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POST PRELIM PRACTICE — A LEVEL SOLUTIONS (STANDARD)

1. Graphing Techniques

(Q1) [Cambridge/9794/2007]

The equation of a circle is A +y2 — 8y = 9. Find the coordinates of the centre of the circle, and the
radius of the circle. [3]

A straight line has equation x = 3y + k, where k is a constant. Show that the y-coordinates of the points
of intersection of the line and the circle are given by

10y* + (6k — 8)y + (K* — 9) = 0. [2]

Hence determine the exact values of k for which the line is a tangent to the circle. [4]

xﬂf— 8y =9 —0
(x-0)*+ (31"83”6) =2lé+‘?=25

(x-0)* + (;’—4)z =35
Coord. of (tre of arde = (0,4)
Rodiuo of crde : 5 unito

X= 32,1"( — @

Sbst. @ i @ (3ytk)+ -8y = 9
qnwe k+k*+ 1 93 9=0
IO” + (bk- 8)31' (k*-9)=0 — @

For the line 1o ke (L‘fwjmf to the cirde,
Disimirant -fw ®@ , D=0
(6k-8)*- 4(0)(k*-9) =0
36k*~ 96k +64 - 40k™+360 =0
~4k*- 96k + 424 =0
k* +24k - 106 =0
‘(z - 24t [a4* +4(10f)

]
- =24 % [low

pe ]
= -|lat 5o




(Q2) [Cambridge/9231/2007]

The curve C has equation

ax* +bx + ¢
 x+4

]

where a, b and ¢ are constants. It is given that v = 2x — 5 is an asymptote of C.

(i) Find the values of a and b. [3]
(ii) Given also that C has a turning point at x = —1, find the value of c. [3]
(iii) Find the set of values of v for which there are no points on C. [4]

(iv) Draw a sketch of the curve with equation

2x=7)? +‘%g )—2‘ [3]

[ You should state the equations of the asymptotes and the coordinates of the turning points.]

() y= 205 + b
= (-5)(x+4)+ A

Xt &
= 2+3x t(A-20)
xt4

. a=2, b=3, c=A-20

(ii) _ 20+ 3xtcC
5 xt4
%Ilj_ (x+4)(4x43) - (2 +3%+C)
(x+4)
At x=-1, %lfi= 0
(3))- (2-3+¢) _
: C=-%
) Aralghal wathod (e refomc)
_ 0t3x-2
i)y e (. x;: .
+4y= A+ 3x-
2Y — H
: v 2x x';+(;‘_a)x___2_4.v=0
: 'y /s Fv real x, (3—3)‘— 4(-1)(—.1-41,7 >0
: i 4 q-‘v+31+lé+ 31326
o s i Y>+hyt o8 >0
e = (z’ﬁ&)(ru))o
{/ P(“;") zf)_' OR < -2k
4, Q1,-25) _ of % s {‘L
// - - . w >
A‘ . ‘I’Lm, e

Set of Vﬂj.cu-% U={36R:—:¢g<”<-l} = {3602? J&<Z< l}




(iv) Trwluﬂ = % T wnids
in the rw#sve % divecbion .

1\3 1 =3
|
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(Q3) [Cambridge/H2 Maths 2007]

2x+7 B
Show that the equation y = - can be writtenasy = A + E L where A and B are constants to be
b

+2

1
found. Hence state a sequence of transformations which transform the graph of y = = to the graph of
2x+7
= : 4
x+2 (4]

2x+7
Sketch the graph of y = , giving the equations of any asymptotes and the coordinates of any

x+2
points of intersection with the x- and y-axes. [3]

rlﬂ

Xt2
— 2(xt2)+3

Xt2
. 3
= 2t 2

A=2, B=3

4= %

l Trows 2 wndo In the

Mﬁd"u x- direchon,

}
Y=xr2

Trmld:’ml,v 2 undo in Hhe
rv’i#nrc a-o‘n-u‘hoh




Q4

. 1 . : . .
A curve whose equation is y = e undergoes in succession the following transformations:
X+

A: A reflection in the x-axis,
B: A translation of magnitude 1 unit in the y-direction,
C: A scaling parallel to the y-axis by a factor 2.

Give the equation of the resulting curve.

A curve undergoes in succession the transformations A, B and C as above and the equation of the
resulting curve is y=2— |2x + 6| . Determine the equation of the curve before the transformations

were effected.

f= =

_l IR'fb“ 4 oy - e
E N | Rplo y by T

Xt
%: 2= Q| x43|
=S

l R‘f"“‘*z Ld g ﬁ=|— |%+3]
P L Ry y by g

T yti=I- | %43
Replose y by < 4= ~lxbl

3=+ R
Y=2(1-xa —§7 - I3
= = 4 xt3|




(Q5)

(@

Sketch the graphs of y = % (for (a) only), y=£f'(x),y = |f (x)
X

2y =1(x])..

0(25)5' [6

(b y=fo

=

N

*®
"
N
=
"
~
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2. Functions

(Q1) [Cambridge/9709/2007]

The function f is defined by f: x — 2% —8x+ 11 forx e R.

(i} Express f(x) in the form a(x + b)* + ¢, where a, b and ¢ are constants. [3]
(ii} State the range of f. [1]
(iii} Explain why f does not have an inverse. [1]

The function g is defined by g : x — 2x? — 8x + 11 for x < A, where A is a constant.

(iv) State the largest value of A for which g has an inverse. [1]

(v} When A has this value, obtain an expression, in terms of x, for g‘]{x) and state the range of g‘l

[4]
(i)  f00= 2x'=8x+11 (iv) l"’ﬂ"’t value A=2
= 2(-4x+4-4) t 1! Df
= 2(x-2)*+3 (v) §:x > 20-8xt1l, x$2
. Y4
(“) \ /ﬂ f(l) u 532(1__2)2-?3
|| (x_2)1= ﬂ_—;_
o ?{s) Jt%
I >X x-2 = -
x= 2 +

2
=[3’°°) Slh,q x<2, X= Zf—

(iii) TLA Lm 5 'fLL h o . U= o_ | X2
7 deco me lsl: Rgi= Dy = (-00,2]




(Q2) [Cambridge/9794/Specimen Paper for 2010]

The function f is defined by

f:xr—>x3—l,

(i) Find an expression for £ (x).

between these graphs.

y-axis.

xe [R.

[2]

(ii) Sketch on a single diagram the graphs of y = f(x) and y = £~ (x), making clear the relationship

[2]

(iii) Write down f’(x) and hence determine the gradient of y = ! (x) at the point where it crosses the

[3]

(i) Lt nrf(x)
=3-|
X3 = y+l

x=(3

(ii) Y

(1ii) f‘(x)= 3x?

Whese 'fkaf"(l) WL' vsso He g—axis, x=o,”=t

%um & 4 (0,1) in y=x w (1.o) on rfm.
Gk of f ok (10) = f100=3 = fang= &

8‘8 SH'""J"U“ tonpB - tanh =g =3

Lvadiont of 400 at (0,1) = tonc = T

a:f(f:h i}i a ;é{ul,o,\ Qf vzf"(z)




(Q3) [Cambridge/H2 Maths 2007]

Functions f and g are defined by

x-3

(ii) Find f~'(x) and state the domain of f~'.

(i) il
: R"F » R\{O}
: v=f(x) Rs - [0,00)
|
m—— ¥ Sme Rec< Dg, 9f exista.
3\ |
k

. |
‘af"“—’ (x3 - X€R x+3

f“(x)= 3+%x
Df-: i R’f = IR.\{O}

f:xv—»L forxeR, x# 3,

g:x»—>x2 for x € R.

Sihu, R‘din fﬁ doeo nd exist.

(i) Only one of the composite functions fg and gf exists. Give a definition (including the domain)
of the composite that exists, and explain why the other composite does not exist.

(3]
(3]




(Q4) [Cambridge/9709/2010]

.\‘
A
0
The diagram shows the function f defined for 0 € v < 6 by
x> I for 0€xg2,
X dv+1 for 2<x<6.
(i) State the range of f. |1
(ii) Copy the diagram and on your copy sketch the graph of v = ' (x). 2]
(i) Obtain expressions to define ~'(x). giving the set of values of x for which each expression is
valid. [4]

(i) Whon x=6, 4= =4
R’f= [0,4-]

(ii)

HA\ =X
/a_
: (46) 7
T =00 o
“4/ 7 (b4)
2] Z ﬂ’f"”
+ + X
A0 2 [ =
(i) L y=%x* 0<x<2 [t y=5xt, 24x<6

x= ij'zg X= 2(3-;)

J2x , 0€x<2
itis
FURPEEY srey. goagn




3. Inequalities

(Q1) [Cambridge/2002 modified]

. 2x+3
Find the set of values of x such that —1 < = | <1.
x_
2x+1
Deduce the range of values of x such that —1 < <1.
x_
Mot + Brplical el
5‘\ IL
|
__________ l_._.______ —z
"\ 2 : H_
e g
x z |
; 3.\“;” 5 >X Muthad 2 : Aml«“bwj. method
- =3\ 1 | v
— i = 1< B2 o
2x+3 2xt3
| 1< ad SH<
| -
=i Zedtrd o g @D,
-3 : x-1
: 3xt+2 xXt4
} 50 ad SO
| _'2 t > eritiel el
243 __ 2xt3 3 -4
x| - x-T = CLox<5 or x> ~4<x<|
2xt3 =-x+| 2x+3= x| wall g :
3I=-~2, x=- PR 0 <
X=-3 — >

+ t +
-4 -% |

Co Sk of vebeo @ x = {xeR:-4<x< 3] L g op vl g = {xeR: -4<x<-5)

R4f|au& La Al

Z(x-1)+3

=& (x-1)-1
Zx+|
X-2

< |

=] € <

2
- 44 X-1<~F
=3 € X< é

(Q2) [Cambridge/9709/2007]

(i) Solve the inequality [v-5[< 1.

(ii) Hence solve the inequality |3" - 5| < 1, giving 3 significant figures in your answer.

2]
[3]

(ii) Rn.r'w. y Ly 3*

4< 3% b
(i) [H-S"( | In4 < xIn3 < In¢
b\_4 Iné
“!<'d'5<l | h._;()((m

4 < I,Jr<6 126 <x < 163 (3sf)

10




(Q3 [Cambridge/H2 Maths 2007]

2% —x—19 X —4x-21
T e s M O - (1]
el 224+ 3x+2 x2+3x+2

Hence, without using a calculator, solve the inequality

252 - x-19
FOT b &
23-x-1 2¢*-x-19- (x"+3x42)
3z~ T X+ 3x+2
= X>- 4x-2|
X433+ 2
2x*-x-19 l
itz 7
2 -
2% x-14 .| >0
X3t 2
- 9x-2
otz 0
(x-7)(x+3)
(xt2)(+)
LS S A
-3 =2 - 7
x<-3 oR ~—25x<-| OR x>]
(Q4) [Cambridge/9709/2005]
Given that ¢ 1s a positive constant, solve the inequality
|x—3al > |x—al. (4]
Lpraghical wethod
=|x-al
< e -~
3o
a’ )
a—— » X
o o 2% 30
x-a=-(X-30)
2x = 4a
xX= 20

x< 24 .

11




4. System of Linear Equations

(Q1) [Cambridge/H2 Maths 2007]

Suresh Fandi Cindy | Lee Lian
Pineapples (kg) 1515 1.20 2.15 1.30
Mangoes (kg) 0.60 0.45 0.90 0.25
Lychees (kg) 0.55 0.30 0.65 0.50
Total amount paid in $ 8.28 6.84 13.05

From GC,
P= $3¢%0
M= *‘2‘0
L= $4—‘10

Total amd Lee Law faio(

= |-30(3$0) + 0-25(2-60) + 0-$0(4-90)

12

Four friends buy three different kinds of fruit in the market. When they get home they cannot remember
the individual prices per kilogram, but three of them can remember the total amount that they each
paid. The weights of fruit and the total amounts paid are shown in the following table.

Assuming that, for each variety of fruit, the price per kilogram paid by each of the friends is the same,
calculate the total amount that Lee Lian paid.

fet P,H,L be He pric [ka? % [Jihea”lm,h\amﬁaom-ol l”(/‘\ua %
[-15P + 0-60M+ 0-55L = 828

|-20P + 0-4¢M + 0-30L = 6-8%
2.15P + 0-90M + 0-65L = [3.05

(6]



(Q2)

A curve has equation y =+/ax + (bx)2 +cx’ +d where a, b, ¢ and d are constants. The curve cuts

the x-axis at x =4 and has a turning point at (1, 127). The line y=-193x+4 intersects the curve
at x =9 . Find the possible values of a, b, ¢ and d . [6]

g#& + (bx)'+t 0 +d

O Cume b x-axio ot x=4¢
(4,00 lio on He cve

0= 2[0 + 16b*+ 64c +d

® Twm'»? ptoat (1,127)
sz ko on the e

127= Jat+ b*+ c+d

%‘ = ST+ 26+ 3cx’
X
At ‘hm\hj F{:, %=O

0= ;‘if&+ 2b*+ 3¢

@ ”=-Iq31+4 intsedo come ot x=9
= a=—l?3(4)+4 = =733
(9,-1733) bio on He e
~1733 = 3[G. + &b*+ J29c+d

From GC,
Ja=2 & a=¢
b*=4 > b=t2
C =-3
d =124

13



5. Maclaurin and Binomial Series

Q1 [Cambridge/2000]
2
i Expand in ascending powers of x up to and including the term in x>

(@) p M gp p g

(ii) State the set of values of x for which the series expansion is valid.

(iii)  Write down the equation of the tangent at the point (0,1) on the curve

1-x°
P+3x
: |-x* L
S e (e Y, CDEYES
3 ). 3 3
=(lx)[l+(L)Zx) )+ ———o—2 (3t ]
=(Pfﬂl—x+2{*%ﬁ+~]
= |-x+22-$-xr+3 +.
w: [ 3 = —; +-
i) EXFAnﬁOn o wALJ.-ﬁw [3x)< |
[xI< 3
= 3L <x< '3"
{xeR: "3L<x<‘;‘}
(iii) E% of Tangut at (0.1) is §=1-x.
(Q2) [Cambridge/2004]

) ) ) O+x b
Find the first two terms in the expansion of

in ascending powers of x.
1+2x

(qfxﬁ

|+2x

0\

]

1]

[‘i(H%)]L’(HZXJ"
3(l+i‘q—)t(|+ 2x)™
3[1+(9(%)+-) (1 + o]
3 (148 e ][ 1-2er]
3(l-axtff =)

3—3%)(1“

14




(Q3) [Cambridge/9231/2007]

=i : 3
Find the first negative coefficient in the expansion of (4 + 3x)? in a series of ascending powers of x,
where | x| < %. Give your answer as a fraction in its lowest terms.

(3]
(4+3x)7 = [4(H%)]%
£ £
= (%)
£ % % ﬁ' X\
- sz [+ (95 + Lo, B
YD (2 .
+ (Xz)f;’)( )(3_4__)4+ ]
£)(3) /L)L
frt e oy, = 32 R 3]
= 40§
1024
(Q4) [2007 Specimen Paper]
(i) Show that
J"“‘I Inxdr=(n+1)In{fr+1)—nlnn- 1. (4]
(ii)
¥
oV

= X
n n+l -

The diagram shows the graph of y = Inx between x = » and x = n+ 1. The area of the shaded

region represents the error when the value of the integral in part (i) is approximated by using a
single trapezium. Show that the area of the shaded region is

(n+ é)\{ln( 1 +5[,- 1. ' [4]

(iii) Use a series expansion to show that if n is large enough for i._,! and higher powers of — to be
S T

neglected, then the area in part (ii) is appmximate'ly equal to iz where k is a constant to be
It
determined.

{31

15



(1) Integration by parts indicated with o = loa, dv = |

]
xXlnx - J..xx ~dx
X

xinxk—x(+c)
L.imits used correctly producing (i + 1) ln{z + 1) —nlnn -1 (AG)

(ii) Area = (1) — area of trapezium
Area of trapezium = %[ln n+In(n+ 1)}

(n+%)ln(n+ 1) - (n—i—%) Inn—1or(n -i-%)[ln(nﬁ— D—Inn] -1

(u+l}1n('”l)—lz(n+§)1n(l+i)—: (AG)

2 n n

——N.B. Must be sufficient indication (o obtain the AG]|

I | l
(iii) Useln(1+—)=———m——+.'&!v—1-..n
i1 n 2 Bn'%]
. { | |
part(u)_l—ﬂ+3—}—1§+% e
1

=15 (*k’ need not be stated)
1

(Q5) [Cambridge/9795/Specimen Paper]|

siven that y = cos{In(1l +x)}, prove that

dy : :
(i) (1 +x)— =—sin{In(l +x)}, [1]
dx
i (1+9° 2 s 149D a0 [2]
ii x)° x)—+y=0.
dx? dx >
. . . &Py dy dy
Obtain an equation relating —, —= and —. 2
E & dx?” da? dx 2]
Hence find Maclaurin’s series for y, up to and including the term in X [4]

Verify that the same result is obtained if the standard series expansions for In(1 + x) and cos x are
used. 3]

16



= wa( In(10)]
|
(i) 4= —sin(In(0] Tex

(14x) %‘&; = sin[In(1+x)]
(ii) (1+x)‘%t, + %: ~ oo [ In(1+0)] ﬂ%
(1) S + (0%, = ~4
(1o G + (1) G +y= 0
(l+x3‘% + ;z(Hx)‘%z + (l+x)£-’; + % T é"ﬁt=o
(e + 30w + 2% -0

Wha x=0, Y= wo[ )] = |

d - o
M
dx*
&
63
3 L.oa 3
v'l—'_zx“r}_!x"f B Ol -
2 3
In(i4x) = x - %+ % -
1
wox = |- ’i,‘-{-.
> A
wos[Inl+0)] = oas[)(-%f—‘%—
= l_ (X--Z‘Z_*'T‘ )z+
2
= | = z(x-2)+

(Q6) [Cambridge/9233/2004]

The equation xsinx+cosx=1.015 has a positive root a close to zero. Use small-angle

approximations for sin x and cos x to obtain an approximation to a.. Give your answer correct
to 3 significant figures.

[3]

xsinx+cosx=1.015

2
. . a
Since « is a root and close to zero, a.« +[1 ——j ~1.015

:>loz2 ~0.015
2

= a~+,2(0.015)=0.173 (t0 3 . )

17




(Q7) [Cambridge/Nov 1983/1/3]

1+x

Use the binomial series to expand V (1
-Xx

including the terms in x?, where |x| < 1.

1
By putting x = E in your result, show that V11~ @

200

j as a series of ascending powers of x up to and

\/(14‘)&?)

1-x

:(1+x)1/2 (l_x)fl/z

~ lJrlx—lx2 1+lx+§x2
2 8 2 8

~1+lx+§x2 Jrlx+—x2 —lx2
2 8 2 4 8

:1+x+lx2
2

10 1 1
VU POy P : _ ;
substitute x = — on both sides of egn
9 10 200 <_| ( 10 qn)
0

\/(11):3(221J_663

200) 200

18




6. Trigonometrical Equations (try these qns without using GC)

(Q1) [Cambridge/Jun 73/11/4]
(a) Find the values of & between 0° and 180° for which tan”> @ =5—secé.

(b) Find the wvalues of 6 between 0° and 360° which satisfy the equation
6cos@+7sinfd=4.

(a) Srie ) ++an=se g
Ay —) =& -Sed
se S +62ﬁ@'—6=0.
($ecd +3) (& —2)=0

Cﬂéa‘:d’é" Or 5068'—:;

GJ:E)DO =18 [QCL,5°

B Lot RonBrn) = Lesd + Tsnd

Reosn="T 73 RA= TH6%= g5 = Re Jic

R S1n _
s =6 ‘\'amo\- é? = = da \G}) =406
' A= /

3 (B"\- ) Q_Kg

=1e7" o 343517

19



(Q2) [Cambridge/Jun 1980/1/4]

Given that sina = % and cos f = % , show that one possible value of cos(a + f) is % , and

find all the other possible values.

gy *-
Sl‘n%:‘g %lé casf? 13 ,5_
1

cob = % 4 Smﬁ,“—%
TS o B icin He lsfatuac’mo-h =
Cas (ot ) = Cosg(w_gg - SR 3inb = S‘)( ) (-5) '3)
= 48 _1s_33
Y Y S N

L8 o¢ 1§ in nd quadmat, F'S '1\ I+ quaz‘faq-l-

aoet8)= 628~ ()0F
TIL L 15 1 Aad grea any S' s 10 4&‘ﬂ c’vuao'm-y-

s wtd)=(-4) (&) ~ ()&

Ll o is 1n \ b wq,‘avd- ﬁ s 4"“‘ 1u-o|n.'m¥
63
Contet)= (BB - (EXN-E) = 2

(Q3) [Cambridge/Jun 1984/11/4]

Express 2cos@+9sin@ in the form of Rcos(d—a) where R > 0 and 0<a < % , giving the

values of R and « .
Hence
(1) Write down the maximum value of 2cos&+9sin @ and the smallest positive value of

6 at which this maximum value occurs;
(i1) Find the smallest positive solution of the equation 2cosf+9sinf =1.

Rs (B~ )= 2088 + Vsin9
P\%oé B s —\'\Sm'g'&da() = 0 +A 50\ %

Rt =2 ?! R*=2*+9™ R= dor
R 81 =94 ’had~3£ DA = —b,,"g--']asp_,lmﬁiw\;

G Mgy ok LY 40808 s 335 whea & Z X T 1355 ) rediand
Civ B2 ws®@-a)=] = =2 %1 ~dians

20



7. AP & GP
(Q1) [Cambridge/2002]

The nth term of a series is 2" % +3n. Find the sum of the first N terms

N N, N
% (2"*43n) = % 12 'n%
o :T ] (1+N)]

ﬁ(;z"—a) + 3N (n+)

(Q2) [Cambridge/2006]

: o 2
The sum, S, of the first n terms of a geometric progression is given by S =6———-. Find the
first term and the common ratio.

2
Sn"' 6—57;!
Tr\‘ Sn‘ Sh—l
2 2
=(¢- =) (¢ 7]
_ 5 3
- 18 £
3n- 3r
= .'i.
3 Tatl
Firct dom | T ~ == & Cowmon veto = T,
| 49 Uf'“\f 3 - _L_’?.,-_ (2
by S, (- = = 3wt
3° 2"
= G... 2 - (_I_ = ""3p-el
\

21




(Q3) [Cambridge/9709/2007]

The Ist term of an arithmetic progression is a and the common difference is d. where d = 0.
(i} Write down expressions, in terms of @ and d, for the 5th term and the 15th term. [1]

The 1st term. the 5th term and the 15th term of the arithmetic progression are the first three terms of
a geometric progression.

(ii}) Show that 3a = 8d. [3]
(iiiy Find the common ratio of the geometric progression. [2]
(i) T5 = Qt 4—&.
Tie= a+14d

(ii) ar = at4d
or’= ot i4d

at4d  atiad
* = Tatad

a2+ 8od 4 16d2= a2+ 4od
bod = l6d’
3a= 8d

(iii) ot %

22



(Q4) [Cambridge/H2 Maths 2007]

A geometric series has common ratio 7, and an arithmetic series has first term a and common difference
d, where a and d are non-zero. The first three terms of the geometric series are equal to the first,
fourth and sixth terms respectively of the arithmetic series.

(i) Show that 372 —5r+2=0. (4]
(ii) Deduce that the geometric series is convergent and find, in terms of a, the sum to infinity. [5]

(iii) The sum of the first n terms of the arithmetic series is denoted by S. Given that a > 0, find the set
of possible values of n for which S exceeds 4a. [5]

(i) ar=a+3d 2> d= a.r3—a,
ar*=oa+bd = - =&

a(r*=1) _ a(r-)
5§ 3

3r*-3 = 5(r1)

3r*-tr+2=0

(ii) (3r=2)(r-1)=0
Y3o&r—l(rﬁaJ¢.L ({5?! ot-a—a-o Lufo(.#:O)

Sine  IM=% <l the g»ww'"‘- srse 10 W?"&

od Su= T-X=3a
(iii) = ﬂz[%”"""*] ias - 30a
B[ 20t (e(-4)] > 44 gidl

-W[w—hﬁ] > 4
n*-19n+72<0

+ | = J+ .
5.23 13-8
£-23< n< 13.8

S 0k L, {nel*i éSnSIS}
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(Q5) [Cambridge/9233/2004]

Find how many positive integers, less than 1000, are

(1) odd numbers, [1]
(i1) odd numbers which are not divisible by 5. [3]
Find the sum of the odd numbers, less than 1000, which are not divisible by 5. [4]

(1) No. of odd numbers = 500

(i1) Odd numbers divisible by 5: 5, 15, 25, ..., 995
5+(n—1)(10) =995=n=100
No. of odd numbers not divisible by 5 =500 — 100 = 400

500
Sum of all odd numbers = T(l + 999) =250000

100
Sum of all 0dd numbers divisible by 5 = —= (5+995) = 50000
Required sum = 250000 — 50000 = 200000

(Q6) [Cambridge/9233/2005]

It is given that a, b, c are the first three terms of a geometric progression. It is also given that
a, ¢, b are the first three terms of an arithmetic progression.

(1) Show that
a+b

b*=ac and c=

(2]

-G

(1i1) Given that the sum to infinity of the geometric progression is S, find S in terms
of a. [4]

(i1) Hence show that

. . b ¢ 2
(i) a,b,carein GP. =>—= 5 = b” =ac (shown)
a

) a+b
a,c,barein AP. >b-c=c—a=>2c=a+b=>c=

(shown)

+b

(i) b’ =ac=a(a ]:>2b2 =a’ +ab

2 2
Divide throughout by a*: 2(éj =1 +(é] = 2(éj —(é) —1=0 (shown) %

a a a a
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b
(i) Factorizing, (é—lj(2.2+1]=0:>2=10r2=—% (Note: r=—)
a a

a a a
, e 1
Since sum to infinity exists, —#1,.. —=——
a a
2
S = a = a =—Aa
-2 142 3
a

(Q7) [Cambridge/9709/2005]

A small trading company made a profit of $250 000 in the year 2000. The company considered two
different plans, plan 4 and plan B, for increasing its profits.

Under plan A. the annual profit would increase each year by 5% of its value in the preceding year.
Find, for plan 4.

(i) the profit for the year 2008, (3]

(ii) the total profit for the 10 years 2000 to 2009 inclusive. [2]
Under plan B. the annual profit would increase each year by a constant amount $D.

(iii) Find the value of D for which the total profit for the 10 years 2000 to 2009 inclusive would be

the same for both plans. [3]
(i) Profif fr Rt 2008 = 2%0000 (1-06)% (ard)
2000 2001 -°° 2008
£ #36?000 (3$f) n=1 2. s q

250000 2 5000(1-05) - -

(i) Total ,hoflf f.om 2000 4o 200§ indwsive

= 2000 + 2vom(108) + - + Aoow(l08)°
250000 [ [-05°-1)

[-06—|

= $§ 31400 (3;f)

(iii) 2svoo [1-08"°-1]

'%[a(.mmﬁ ‘m] - 0.0

D= 14300 (3sf)
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8. Sigma notation and sequences

[Cambridge/9795/Specimen Paper|
Given that

2
=1

1P -2°+3 -4+

Q1)

(2N)’,
In terms of N, simplifying your answer
[Solution]
3-23+3-4%+... +(2n)
[B+2+3+43 1.4 (ZN)a] —2[ B4t (2n7]

2N
= Zn 2,.23[13+23+...+N3]
n=|

N
N*(2N+1)* = 16 ,‘7:;'13

= N'(2n#)* - Ié[—MJ

=

Ni(aN+)% = 4N*(N#)?

N* [ 4N+ an+i - 4(N*+2NH)]
N*[-4N-3]
~N*(4N+3)

N
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(Q2) [EJC/9758/2020/1/7]

The sum, S,, of the first n terms of a sequence u,,u,,u,,... is given by S, =a(3")+bn+c,

where a, b and c are constants and n>1.
(@) Given that u, =5,u, =9 and u, =33, find @, b and c. [4]

(ii) Show that u,,, = A(3" ) + B, where 4 and B are constants to be determined. [3]

Using your answer in part (ii), find Z u,,, interms of n. (You need not simplify your answer.)

7 [3]

[Solution]
(i) S, =5=3a+b+c
S,=14=9a+2b+c
S, =47=2T7a+3b+c
u =8 =>5=3a+b+c
OR  u,=8,-8,=9=6a+b
u, =S, —S, =33=18a+b
Using GC, a=2,b=—3andc=2
Hence Sn=2(3”)—3n+2
(“) un+l =Sn+1 _Sn
=2(3")=3(n+1)+2-[2(3")-3n+2]
=2(3"")-3n-3+2-2(3")+3n-2
=2(3-1)(3")-3
=4(3")-3
Z;ul :%[4(?)—3]
=43 (¥)-33)
r=2 r=2
32(3%1 _1)
:4{T:|—3(7l—2+1)
=18(3"" ~1)-3(n-1)
=6(3")-3n-15
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(Q3) [VIC/9758/2018/Promo/4]

. , . n(n+1)(2n+1) - 2.
(i) Giventhat Y r° = ,find ) (3r+1)" interms of n. [3]
N+l
(i)  Use your answer to part (i) to find Z(3r -~ 2)2 . [3]

r=l1

[Solution]

0 D GBre1) =) (9 +6r+1)

r=1 r=1

n n

= Z(9r2)+2(6r+1)

r=1 r=1

=9x—”(”+1)6(2”+1)+§(7+6n+1)

=g(3(n+1)(2n +1)+6n+8)

=%(6n2 +15n+11)

4(11) N+l R r+l=N+1 ,
Z(3r—2) = Z (3r+3—2) (Replace » with » +1)

r=1 r+l=1

:Z(3r+1)2+1

r=1

=E(6N2+15N+11)+1

(Q4) [INYJC/9758/2012/1/2a]
A sequence of negative real numbers x,,Xx,, x;,... satisfies the relation

xn+1

=—J1-2x, ,forn>1.
Given that the sequence converges to /, find the exact value of /. [2]

[Solution]

When n—>o0, x, >/ and x,, >/,

1=—1-2i
I’=1-21
P +21-1=0
—2+,[4—4(-1
220
21242 N,

2

Since x, <0, [=-1-2
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9. Vectors
(Q1) [Cambridge/1999]

The angle between the vector Ai+3j—6k and the vector i is 120°. Find the exact value of the
constant A4 .
cosizo’ = () (8)
M‘ Ir
= A= (%)
" s
JT+T -2
Va5 = 4N
3N =45
A =15

A=A & [B (rutd sme <0, [F>0 fo ()

(Q2) [Cambridge/2002]

(@) Show that the lines given by
r=(5i+2j+4k)+ A(i+3j+k) and r=Gi+j+Kk)+ u(4i+7j+5K)

intersect, and find their point of intersection.
(ii)  Calculate the acute angle between the lines.

b (2)+7«(§') 2eR
= (Jplh pem
i 542 3+4
O Lt (22)- (%)
-2 = 2 —@O
Tu-3r= | —@
S/u—'/\= 3 —Q
@’@‘ /u=l
A= 2

LHS of @ = 5(n-2=3= RHS of @
L L, intwsut and rt of intrsedion, W (7,8,6).
(i) Lk 6 be He »«;fu
CooQ = __L__

Ji44 Jiet4g42¢

4+2+5
VITIRET)

17-6° (1 dp)

argl.

D
I
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(Q3) [Cambridge/9709/2007]

The straight line / has equation r = i + 6j — 3k + s(i — 2j + 2k). The plane p has equation
(r—3i).(2i — 3j + 6k) = 0. The line [ intersects the plane p at the point A.

(i) Find the position vector of A. [3]
(ii) Find the acute angle between [ and p. [4]

(iii) Find a vector equation for the line which lies in p, passes through A and is perpendicular to /.

[5]

§8)(2)-¢

2425184 6s - 18 +125 = 6

20s = 40
. S=2
o - (3)
(i) Lat N:B«wl mﬂhLaG.
SinG = (—;)(—g) - _i_.
Trmfm| - T
6= T72-2° (1dp)
(iii
) ) Note. The ied Jie w0 b o both L and
tle nomel of th plaw p-
A I L Mfrumf e N%«me(. Jire .

=" 4 (0)
:g)

g

L ,c=(

- o((_%)/ de R

- N

30



(Q4) [Cambridge/9794/Specimen Paper for 2010]

Dy,

The diagram shows a pyramid DOABC. Taking unit vectors i, j, k as shown, the position vectors of
A, B, C. D are given by

— — — —
OA =4, OB=4i+2j, 0C=2j, OD-=6k
The mid-points of AD, BD and AR are L, M and N respectively.

(i) Find the vector MN and the angle between the directions of MN and OB.

[4]
(ii) The point P lying on OD has position vector pk. Determine the value of p for which the line
through P and B intersects the line through C and L.

(i) Usi Mid.-rl: Theorem,

[71

oL =(h+d) =(3) , Ghi=%(b+d) = (f), =7 (oheat)= ()
W= ok-at - (§)

[t @ be Heo required angle.
m.g%w= @-(‘;) _ 8

iidl el . B
0= 603" (Idp)
5 0
ot~ (§)
L, : L= 0B+ APE Lo: £= 00+ pCl
) = (oz' 7\(2) AR v 0*}‘- 2
o/" “\-p) = (Y u(3) per
When 193 % ﬂa intrsed,
“44) [ 24
( 33?) -( “f
2u-42=4 —0
—Z/A—Z'A‘—'O —®
3}4 '-‘--7\’3
0t® : =-3 =3
M=5 d
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(Q5) [Cambridge/9795/Specimen Paper]

With respect to an origin O, the points A, B, C, IJ have position vectors
2i—j+k, i-2k, —-i+3j+2k, -i+j+4k,

respectively. Find

(i) a vector perpendicular to the plane OAB,

(i) the acute angle between the planes OAB and OCD, correct to the nearest 0.1°,

[2]
[3]

o= (1), ov=(8), a-(3) a=(})

Y dhas = (3(9)

(%)

A wa,w‘rmaLqu o ID(WM 0AB i <§)

W) A vedo b o plane 0O
- (1)
- (%)
=~ 20
[t wﬁ\um‘. w?b. be 6.
W@ = _M_(' . f)
Jataey R
b

w

o B
0= &5.8° (lolfa)
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(Q6) [Cambridge/9231/2007]

perpendicular to the plane I containing A, B and C.

The plane I1, has equation

r=i+4j+2k+A(i—j)+u(-k).

Find the acute angle between the planes I, and I1,.

The points A, B and C have position vectors 2i, 3j and 4k respectively.

Find a vector which is

[3]

0= 16:1° (1dp)

(Q7) [Cambridge/H2 Maths 2007]

Referred to the origin O, the position vectors of the points A and B are
i—-j+2k and 2i+4j+k

respectively.

(i) Show that OA is perpendicular to OB.

triangle OAC.

(i) Find the position vector of the point M on the line segment AB such that AM : MB =1 : 2.

(2]
[3]

(iii) The point C has position vector —4i + 2j + 2k. Use a vector product to find the exact area of

(4]
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(1) 2
6(i) Given: Od=|—1|,0B=|4
\ 2 ) 1
1Y /2)
Consider O4-OB = —1J- 4|=2-4+2=0
2 )11]
a | (b))
[ Recall that | a, |-| b, |=a,b +a,b, +asb; and a-b =0 is the condition for perpendicular
ay ) | by

vectors a and b ]

.04 1 OB (shown) <
i) pB 204+O0B
3
1Y (2%
4

By Ratio Theorem, OM =

:12—1+
3

4;!3 )
=2/3
5/3 )

(i) (1 ] Area of triangle OAC = ; 04x0C

b2 | =

b2 | =

1

2

=l\/62+102 +2°
2

=%\/14o

- - . l
35 units”

”1 ) bl A / ({rzbS _bza3
[Recall that | a, x| b, |=| —(aybs—Dyas)
by ab, —ba,

3 )




(Q8) [Cambridge/H2 Maths 2007]

The plane p has equation 3x — y + 2z = 17. Find

(i) the coordinates of the point of intersection of / and p,

The line [ passes through the points A and B with coordinates (1, 2, 4) and (-2, 3, 1) respectively

(5]
(ii) the acute angle between / and p, [3]
(iii) the perpendicular distance from A to p. [3]

=(')”(.%) -

3

'H\t Fw of intursedion. of lowl.!:,s
I+3
(£3)-()-n

3492-2+2+ 8+ {2= 1]

? |
P

%Az;

')

(—3: .(-3. 6
sin & = lj_ﬁm = Frm
6= 788" (I dp)
(iii) Al124)

Lag £® (%)*/“('i) MER
To fwl. F (Ft ff irttursw’-'mof lAF& F)

P +
(£)-()-1
3*9/A—Z+}‘+8+4}4 17
l4-}4 8
M=
g P'/'rimAa(wtnn abl‘buu ‘ﬁm A to P Al+
Pmrwl;wlm dirtane fromn A o p D,“;___—pligew;ﬁ\
= |AH n
()-8 -(2)-£D)
_]_4+‘22(*) ' $ T
) 7,(}‘=2-:4 "‘"J%"lw
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(Q9) [Cambridge/9233/2004]

Referred to an origin O, the position vectors of four non-collinear points 4, B, C and D are a,
b, ¢ and d respectively. Given that a —b =d — ¢, show that ABCD is a parallelogram. [2]

Given also that | a — ¢ | =| b — d |, identify the shape of the parallelogram ABCD, justifying
your answer. [2]

a—b=d—c = BA=CD=> BA//CD and BA=CD.
..ABCD has to be a parallelogram. (shown)

la—c/=b-d] = ‘C—A‘ = ‘lﬁ‘ i.e. diagonals are of the same length

Since ABCD is a parallelogram and the diagonals are of the same length, the shape has to be a square
or a rectangle.
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(Q10) [Cambridge/9233/2005]

The planes [], and [], have vector equations
r=A4G+j-K+ 4 Qi-j+K) andr=4,(+2+K)+ 1,Gi+j -k

respectively. The line / passes through the point with position vector 4i + 5j + 6k and is

parallel to both [], and [],. Find a vector equation for /. [4]
Find also the shortest distance between / and the line of intersection of [], and [1,. [4]
1 2 0 0 1 3 -3
[l:n =1 |x|-1|=|-3|=-3|1 I[L:n,=[2|x| 1 |=| 4
-1 1 -3 1 1 -1 -5
0) (-3 -9 3
I|x| 4 |=|-3|=-3|1
1) -5 3 -1
3
lir=|5+A] 1 |,1eR
-1
0 3
Line of intersection: r=|0 |+ x| 1 |,ueR
0 -1
METHOD 1: . METHOD 2:
Let P be the foot of perpendicular from :
Otol. i Distance required
4+32 ! 4 3
OP=| 5+ i 51x| 1
6-4 . 6) (-1
3 4+32) (3 N TN
OPe| 1 |=0=| 5+ |¢| 1 |=0 11
-1 6-1 -1 i oy
—12+94+5+1-6+4=0 ! 11
= A=-1 i N
1 I
OP=|4 T % ~Jse

Distance required = OP = I’ +4° +7° = \/%

37




Q11) [Cambridge/9231/2008]

The plane IT, has equation

r=i+2j+k+0(2j-Kk)+¢(3i+2j-2k).
Find a vector normal to I, and hence show that the equation of IT, can be written as 2v + 3y + 62 = |4.

[4]
The line / has equation

= 3i+ 8 + 2k + I(4i + 6 + 5k).
The point on / where 1 = A is denoted by P. Find the set of values of 4 for which the perpendicular
distance of P from [1, is not greater than 4.

[4]
The plane I'l, contains / and the point with position vector i + 2
and I1,.

j + k. Find the acute angle between I,

[4]

v 2 (-0
I (g) = 2t44( = 14
2x+33+‘2 =14

z=(3+(Y e
P - (#8) =1
(
b

g
"
—

S =

]

X
4
, %)
PN l ﬂ !:.Ll ‘

()
(Wl |

A N
(1,20 K

= | 4+EMH8+IEA+4+30) . ( E)(_z) ‘
J& Tovk Jeties
= l “3_328‘ oy =i
Jafar
i 0= T14° (1)
Given PNS4 |
[8A+4] < 4
-4<$84 <4
-3 < <0
-1S$ 250
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(Q12) [Cambridge/9231/2002]

The planes H) and I1,, which meet in the line /, have vector equations
r=2i+4j+6k+6 (2i+3k) + ¢, (=4] + Sk),
r=2i+4j+ 6k +6,(3j +k) +¢,(-1+]j +2k),

respectively. Find a vector equation of the line / in the form r = a + rb. [5]

Find a vector equation of the plane I1, which contains / and which passes through the point with
position vector 4i + 3j + 2k. Find also the equation of I, inthe formax + by + ¢z = d. 14)

Dedtice, or prove otherwise, that the sysiem of equations

6x - Sy —4z = =32,
Sv- v+32=24,
Ox -2y + 5z =40,

has an infinit¢c number of solutions, 3]

A

T o () -(3)(3)

-éz+§”+4z = -la+ 20424
=32

bx- by- 42 =-32

w23 (303

%vr 2= 2%

S\Hw. 1[.,7'; ,’"3 LMJ!JM ‘Hu -b'!
4, +L427 intisedk o L.
hoo an ingvz.szh’m. % solno.

Qx‘ﬂad'r kz=40

39



(Q13) [Cambridge/9709/2009]

The plane p has equation 2x = 3v + 6z = 16. The plane ¢ is parallel 10 p and contains the point with
position vector i + 4 + 2k.

(i) Find the equation of ¢. giving your answer in the form ax + by + ¢z = d. 12]
(ii) Calculate the perpendicular distance between p and ¢. [3]

(iii) The line / is parallel to the plane p and also parallel to the plane with equation v = 2v + 2z = 5.

Given that [ passes through the origin, find a vector equation for /, |5]

I

- efl
Oy (2= (96)
= 2-latl2
(=2
21-351"1: &
(i) Sime F%% re FmauJ,, {w.r,,q(.w.j” distawa. bok- peg

W Gvalud o papndiodsy  hotume  from & ptoon g o
e Fh\u‘o ; AH.

Rpoed - dtame = IA‘éﬁH oL R

ﬁq‘

16

= B P
1 e
= 2 — T*

(iii)i-mrumbpéihh+om~doff '
& % pmud. to flm\l. x-23+22=5 Lo bt remd i.e.(-g)

4= (3x(%)-(3)

L r=a(2), aer
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10. Differentiation & Applications of differentiation

(Q1) [Cambridge/9709/2007]

The curve with equation y = e sin X has one stationary point for whichO < x < 7

(i) Find the x-coordinate of this point.

(ii) Determine whether this point is a maximum or a minimum point.

[4]

(i) ge"‘ﬁnx

T =~ @7 simet ¢ *wax = €7 wox-sinx)

%:O > Coox-Sihx =0

Sinx = X

tanx= |
Fv osxsT, x=%
X - wopiclinate of s+mhom~d [:4: o %.
(i) :%; = ‘Q'l(wox_- sinx) + e"‘(—-sihx—wax) = = 2¢%wax

Whon x= %, % = - 2e %} <O
‘ S‘faﬁovwn rf v A Max. ff

(Q2) [Cambridge/9709/2007]

ER'

The equation of a curve is y = 2x — tan.x, where X is in radians. Find the coordinates of the stationary
points of the curve for which —éﬂf <x<l

[5]

Ld‘: 2x-Tanx

- 2- se’x

setx= R
w)‘)ﬁ"g
me=_tj§
Fov ’E<x<%_ x:—%’%
Llw\ x=—7¢r 5=—'%+l ('%r,"%)
Whon x= %, y=%- (% %)

41
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(Q3) [Cambridge/9231/2007]

The positive variables x and y are related by

v= X242 In(xy).
2,

x2

dy d-y
Find the values of I; and d.—x when both x and y are equal to 1.

171

3=x‘+ ZIn(’LU) = x4 2 bt IhU)
%L—= 2x + Z(Lx.'*"i‘f-%)
R Nk j i)

When x=1, ' 1, %“; = 2+ Z(H%‘?},)
P--4

ax
%= 24 2[-1- o+ B1]

= g+z[-ns g
dy
a|11-=32..

(Q4) [Cambridge/9231/2006]

The variables x and y are such that

2 e ¥

3 dyy -

v+ (— ) =1+ 6.
dx

. o Y
Given that v = =1 when x' = |, find the value of —= when x = |,

'(js’r (%“i)}= x*+6
321’% +3(%)1°‘ L - 43
Whin x=1, y=-t, =i+ (%}3= (+6

2

o’ |

(51

4




(Q5) [Cambridge/9709/2009]

. . P L o
The equation of a curve is A~ — X~y -y’ = 3,

o s AW :
(i) Find qy o terms of v and v. 14]
dx

(ii) Find the equation of the tangent to the curve at the point (2, 1), giving your answer in the form
ax+by+c=0. (2]

(i) X - xa y’ 3
3x*- %— Zx.z 33 % =0
_ 3= Z
dx ~ l‘+3d"
e 3(2)*- 2(2(1)
) A+ (2,  Ghe FE-ZEO
& _L

EW\ of +a.3..& v -&(x 3

(Q6) [Cambridge/9709/2006]

: - = 3
The equation of a curve is X~ + 23" = 3xy.,

i dy y—x
() Show that — = ———, (4]
dv 2y’ —x
(ii) Find the coordinates of the point. other than the origin, where the curve has a tangent which is
parallel to the x-axis. ) [5]
(i) Xt 2p= 3md

3 ;% %= 3("%*}1)

& 4

s —x*
2

2” =
(ii) When -huﬂml w I roxio, % =0
D y=x*

B+ 2xb=30
2x3-2x*=0
2x3(1-xX)=0

Fis |
xx:l ”:] ('1')
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(Q7) [Cambridge/9709/2010]

The parametric equations of a curve are

9
X=1+1In(r-2), ‘\'=r+7, for7 > 2.

o v (P -9)r-2
(i) Show that 2= (#
dy I

(ii) Find the coordinates of the only point on the curve at which the gradient is equal to 0.

5
[3]

(i) )(=l+ln(+—z) ,(d=t+1{ ‘

3 _ 1
="t =

;‘ﬁ % (-t‘—‘i)t(f-zz

(i) Whan é&=o, (#-9)(t-2)=0
t29=0 ok t=2 (rjedkd - t>2)
t=3 (+>2)

coordineho (1,6)
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(Q8) [Cambridge/2003]

Sketch the curve with parametric equations

x=3t,y=2.
1

The point P on the curve has parameter 7 = 2. The normal at P meets the curve again at the point
0.

(i) Show that the normal at P has equation 2y =8x—45.

(ii) Find the value of ¢ at Q.
gy { x=3t
-3
-t

(i) P(C,%)
d
_o-é=3 } ;’- |
32 = = Fa
I
B B o
E normal ot P o
o U—%: 4(x-4)
23_3= - 48
Za= 8x-45
(i)  Subst. x=3t, -5 27]=8"'4‘5
&= 80044
b= 24t 95t
84'-Ist-2=0

(8t+)(t-2)=0
t=-§ o t=2 (ot P)

At @, t=-%.
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(Q9) [Cambridge/1998]

A spherical balloon is being inflated and at the instant when its radius is 3 m, its surface area is
increasing at the rate of 2 m?s™!. Find the rate of increase, at the same instant of,
(i) the radius, (ii) the volume.

4
[The formulae for the surface area and the volume of a sphere are A=477> and V =—7 .

(i) Swjfm Qrea, of srlwiwi balleon, A= 41r?

9(3% = 4m(2r %{-)

WLIM, r=3m,
2= 41 (2)3) G
dr I
at = lam ™S

(i) Vol. of sphwical ballam V=4%q3

%fji - 47r(3)1(715i)
- 3m3/s
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(Q10) [Cambridge/2006]
(a) Find the coordinates of the points on the curve

3x* +xy+y° =33
at which the tangent is parallel to the x-axis.

(b)

A hollow cone of semi-vertical angle 45° is held with its axis vertical and vertex
downwards (see diagram). At the beginning of an experiment, it is filled with

390 cm?® of liquid. The liquid runs out through a small hole at the vertex at a constant
rate of 2 cm® s™!. Find the rate at which the depth of the liquid is decreasing 3 minutes

after the start of the experiment.

(0\) 319‘!'3:9'{32: 33 d
PR vt x - éx+r§'5x+ Yt 2y o
dy ~6x-Y

~

]

- = —bxY _ o 5 -
TM%Y\AF//#\ X ~oxis =7 iy~ 2 Y= -6X .
3™t x (H6x) 4 (~6x)*=
r =1}

1, y=-6 j (1,~6) and #1,6) 4
xX= -1, 9:6 A

(t) V‘L!;‘“:" =31 (hyCh) = 3k )
j‘ gr“g: mh’ Dd‘*dv d{ _Tl;w_‘(’l):;-@

M b min, V=390- 2x3%x40 =30 - -

2

1013 T
30= %—ILS = h= (’r.'o)  Rak at which Hh depth wd
dh 2 = -0-0660 =0.0650 em .

ot T (94 T

[3]
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(Q11) [Cambridge/N75/11/5]

A cylinder of radius x is inscribed in a fixed sphere of internal radius R such that the
circumferences of the circular ends of the cylinder are in contact with the inner surface of the

sphere. Show that 4> =167°x" (R2 —-x° ), where 4 is the curved surface area of the cylinder.

Prove that, if x is made to vary, the maximum value of 4 is obtained when the height of the
cylinder is equal to its diameter.

1/\ X "@mm NUNGR '™ @
‘0‘ W +x= R — ®
O
A=aTx (2h)
= 4T xh
A= lpf2 2 h”

— “o‘rl X'J‘( R I oD Lo Q@
O Feentiate, . A %,
&Ps%% = (6T "R (2% — itx_)

Lor max A 3;' r
ax~4y’ =0 = x(1-2x=0
R=

R> .
F*=D 5 = ?’% C.N?O)

M( J“)(d%) = 16T (2 - L_L)
when = aﬁpoz OciKL <O 2 A is marat x© 3%
hl: R?\F—XL: _.af => h_:._.;% =%

 Pris moh when dicneter of oyl der (2x) 18 He Sartey
hui)l\{— of C«O\mJer (),
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(Q12) [Cambridge/J78/11/6]

An isosceles triangle ABC with AB = AC is inscribed in a fixed circle, centre O, whose radius
is 1 unit. Angle BOC =26, where 6 is acute. Express the area of the triangle ABC in terms
of @, and hence show that, as @ varies, the area is a maximum when the triangle is equilateral.

Aféa of A [/
A= 2(L)(1H()e.lme)
L}) (\)(l)(\sm 29)

ZTsn @ +Liemay

%—l%_ = (o8 T Fee52S

Alos & ”\)C6059+\)=O

CO@S' ;\ ©r o6& T
Cm.;e.u#e.o" aS 197{0

9=
& ’
HE’}L = 8119 — 28513 Lo q+®'=g

"B s MoK whan & =

\

X B0C=>F = XBOA =XBOC D XABL is equilven]
05 X Roc = AROA =ABOC
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11. Integration Techniques

(Q1) [Cambridge/9709/2007]

x—1

k
Find the exact value of the constant k for which J-

[4]

Lk : dx = | o

A4
'Lz [Inlll—!l]'k = |

L [ In 2kl = It ] =1

lan.k—i(=Z \

[2k4]= e*
2k-1= ¢*
k=% (1+¢") e

(Q2) [Cambridge/9709/2007]

Use integration by parts to show that

4
J. Inxdx=6In2 - 2.
2

¥ I de el Fl
¢ ¢ I alu:_g_ V=X
= [xlnx]l—L x5 dx T
4
= 4Jn4 - 22 - [x]z
= 8‘)12— 2Im2- 2
= é!nZ- Z
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(Q4)

(Q3)

2

[Cambridge/9794/Specimen Paper for 2010]

|
Find the value of e
0 X 2x—-3

[6]

[nl22-2(2-3] = In1-1]

)|

,—2_ [ In3- ’n3]

[Cambridge/2003 modified]
Use the substitution x =tan @ to find

(1+x%)
J =% x* o| . N
("R 4 -

| —Tan'®

( l++:‘9) (sec) O
1— Ton't
s’

J (m*g— Sin'ﬁ)ow

Junzeolﬂ

ﬁs)nw + C

>
e

—'2.'( 2sinBuwnb) + €

]
Sind w0 t+ C
X [ "
Jipd T t

X
1420 +C
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(Q5) [Cambridge/1997]

Use the substitution y = x° to find the value of

2 xz
o
Ol+x
N . . -2’
fo b dn i XA"
0 i I
=ﬂ [
0 '*Ej‘ AU Whan x=0, Y= 0
e dl : o o
5 [ ey,
i x* ks dx
.} (+an"(8) - m-'(w) y dy
g
= 3 tac(9) i
= 0482
(Q6) [Cambridge/9233/2004]
. . 3 9x° . .
Use partial fractions to evaluate I , W() dx, giving your answer 1n an exact
x=1)(x+2
form. 8]
9x’ A B C

Let 5 = + >+

(x—l) (x+2) x—1 (x—l) x+2
9x? = A(x—1)(x+2)+B(x+2)+C(x~1)’
Putx=1,3B=9=B=3
Putx=-2,9C=36=>C=4
Compare coefficients of X°, A+C=9= A=5

J‘3 9)C2 dx— 3 5 i 3 n 4
2 2 _2 2
(x—l) (x+2) x-1 (x—l) x+2

:{SIn(x—l)—i+4ln(x+2)T

x—1 5

:(51n2—%+41n5)—(51n1—3+4ln4)

=1n32+ln625—1n256+%

(32)(25) 3
256 2
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(Q7) [Cambridge/9233/2004]

3
Use the substitution ¢ =/(x+1) to find the exact value of IO X (x+1)dx.

[4]

dt 1 1
t=\/x+1:>—:
20x+1
x=0,t:\ﬁ=l

x=3,t=\/2=2
I:x«/erl dXZJ‘lz(l‘z —l)t%.dl‘

= [7(2 -1)e(2r)de = [ (2 -2t
3 2
11 11
_|2 20 :(uf—slj (E_ZJ _,11 116
5 3] 5 3 5 3 15 15
(Q8) [Cambridge/9233/2004]
Write down constants 4 and B such that, for all values of x,

6x+16=A12x+4)+B.

Hence find the exact value of I ﬂ
X +4x+13
6x+16=3(2x+4)+4=A=3 and B=4

J~1 6x+16 J-132x+4 +4 _3J-1 2x+4 dx+4jl 1
*2x2+4x+13 -2 x+2 - ’2(x+2)2+9 (

:3[ln {(x+2)2 +9H1_2 +4Btan‘l (x;:zﬂ;
:3[ln18—ln9]+4[%(%j—0} =31n2+%

(Q9) [Cambridge/9233/2005]
(i) State the derivative of sin(xz) .

(ii) Find Ix3 cos(x2 ) dx .

@) %sin(xz):bccos(xz)
(ii) IxS cos(xz) dx=J-(%x2J2xcos(x2) dx
=%x2 sin(xz)—jxsin(xz) dx

=%x2 sin(x2)+%cos(x2)+C

2 x+2)2+32

[1]

[6]

[1]
[3]
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(Q10) [Cambridge/N78/1/20]

Find %(tan" (x2 )) and hence , or otherwise, find _[ xtan™ (xz)dx )

ol ()

S 2
:%tan l(xz)—jx?(l:;jdx

2 - 1 4 3
:%tan 1(x2)—zfl+xx4 dx

2

X ) 1 4
=—tan (x" |——In(1+x")+C
S tan™! (x7) = In(l+x)
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12. Definite Integrals, Area and Volume

[Cambridge/H2 Maths 2007]

QD)

5
s
(i) Find the exact value of J-3 sin”xdx. Hence find the exact value of r cos“xdx
0

(6]
(ii) The region R is bounded by the curve y e

sin x, the line x = %n and the part of the x-axis
between 0 and %n‘. Find

(a) the exact area of R,

[5]
(b) the numerical value of the volume of revolution formed when R is rotated completely about
the x-axis, giving your answer correct to 3 decimal places [2]
S
: I
(i) J.f-n sin'x dx = ‘z'fo_j(l-won)olx
= J‘[l- siant]%r'
2 Jo
= I ot . [lom e
Z[ 3= 2% 3} Sm(‘;‘) = sm(-f)
= 5675 + J.g_ =- sin%
I ¥
fo too™x dx = j; (I- sin'x) dx
1.4 1.4
= [1]03 - J;J Sinx dx
- B st 3
A [ 6 *‘s‘]
- X0
L
(“) BA
(a) Area of R 2 o cx
f X sinx alx %*21—— V==tnx
= [ ]} +f *2x o dx
5 i —» X
R

i

Z{ [X.sinl]: - fol Sinx dbx }
21 %~ Lon? |

M-2 wik®

(L) Volm.m = I ff (x.zsinx)lolx.

5391 wnds®

usi»ﬁ GC.
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(Q2) [Cambridge/H1 Maths 2007]

(i) Sketch, for x > 0, the graphs of y =

5 and y=10- x? on the same axes. [2]

X+

(ii) The graphs intersect on the y-axis. Find, correct to 3 decimal places, the x-coordinate of the point
of intersection for which x > 0. (1]

(iii) Find J‘%dxand J(lO—.rz)dx. (3]

(iv) Use your answers to parts (ii) and (iii) to find the area of the region, in the first quadrant, between
the two graphs. (2]

>N
0 Jio
Noty: x20
‘a=|o-x’

(ii) lismﬂ GC, x-coordinady of pt of intwsccham fiv x>0 is 231662 =237

(341,)

(iii) f% = 20ln]xt+2] + €,

3
f(lo—x‘)dx= [0x - % t+ C2

(iv) R..(Bw»ui orea f02.3lééz ((Io-x’)— %2‘] dx

3 2-31662
[ 10x - 53' - QDIHM.II]

I\

0

[fO('Q.ZléLz)— '_‘3“'(2.3[642)‘— QOL\(4-.31642):{ +20ln 2

= 364 wuk®
(Q3) [Cambridge/2006]
Given that z=———_ show that % S [3]
(x*+32) (x*+32)
Find the exact value of the area of the region bounded by the curve y = ;3 ,
(x*+32)

the x-axis and the linesx=2 and x = 7.

[3]
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X :>d—z = /12”1)&‘x[{)[f%%l)si(z;c)

z- (IJ-HJ)J; dx X243
(3 [ 232 ~x2*7 32
2>t 32 (121‘31)3/1&,\
(shasr)
1 Are +
o0 =
_ f) (2 +5L) dx
BR G
7 [ eoor 1
- //] . [ 3 9 N
*d alw-7] 0k

(Q4) [Cambridge/1984]

The region R is bounded by the curves of y = x> and y =2 - x”. Calculate

(a) the area of R.
(b) the volume of'the solid generated when R is rotated through 7 radians about the y-axis.

To fndd pt of irecsachion,

2

X :::_2.“‘}<1s> ?gl: [ =P X = tl

e
PN a\j (2" (% el

=~ %J 22K Ix

- o
4 L 2 Jo
3 Um«Ld

Volume of sotid = TS ?&OQJ + 175 X2 o
=0 fogcj\j + 775[ (l“j)dj
=0la]) e (y-¥g,

- 1
i R CE TR RUE I
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(Q5) [Cambridge/9709/2010]

0 4-x= 3%

Q- x° =

xt-9¢+8=0 2
xa.%x'bwerw%o&&-th g X -93+8=0

(¥)- 9+ 8=0

(-1)(-8)=0
xszl OR )c’=8
x=| x=2
S.oael, b=2
(i) wl e I i %rh‘
[ (42 - ) e =k 5 B-%
= [ ?*x*] At x=c 3% o 38
| 2 c* -3c
= [18-4+1)- [9-%+4] 6
= i MZ C - 8
" C=Iz
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13. Differential Equati()ns

(Q1) [Cambridge]

In a chemical reaction a compound X is formed from a compound ¥. The masses in grams of X and
Y present at time f seconds after the start of the reaction are x and v respectively. The sum of the
two masses is equal to 100 grams throughout the reaction. At any time, the rate of formation of X is

. . . dx
proportional to the mass of ¥ at that time. When r =0, x = 5 and T 1.9.

(i) Show that x satisfies the differential equation

dx

— =0.02(100 - x). 2

dr (100-x) 2]
(ii} Solve this differential equation, obtaining an expression for x in terms of 7. [6]
(iii} State what happens to the value of x as f becomes very large. [1]

(i) xty= 100
%t""d > %=kv=k(loo~x)
Whin t=0, x=5, 2=,

1.9 = k(loo-5)
k=002

%: 0-02(100-x)

(i) J ,O(I,_x dx =[o-oz dt

“lnlloo—x| = 0-02t+C
Inliov-x| = ~0.02¢t-c
IIGD—)LI = @00t o-C

i Q—C_ e—0~02t

= ACOt e Aste

X = ,aD B Ae~0~02t

oo - x

Whan t=0, x=5
E= |on-A
=2 A= 95

x= |op- 95 %%t

(iii)  As t>00, €% 5 0

X - |oo.
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(Q2) [Cambridge/H2 Maths 2007]

The current / in an electric circuit at time 7 satisfies the differential equation

dl
4— =2-3I.
dr

Find 7 in terms of ¢, given that / =2 when 7 = 0.

State what happens to the current in this circuit for large values of z.

(6]

(1]

4‘§= D-31

[Ghdr =] dt
4(5) lnlz-31] = t+C'
In| 2-311 = -t + C
|2-31 = p¥t. ¢°
2.3 = tef. g%t
= Ae'%" whee A=teC
I=35(2-Ac#)
Who t=0, I=2,
2=3(2-)
A=~4
I= '3(2+4g'%t)
= %(H 20,’3“)

3
As t- 0, I-’% sime €%t 0.

60




(ii)

(Q3) [Cambridge/9709/2004]

A rectangular reservoir has a horizontal base of area 1000 m-. At time 7 = 0, it is empty and water
. . . 3
begins to flow into' it at a constant rate of 30 m’

s™!. At the same time, water begins to flow out at a
z : : . dh
rate proportional to v/i, where /ym is the depth of the water at time 7s. When /7 = 1, — = 0,02,

(i) Show that /i satisfies the differential equation
di
— =0.01(3 - V7).
dr (
It is given that. after making the substitution x = 3 — /21, the equation in part (i) becomes

(x— 3)£ = 0.005x.
dr

(ii) Using the fact that x = 3 when 7 = 0, solve this differenrial equation. obtaining an expression for
I in terms of x,

(5]
(iii) Find the time at which the depth of water reaches 4 m. (2]
(i) Volume § resvoir , V = loooh
dv
ot = l000 —0

dv dV'; v,
Alo, G5 = - et

o op-kk— @

looo“u‘ =30-klh
>

0-® :

= 0-03—%5‘

Who ko1, R=o02
. 0-02= 003~ om0 > k= 10
%= 0-03-0-0lJk

= 0.01(3-IR)
x=3-[h . 0-005t= )(—3,n|l‘-3+3|n3
B Lt = (c-3) +3hn| ]
%___-Zm% += 200[ x-3 +3M[l]
Z,(x-3)$‘:§= O-OI(X.) (iii) When k=4-m,
(x—s)%= 0-005x 123;-]1
J 52 de= [ o005 dt t= Roo[ 1-3+3ln3]
’°; A = 200( 3In3-2)
J I-% d1=fo-oos t - 2595
x-3ln|x] = 0005t tC
Whe t=0, x=3,
3-3lh3=0¢
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(Q4) [Cambridge/9709/2009]

An underground storage tank is being filled with liquid as shown in lhe diagram. Initally the tank is
empty. At time f howrs after filling begins. the volume of liquid is 7 m” and the depth of liquad is /1 m.
It is given that I = J‘Il

. . s ‘ 3 . ’ . .
The liquid is poured in at a rate of 20m” per hour, but owing to leakage. liquid is lost at a rate

d/
proportional to . When /) = 1. a’ = 4,95,

(i) Show that /1 satisfies the differential equation

dh 5 1
il B
200° 2000
ii) Verify ———— - e
(ii) Verify that 100 — 72 20 + T0-Ma0+7 [1]
(iii) Hence solve the differential equation in part (i). obtaining an expression for ¢ in terms of /1. [5)
M V=48 dh & _
2 dh at= m
at = 4h e . lw-h*
2 dh 20h*
20 - kh*= 4h aF 20h*
dh 20 Kk f lon-A*ﬂUt fdt
e dt
. 'f\' k f =20+ g4y [
Cllr 3
Whn he=l, % qge f—20+ w5t <o ok = [ 4t
49¢= 5- :k; =20h = looIn] 10-h] 1o nlioth| = t +C
k-5 ~ 20k + 100 In| 2| = tHc
% -5 Whon +-0, k=0,
(i) —20h’_ _€m(100-k) + 2000 e+ 9
fov ~A* loo-h* ; I ,lo+L
B 2000 8% -t’ ’0'0 "l jo-h
T TR0+ (l0-h)(ioth)
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14. Complex Numbers

(Q1) [Cambridge/9794/Specimen Paper for 2010] (do not attempt (ii), out of syllabus)

(i) Determine the roots p and g of the equation x* — 6.x + 13 = 0. If p is the root whose argument is
an acute angle, find an equation whose roots are ip and —igq.
(i)

[5]
X-bxt13 =
o bt
o
= bt4i
2
Suu.,

:s‘*b.hm‘t wLox,wvgmuiW
P 3%& 06‘3 Ri
< %wb%mm,f,&:%:s

( x-i(3+2i))(x-i)(3-2i)) =0

(x+2-3i)(x+243i) =0

(x+2)*- (3)* =0
X+ 4xt13 =0

(Q2) [Cambridge/H2 Maths 2007]

The complex number w is such that ww™ + 2w = 3 + 4i, where w™ is the complex conjugate of v
Find w in the form a + ib, where a and b are real (4]
Jb w=atba larba)(a-La)+alo+bi) =34 44
@Mbﬁ 2) + 2bA2 3¢ 4 A
2b= 2 b=
o 44 t20=38

ok2441=0

Ca “ I)k:O

WS — )t 2a

— a=—
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(Q3) [Cambridge]
(b) Given that
arg(a-+ib) = 8,
- wherea > 0, b > 0, find, in terms of 8 and 7T, the value of

() arg(~a + ib),

(11
(i) arg(—a — ib), Y
(i) arg(b + ia). f1l
I-A

(b)a)

G) o7 (~a+AoD="T—- @

et A0 |90 _y(ab) 1) g (a—db) = ~T4E
) r8 5 g
el |/ Re (hid orgCotic) =T - &
(~a,.b) -(n~0)=-7+8

(Q4) [Cambridge/2004]

The use of calculator is not allowed in this question.
Express (3—i)” in the form a+ib. [1]

Hence or otherwise find the roots of the equation (z+i)> =-8+6i. [3]
(3-i) =9—6i+i’ =8—6i

(z+i) =-8+6i=—(8-6i) =i i)=i’(3-i

:>(z+i)2= 0
= (z+i) —(Gi+1) =0 <=
= (z+i+3i+1)(z+i-3i-1)=0
:>(Z+1+4i)(z—1—2i)=0

=z=—1-41or1+2i

Y]
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(Q5) [Cambridge/9709/2009]

The complex number -2 + i is denoted by u.

- s 3 s . 3 . ~ .
(1) Given that i is a root of the equation x” — 11y = & = 0, where K is real, find the value of &.

(ii) Write down the other complex root of this equation.
(i) Find the modulus and argument of .
(i) Sime -2+ is a rot,
(-2+if - 11 (-2+i)- k=0
~2+Ili + 22-1li =k=0
k=20
() The olor complax ot is He coggede of 2H, ie =2
Gi) |ul=Jarv =I5 I
arg(w= - tau(%)
= 248 red

[3]
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