to the 2 focus F}

and F3 is constant for every point on the curve.

10



3 POLAR CURVES AND CONIC SECTIONS

Equation Directrix Focus Shape

=B =R aup

h+2 k) (htek)
a? b2 e

2 2
W=h" W=k _ | asp ma+d) (khto (k. h) A
a? b2 e

3.2.4 Directrix-Eccentricity-Focus Definitions

Eccentricity is the ratio of the distance of any point on a conic to the focus to that of
the directrix.

Conic Eccentricity ¢
c
e=—
Ellipse a A =a®-0
b2
—4/1- =
a2
0<exl1
Parabola e=1 c=p
e=—
Hyperbola a A=a+
b2
=4/1+ 2
e>1

3.2.5 Polar Equations of Conic Sections

Note that one of the focus is always on the pole. If e is the eccentricity and d is the distance
from the centre of the conic to the directrix,

11




3 POLAR CURVES AND CONIC SECTIONS

Equation Directrix Diagram
—
r = —ed T = d
14 ecosf
_/
L
. ed T S
1 —ecost
\

ed
=
1+esind

/
ed
- — —d %
" 1 —esind 4

ed ) ed d
Note that —r = ——— is the same as r =
1+ cosf 1+cos(@+m) 1—cosh

bolas, one of the lines follows the diagram.

and that for hyper-

12



4 APPLICATION OF DEFINITE INTEGRALS

CHAPTER 4

Application of Definite Integrals

4.1 Area of Curve in Polar

A:

DN | —

02
/ r2df
01

4.2 Arc Length of Curve

Coordinate System Formula

Cartesian

f(®)
I, = / ,/1+ d:” dy
f(a
Parametric | = / \/ ) dt

02 dr\?
Polar | = — 2 do
J()

4.3 Volume of Revolution of Curve

y=1(x)

o a b x ——o

For shell method, the axis of rotation is parallel to the lines that are drawn/ area under the
graph, with the formula:

b
V;/:QW/ xy dx

b
1/;—277/ xy dy

13



4 APPLICATION OF DEFINITE INTEGRALS

To use solve in parametric form, simply use the fact that:

dx

v = — dt

dt

4.4 Surface Area of Revolution of Curve

Coordinate System Axis Formula
2
= / <d_y> dx
x
2
— | d
o [l e (5) o
Cartesian 5
/ _y dx
dx
Yy
f(®) dz\ 2
S-27r/ x 1+(_x) dy
f@ dy
2 dz\? dy 2
x S, =2 — — | dt
L () ()
Parametric
b2 dz\ 2 dy 2
Yy S, =2 — — | dt
o [ () ()

14



5 MATRICES

CHAPTER 5

Matrices

5.1 Terminologies and Notations

A matrix is defined as a rectangular array denoted by:

ai; Qa2 a3
A a21 Q22 (A23
| as1 ase ass
1. Each item in a matrix is known as an element or entry.

2. If A has m rows and n columns, we say that A is a matrix of order m x n(read as m by
n), or A is a m X n matrix.

3. The element in the i row and j* column of the matrix A is denoted by a;;. Hence, a
m X n matrix can be represented by (ai;)mxn-

4. If m =1, then A is a row matrix/ row vector.
5. If n =1, then A is a column matrix/ column vector.
6. If m = n, then A is a square matrix of order n/m.

(a) A square matrix is diagonal if a;; = 0 whenever ¢ # j.

(b) A diagonal matrix of order n whose diagonal entries are all 1 is called an identity
matrix denoted as I, or simply /.

(¢) A square matrix is called an upper triangular matrix if all entries below the diagonal
entries are 0.

d) A square matrix is called a lower triangular matrix if all entries above the diagonal
g g
entries are 0.

7. A matrix where all entries = 0 is called a zero matrix or null matrix.

8. Two elements are equal if and only if they are of the same order and their corresponding
elements are equal.

5.2 Properties of Matrix Addition and Scalar Multiplication
Let A, B, C be m x n matrices, and O be the 0 matrix, and a,b € R. Then,

1. A+ B=B+ A.
2. a(A+ B) =aA+aB.
3. (a+b)A=aA+DA.

15



5 MATRICES

4. a(bA) = (ab)A.

5. (A+B)+C=A+(B+0).
6. A+0=A.

7. OA=0.

5.3 Properties of Matrix Multiplication

Let £ € R, and A, B, and C be square matrices of the same order,
1. AB # BA.

AB = 0 does not imply that A or B is a zero matrix.
(AB)C = A(BC).

A(B+C)=AB+ AC.

k(AB) = (kA)B = A(kB).

SIS AN

A=A X Ax---x A (n times).

5.4 Transpose of a Matrix

If Ais a m X n matrix, then the transpose of A, denoted by A”, is obtained from A by
interchanging the rows and columns of A, i.e. if B = A, then b;; = aj;,. For e.g.:

T 15 9
1 2 3 4

AT:5678:2610

3 7 11

9 10 11 12 L8 12

5.4.1 Properties of Transpose Matrices
If A and B are m x n matrices, C' be a n X r matrix, k£ € R, then:
1. (AT = A
2. (A+B)T = AT + BT.
3. (KA)T = k(AT).
-

4. (AC)T = CTAT

5.5 Augmented Matrix

The matrix is called an augmented matrix of the linear system when each row represents the
coefficients of the variables, and the constant on the other side of each equation.

For instance, a system of linear equations:

11T + apy + a132 = «
an T + axpy + axgz = 3

31T + ag2y + a3z =y

16



5 MATRICES

Can be written as:
@11 a1z ais x a
g1 G22 (23 y| = |8
azr Gaz2 ag3 z g

The first matrix is known as the coefficient matrix of the system of linear equations. The
augmented matrix, X of the system is (A : b), i.e.

11 a2 Aaiz «
X = |aa ax axs 5
as1 @32 ass 7

5.6 Elementary Row Operations

The 3 types of elementary row operations are:

1. Multiplying each element in a row by a non-zero scalar.
A BakBa o

2. Multiply each row by a non-zero scalar and add the result to another row.

Ry—kR.+Ry
e

A B

3. Interchange 2 rows

Rz R
A—"%B

Performing elementary row operations on the augmented matrix does not change the set of
solutions of the original linear system, a concept called row equivalence.

5.7 Echelon Form

A matrix is in ecehlon form is it is:
1. All non-zero rows are above any rows of all zeros.
2. Leading term of each row is 1.

3. In two consecutive non-zero rows, the leading 1 in the lower row occurs farther to the
right than the leading 1 in the higher row.

Meanwhile, a matrix in reduced row echelon form (rref) if:
1. It is in ref.
2. All entries in the column above a leading 1 are zero.
Note:
1. Both ref and rref can be used to solve a system of linear equations.
2. Rref provides us with the solution directly, while ref requires solving by substitution.
3. The method to reduce the augmented matrix to ref in order to solve a system of linear

equations is known as the Gaussian elimination (or row reduction) method.

17



5 MATRICES

4. The method to reduce the augmented matrix to rref in order to solve a system of linear
equations is known as the Gauss-Jordan elimination method.

5. The ref of an augmented matrix is not unique.

6. The rref of an augmented matrix is unique.

5.8 Geometrical Interpretation of Solution to System of Linear Equa-
tions.

If a system of equations does not have a solution, the system is inconsistent.
If a system of equations has a solution, the system is consistent.

Each system of linear equations has exactly one of the three outcomes:
1. No solution (empty)
2. Exactly one solution (unique)

3. Infinitely many solutions

5.8.1 2 Variables

Unique Solution No Solutions ‘ Infinitely Many Solutions

/|

\

2 lines intersect at 1 point ‘ 2 lines are parallel ‘ 2 lines overlap (same line)

5.8.2 3 Variables

Unique Solution No Solutions

point

| | 47

3 planes intersect at a point ‘ 3 planes intersect at a line

line

18



5 MATRICES

No Solutions

2 planes are parallel ‘ All 3 planes are not parallel ‘ All 3 planes are parallel

5.9 Determinant of Matrix
5.9.1 2 x 2 Matrix

The determinant is given by the formula:

a b
c d

‘:ad—bc (1)

Geometrically, the absolute value of the determinant of a 2 x 2 matrix is the area of a paral-
lelogram with sides represented by the row vectors of the matrix.

(a+c.b+d)

(0,0)

5.9.2 3 x 3 Matrix

Meanwhile, the determinant of a 3 x 3 matrix is given by:

a; b ¢
b _ by ¢ Gz Cg G2 02
az by co| = ay - +a
b3 C3 as Cs as b
as b3 C3

Geometrically, the absolute value of the determinant of a 3 x 3 matrix is the volume of a
parallelepiped with sides represented by the row vectors of the matrix.

ri+r3a

ri+r2+r3

19



5 MATRICES

Note:

1.

2.

3.

Determinant is only defined for square matrices only.
(a) Only 2 x 2 and 3 x 3 matrix is in syllabus.

It is important to note the '+’ and ’-’ assigned to each element in the computation of the
determinant, and is given by:

The determinant can be computed using different columns and rows, under the method
of Cofactor Expansion

5.9.3 Properties of Determinants

If A, B,C are n X n matrices,

1.
2.

3.

If A has a row/ column of 0, then |A| = 0.
If A has two identical or equal rows or columns, or is a scalar multiple, then |A| = 0.
Al = |AT].
If A is an upper or lower triangular matrix, then |A| = a11a92a33 - * App.
(a) In particular, the determinant of I = 1.
|AB| = 4] B|
In general, |A| + |B| # |A + B|

If A, B, and C differs only in a single row or column, the r** column (or row), with the
corresponding entries in all other rows (or columns) equal to each other, and suppose that
the r*" row (or column) of C is the sum of the corresponding entries in the r** rows (or

columns) of A and B, then |C| = |A| + | B|

aq bl c1 + dl ap b1 C1 ai bl dl
E.g., ag bg Co +d2 = (a2 b2 Co| + |a9 b2 dQ
as bg C3 -+ dg as bg C3 as bg d3
k"] = K"[Al
(a) Follows the fact that if B is the matrix obtained when a row (or column) of A is
multiplied by k, then |B| = k|A|.
aq b1 C1 ap b1 C1 aq kbl C1
E.g., k;a2 kbg kCQ =k (05} bg Co| = |Q2 kbg Cy
as b3 C3 as b3 C3 as kbg C3
If B is the matrix obtained when two rows (or columns) of A are interchanged, then

|B| = —|A].

20



5 MATRICES

a by as by ¢ by a1
E.g., a9 bQ Co| = — |a1 b1 C1| = — bg s Co
as bz c3 as bz c3 bs az cs3

10. If B is the matrix obtained when a multiple of one row (or column) of A is added to
another row (or column), then |A| = |B].

ay bl C1 a; + /{ZCL3 b1 + kbg c1 + kCg
E.g., a9 b2 Co| = a9 bg Co
as b3 C3 as b3 C3
Note:

1. Properties 9, 10, 11 above are very useful in evaluating matrices using Gaussian elimina-
tion with the objective to:

e Reduce the matrix to an upper triangular matrix whose determinant is the product
of the diagonal entries (property 5).

e (Create as many 0Os as possible to make computing determinants easier.

5.10 Non-singular Matrices and its Inverse

A matrix A is non-singular/ invertible/ non degenerate if there exists a matrix of the same
order B such that AB = BA = I, where B = A™!. If A has no inverse, it is non-invertible/
singular/ degenerate.

Properties of Non-Singular Matrices:

1. A1 is unique.
2. (A1) = A.
3. (kA) =141,
4. (AB)"' = B4,
(a) (A = (A 1A) L= = AT AT = (AT,
5. (A7) = (AT,

5.10.1 Computing Inverse

For a 2 x 2 matrix, the formula is:

Al 1 d —=b :i d —b

ad —bc \—c a |A| \—¢ a
ay;p a1 ai13 1 0 0
Meanwhile, to find the inverse of a 3 x 3 matrix, we form the matrix | as; ass as3 |0 1 0
01

as; aspy ass |0

and reduce it tothe form | 0 1 0] by by bos , and the inverse is simply:

b1 bz bi3
A = [bo boy bos
bsi  bsa  bss
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5 MATRICES

Do remember that the following can be found on the GC:
1. Determinant
2. Inverse

3. Multiplication
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6 VECTOR SPACE

CHAPTER 0

Vector Space

Let V be a non-empty set, denoted by (V,+,-), on which vector addition and scalar multiplic-
ation are defined. Then, (V,+, ") is a vector space if the following axioms are true:

Al: vi+v €V (Closed under addition)

A2: kv, eV (Closed under Scalar multiplication)

A3: v + vy = vy + vy (Commutativity of vector addition)

Ad: (vy 4+ v2) + v3 = V1 + (V2 + v3) (Associativity of vector addition)

A5: {0 eV |v+0=0+v=uv} exists (Additive identity — 0 is the zero vector)

A6: {—v eV |v+ (—v) =0} exists ((—v) is the additive inverse)

AT k(vy + v2) = kvy + kvs (Distributivity of vector addition)

A8: (k+m)v = kv + mv (Distributivity of scalar multiplication)

A9: (km)v = k(mv) (Associativity of scalar multiplication)
A10: {1eR|1(v)=wv} (Scalar multiplication identity)

6.1 Subspace
To prove that (W, +,-) is a subspace of (V,+,-):

1. (W,+,-) is a non-empty set.

2. For any wi,ws € W, w; + wy € W (Closed under addition)
3. Foranywe W, keR, kweW (Closed under scalar multiplication)
4. 0eW

OR

1. Every element in W is also in V.

(a) Every element in the basis of W can be written as a linear combination of the
elements in the basis of V.

Note: any line or plane in R” that passes through the origin is a subspace of R”

Definition 6.1 (Linear Combination). A vector v is a linear combination of the vectors

v1, Vg, ..., v, if there are scalars ¢y, co, ..., ¢, such that v = c;v; + v + - - - + ¢, v,.
Definition 6.2 (Spanning Set). V = span{v;,vs,...,v,} if every vector in V' is a linear
combination of vy, v, ..., v,.

23



6 VECTOR SPACE

Theorem 1. Let (V, +, ) be a vector space and let v1,vs,...,vx € V. Theset S = {vy,vq,..., v}
is linearly independent if and only if the vector equation

a1V + v + -+ apvp =0 i, Qe,. .., €ER
has only one solution, namely the trivial solution oy = ag = -+ = a = 0.
Definition 6.3 (Basis). Set S is a basis if @ it is linearly independent and @ it spans V.
Note:
1. Bases for vector space is not unique.
2. Bases for the same vector space has the same number of spaces.
3. Zero vector space {0} is defined as a vector space with basis &.

Theorem 2 (Uniqueness of Basis Representation). If S = {wvy,vs,...,v3} is a basis for a
vector space V, then every vector v in V' can be written as a linear combination of vectors in
S in one and only one way.

Theorem 3. Let V be a vector space, and S = {vy,vs,...,v,} be a basis of V. Let U =
{uy,ug,...,ux} be a set of k vectors in V.

1. If £ > n, then U is linearly dependent.
2. If k < n, then U does not span V.
Theorem 4. All bases of a vector space have the same number of vectors.

Definition 6.4 (Dimension). The number of dimensions, denoted by dim(V), is the number
of vectors in any basis of V.

Note that the dimension of a polynomial of degree n is n + 1 as degree 1 is the constants.
Moreover, dim({0}) = 0.

Theorem 5. Let V' be a vector space such that dim(V) = n. Then, if S = {vy,ve,...,0,},
and S is linearly independent/ spans V', then S is a basis for V.

For the following definitions, let A be a m x n matrix,

Definition 6.5 (Row Vectors). Row vectors are the row matrices in vector space R™, and spans
row space.

Definition 6.6 (Column Vectors). Column vectors are the column of the matrix in vector
space R™, and spans column space.

Definition 6.7 (Null Space). Null space of matrix A, also known as kernal of A, is defined to
be the set of all solutions of Az = 0, and is a subspace of R"

Theorem 6. If A and B are row equivalent matrices, then,

1. A given set of column vectors of A is linearly independent if and only if the corresponding
column vectors of B are linearly independent.

2. A given set of column vectors of A forms a basis for the column space of A if and only if
the corresponding column vectors of B form a basis for the column space of B.
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6 VECTOR SPACE

6.1.1 Find Subspace of R"
Mi:

1. Apply Gaussian elimination to matrix A where the vectors are row vectors to obtain
matrix B, the ref form of A.

2. The non-zero rows of B form a basis for V.

1. Apply Gaussian elimination to the matrix A where the vectors are column vectors to
obtain B, the ref form of A.

2. The column vectors of A that correspond to the column vectors containing the leading
1’s in B form a basis for A.

6.2 Linear Transformation
If T: V— W, then T is a linear transformation if:

(a) T(u+v) =T(u) + T(v) [Additive Property]

(b) T(ku) = kT(u) [Homogeneity Property]
Theorem 7. Let A be a m x n matrix. The function T: R™ — R™ defined by T(x) = Ax for
all z € R" is a linear transformation. Conversely, every linear transformation from R"™ to R™
can be represented by a m x n matrix, with matrix A called the transformation matriz of A.
6.2.1 Null Space and Range Space
Let T: R™ — R™, then:

1. The null space (or kernel) of T, denoted by ker(T), is the set of all vectors x in R™ that
satisfies T(z) = 0.

i.e. ker(T) = {z € R* | T(z) = 0}

2. The range space (or range) of T, denoted by range(T), the set of all vectors T(x) where
xR

i.e. range(T) = {T(x) : x € R"}

T
null space of T ‘,
= ker(T) o,».__
‘L range space of T
= range(T)
R": domain R™: codomain

Note that:
ker(T) = ker(A)

Range(T) = column space of A
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6 VECTOR SPACE

6.2.2 Rank and Nullity

Definition 6.8 (Rank). A common dimension of the row space and column space of matrix A

is called the rank of A, denoted as rank(A).

Definition 6.9 (Nullity). The dimension of the null space of a matrix A is called the nullity
of A, denoted as nullity(A)

Let T: R® — R™, then:
1. nullity(A) = nullity(T)
2. rank(A) = rank(T)
3. rank(A) + nullity(A) =n

Theorem 8. If A is a m x n matrix, then the row space and the column space of A have the
same dimension.

6.3 Eigenvalues and Eigenvectors

Definition 6.10. A scalar ) is called an eigenvalue of a n x n matrix A if there exists a
non-zero vector x such that Ax = Ax. Every non-zero vector z satisfying Az = Az is called an
eigenvector of A corresponding to the eigenvalue \.

Note:
1. Eigenvectors corresponding to distinct eigenvalues of A are linearly independent
2. Eigenvector cannot be 0, but eigenvalue can be 0

3. If Az = 0 for some non-zero vector x € R™, then x is an eigenvector of A and 0 is an
eigenvalue of A, since Ar = 0 = 0z. As z is non-zero, A is non-invertible. Hence, 0 is an
eigenvalue of A if and only if A is non-invertible.

4. Each scalar multiple of an eigenvector z is an eigenvector, as A(kx) = k(Azx) = k(A\z) =

Akx)

5. If A is the transformation matrix of T: R” — R", then T(x) = Az = A, the eigenvector x
points in the direction that is stretched by the transformation and X is the factor by which
it is stretched. If A is negative, the direction is reversed. If A = 0, the transformation
maps z to 0.

6.3.1 Finding Eigenvalues
To find the eigenvalue, simply make use of the characteristic equation:

det(AM — A) =0

When it is expanded, the resulting polynomial of degree n is known as the characteristic
polynomial of A, with the roots being the eigenvalues of A (n distinct values).

Theorem 9. If A is a n X n matrix, the following statements are equivalent:
1. X is an eigenvalue of A.

2. The system of equations (Al — A)z = 0 has non-trivial solutions.
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6 VECTOR SPACE

3. There is a non-zero vector x € R"”, known as an eigenvalue, such that Az = \z.
4. X is a solution of, or satisfies, det(A\ — A) = 0.

Theorem 10. If A is a m x m triangular matrix, then the eigenvalues of A are its diagonal
values.

Theorem 11. Let x be an eigenvector of matrix A corresponding to eigenvalue .
1. If B=A+ kI, k € R, then x is also an eigenvector of B with eigenvalue \ + k.
2. It B=FkA, then z is also an eigenvector of B with eigenvalue k.

1

3. If B= A~! then z is also an eigenvector of B with eigenvalue 3

4. If B = PAP(—1) for some non-singular matrix P, then P~'x is an eigenvector of B with
eigenvalue \.

5. If x is an eigenvector for matrix B corresponding to eigenvalue pu, then x is also an
eigenvector for matrix A + B with eigenvalue A + p.

6. If x is an eigenvector for a matrix B corresponding to eigenvalue pu, then x is also an
eigenvector for matrix AB with eigenvalue Apu.
6.4 Diagonalisation of Matrices

An n x n matrix A is diagonlaisable if it can be expressed in the form PDP™!, i.e.

A=pPDpP!
M0 00
0 X 0
Where P = [vy | vy |vs | -] and D = 0 0 X

Theorem 12. An n x n matrix is diagonalisable if and only if A has n linearly independent
eigenvectors.

Theorem 13. If an n x n matrix A has n distinct eigenvalues, then A is diagonalisable.

Note that since det(A) = det(D),
A" = pD P!
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7 DIFFERENTIATION EQUATION

CHAPTER 7

Differentiation Equation

7.1 Solving D.E. Analytically

7.1.1 First Order

Variable Separable

Used to solve D.E. with the form j_y = f(x)g(y)-
T

LR into ——3Y _ ¢
. ecarrange 1Mo ————— = xT).
& g9(y) dx

1
2. Integrate both sides to get / ) dy = /f(x) dx

Integrating Factor

Used to solve D.E. with the form j—y + p(z)y = q(x).
x

1. Find the integrating factor u(z) = e/ ?(® 4.
2. Solve u(z) -y = /u(x)q(x) dx

7.1.2 Second Order

Homogeneous

2

With the form a2 + 5% 1 oy — 0.
dy? dx

1. Solve characteristic equation ar?® + br + ¢ = 0.

2. General solution is given by:

Ae"* + Be™® r1F# Ty
Y= (A + Bx>€7“1$’ T =T
e*(Acosfr + Bsinfzx), r =a+if,ro=a—if,a,beR

Non-homogeneous

. d*x dy
With the form a—- + b—= + cy = f(x), where f(x) # 0.
dy? dx

1. Solve f(z) = 0 to obtain the complementary function ..
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7 DIFFERENTIATION EQUATION

2. Guess the particular integral y, by looking at f(x).
3. Sub y, into the given D.E. and determine unknowns by computing coefficients.

4. General solution is given by: y = y, + ..

f(x) Particular Integral Remarks
Use polynomial of the same
ap + @+ azx® + -y = Ao+ Nz A+ Agw A+ - degree (usually)
. Introduce an z if e*x is in the
y=Ae . complementary function, or an
pet” Or y = Aze™ 22 if both € and ze** are in
Or y = \z?e™ complementary function.
psin kx + qcos kx y = Asin kx + pcos kx p or ¢ may be 0.

Good to know: If y, is a particular solution of a non-homogeneous linear second-order D.E.,
and y; and y, are linearly independent solutions, the general solution is y = 1y (2)+cay2 () +y,,
where ¢y, ¢y are constants.

7.2 Approximation to Solutions of First Order D.E.
The Formula (found in MF26) for Euler’s method is given by:

yz+1:yz+hf(xlayl)7 2207177]\[_1

i Yi flxiy) =+
0 initial x initial y Find f by substituting

1 ro+ h  Use formula

Meanwhile, the improved Euler’s Method (Heun’s Formula) is:

Predictor: v\, = v;i + hf(x:, vi)
f@i,yi) + f(®ig1, Yir1)

Corrector: y; 11 = y; +

2
i Y fleiy) = Yi fli,yi) = -+
0 Initial x - - Initial y Sub in

1 zo+h  Formula Sub in Sub in
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7 DIFFERENTIATION EQUATION

7.3 Equilibria and Stability
The equilibrium points of the D.E. are given by the equation

dy B
E—f(t)—o

The equilibrium solutions can be classified into the following:

Type ‘ Behaviour Phase line

Nearby points diverge from the

1 ey
Unstable/ Source equilibrium as t — oo

Nearby solutions converge to the

Stable/ Sink equilibrium as ¢t — oo

Node Neither a sink nor source

Questions may ask one to sketch a graph, showing the behaviour of different initial conditions.
An example is as shown:

O
Where y = « is stable, y = (8 is unstable, and y = ~ is a node.
Note:
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7 DIFFERENTIATION EQUATION

1. Questions often require the y-axis to be a "thing” and the x-axis to be time. Remember
that for such cases, show clearly the origin and do not sketch for y < 0 and z < 0.

2. If y = 0 or any other value is not an equilibrium solution, make sure to show it clearly.

7.4 Mathematical Modelling
Exponential Growth Model

The rate of change of population is given by:

dpP
~— —kP. P(0)=P
dt  P0) =Ry

Where k is the (net per-capita) growth rate, which is given by birth rate — death rate.

Logistic Growth Model

The rate of change of population is given by:

dP P

Where r is the intrinsic growth rate and N is the carrying capacity.

Sometimes, a harvesting term is introduced, where the population is continually being har-
vested at a rate of H(P) per unit time. In such cases, the equation is modified to be:

%ZTPO—%)—H(P)
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8§ COMPLEX NUMBERS

CHAPTER 8

Complex Numbers

8.1 (Geometric Interpretation

Equation Description Figure
Am /)I.Q(xz,y,)
z, -2z, ! _
I Distance between the points ~ /l’ : } 27N
2 ! 2o and zy P(x,3) e 'j,
X, —X
0 S > Re
22—z =7 Circle of radius r centre z;
Perpendicular bisector of
|z—a|=|z—-0b] :
points A and B
Ineaualit If < or >, draw a solid line. \
duatity Shade region needed / Viod " Re
0‘ \
Note: one easy Locus of P
way to easily L »4Im
. g ocus o \ > N
cl‘1eck' Wthh, red If < or >, draw a dotted ;\Q‘;,
BIon 15 Tedure line. Shade region needed 2 s e
is to substitute 0] N

values in.
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Equation Description Figure
Alm
Half-line with end-point A 7 Locus of P
(excluding A) and making /
arg(z —a) =0  an angle of # measured in %
radians from the positive | ~ °o7"---
real axis 4= »Re
0O

Note:

1. When asked to sketch, always try to express the expression in one of the forms above.

2. As a last resort, one can sub in z = x + yi and sketch y against x.

8.1.1 Problem Solving

Maximum and Minimum Distance

Steps:
1. Draw Argand Diagram.

2. Identify correct maximum and/or minimum distances in Argand diagram.

3. Use Pythagoras Theorem, simple trigonometrical ratios or coordinate geometry as appro-
priate to find the value of the distances.

4. Common question types usually involves:

(a) Making use of radius of circles.

(b) Perpendicular bisectors.

Maximum and Minimum Arguments

Locus of Z

Steps:
1. Draw Argand Diagram.

2. Identify correct maximum and/or minimum distances in Argand diagram.

3. Use Pythagoras Theorem, sine/ cosine rules, simple trigonometrical ratios or coordinate
geometry as appropriate to find the value of the distances.
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8.2 De Moivre’s Theorem and its Application

For any complex number z = rcosf + isinf and any integer n,

2" = r"(cosnb + isinnf).

8.2.1 nth root of a Complex Number

Given that w = r(cosf + isinf), then, to find the roots of 2™ = w, where n € Z* is simply
given by (usually write in exponential form):

z=rn (cos <w) +isin(w>), k=0,1,2,...,n—1
n n

h

The roots of 2" =1, n € Z" is known as n'" root of nullity.

8.2.2 Deriving Trigonometric Identities

Identities in sinnf, cosn#, and tannf can be expressed in terms of sinf, cosf, and tan 6. For
instance,

sin n6

tannf =
cosnb

Im(cosnf + isinnb)

Im(cosf + isinf)"
Re(cos @ + isinf)"

(

Re(cosnf + isinnd)
(
(

One can often obtain the desired result by expanding and simplifying the expression. Do re-
member to define ¢ = cos(#), s = sinf, and ¢t = tan § for convenience and neatness.

When questions include ) and sequence and series, try to simplify them (Maclaurin series
is useful sometimes).
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