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2
Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax® +bx+c =0,

_ —b++/b?-4ac

2a

X
Binomial expansion

n_ AN n n-1, n n-2p 2 n N—rr n
(a+b)"=a"+ 1 a b+ ) a" b +..+ ) a”'b +..+b",

n ! _ _
where n is a positive integer and __nt  _nm-n.(n-r+)
r) ri(n-r)! ri

2. TRIGONOMETRY

Identities
sin® A+cos? A=1
sec? A=1+tan? A
cosec’A=1+cot* A

sin(A+ B) =sin AcosB + cos Asin B
cos(A+ B) =cos Acos B Fsin Asin B
tan(A+ B) = tan At+tanB

1¥tan Atan B
sin2A=2sin Acos A
cos2A =cos® A—sin® A=2cos* A—1=1-2sin* A

tan2A = ﬂ
1-tan® A
Formulae for AABC
a b C

sinA:sinB :sinC
a?=b?+c®-2bccos A

A= 1bcsin A
2
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1 A trapezium of area (12ﬁ +1)cm2 has parallel sides of length (Zﬁ —1)cm and

(ﬁ+6)cm . Without using a calculator, obtain an expression for the height, h, of the

trapezium in the form a7 +b, where a and b are integers. [4]
Solution:
%(2\/7—1+\/7+6)h=12\/7+1 (M1]
(347 +5)h =247 +2
24:J7 +2
h=—F——
3J7+5
247 +2 3J7-5 [M1] — rationalize denoiminator

= X
W7+5 3J7-5

_ 504 ~1207 +6+/7 -10 [M1] — correct expansion

63-25
| 494-1147
38
—13-37 [A1]
., 1
2  Integrate sin“ x+— with respect to x. [3]
X
Solution:
J.sin2x+E dx:J'—l_COSZXJr1 dx (M1]
X 2 X
:1[ _sin2xj+|nx+c [A1] - Integrate 1-cos2x
2
: 1
:%x—s'n4zx+lnx+c [A1] - Integrate ”

—1 mark if c is not written
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3 Solve the simultaneous equations.

21 4+ 5Y =89
21 gy 1l=11
Solution:
5Y =892 —— (1)
2t 5yt =11 - (2)

Sub (1) into (2):

Xt gl (89 — 2**1) ~11
2 89 2x2" _

2 5 5
d x4

11

10 5
2" =32
Xx=5

Sub x=5 into (1),
5Y =89 -2°
=25
y=2

Crescent Girls’ School

[M1]

[M1]

[Al]

[Al]

[4]
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4  Express w in partial fractions. [5]
(x=2)(x"—-4)

Solution:

7x°—23x+6 _ 7x*—23x+6

(X=2)(x*=4)  (x=2)*(x+2) [B1] — Factorise denominator

completely
7X°-23x+6 A B C

(X—Z)Z(X+2)_X—2+(x—2)2+x+2 [B1]

7x% —23x+6 = A(X—2)(X+2) + B(x+2) + C(x—2)?

Letx=2, -12=4B
B=-3

Letx=-2, 80=16C

- [M2] — solve for A, B, C using
C=5

substitution or comparing
coefficients. 2 marks if all correct,

Letx=0, 6=-4A-6+20 )
1 mark if 2 correct.

A=2

IxX*-23x+6 _ 2 3 5
(x=2)%(x+2) x-2 (x=2)> x+2

[Al]
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5  The gradient function of a curve is th p . Itisgiven that the gradient of the

(1-2x)?
curve at the point (1, -3) is 7.
(@)  Find the value of p. [2]
Solution:
4 s+p=7 [Mi]
1-2)
p=3 [Al]
(b)  Find the coordinates of the point where the curve meets the y-axis. [4]
Solution:
= +3dx
y I (1-2x)?
_ -1
4(1-2x) +3X+C [M1]
D(-2)
= +3x+¢C
1-2x
Sub (1, -3) into y,
-3= 2 +3+¢C [M1]
c=—4
y= 2 +3x—-4
1-2x [M1]

Since the curve meets the y-axis, x = 0.
y=-2.

The coordinates are (0, —2). [A1]
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3n-2
6 (i) Express log, "416” in the form an-+b, where a and b are integers. [3]
Solution:
282 1 o6n-4Y  [M1]
lo ==log,| ——
9, 16" 2 92( o )
=%Iogz (22n74) [M1]
Al
_n_2 [Al]
(ii) Solve the equation Iogz(x+4):log4(7x+4)+%. [4]

Solution:

log,(x+4) = Iog4(7x+4)+%

log,(7x+4) 1
log, (x +4) :IzogTJrE [M1] — change of base
mgﬂx+4)25§h%¥ifl+%

2log,(x+4) =log,(7x+4)+1
log, (x+4)* —log, (7x+4) =1

7X+4
[CED
7X+4 [M1] — change to logarithmic form
X2 +8x+16=14x+8
x> —6x+8=0
(x—=2)(x—4)=0
X=2 or 4

(x+4)* . .
log, =1 [M1] — application of quotient law

[A1] — both answers are correct
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7 A container is in the shape of an inverted right circular cone where its base radius is
equal to its height. Alcohol in the container evaporates at a constant rate of 10 cm?/s.

The volume of alcohol, V, in the container is %nx3 when the height of the alcohol is

Xxcm.

(i) Calculate the rate of change of the height of alcohol when the height of alcohol

is 5 cm, leaving your answer in exact form. [3]
Solution:
V= l7ZX3
3

v _ [M1]

dx

v _dv dx

dt  dx dt

[M1]

10= X &
dt
When x =5 cm,
dx
~10=7(5)*x—
(5) "

dx 2
—=——cm/s
dt 5z

The rate of change of the height of alcohol is —51 cm/s. [AL]
7T
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(ii) Calculate the rate of change of the exposed surface area of the alcohol when the
depth of alcohol is 5 cm.

Solution:
A= rx?
dA_2
d—X— X [Ml]
dA_dA_d
dt dx dt
2
= 27X % (——j [M1]
57
4
=——X
5
When x =5 cm,
dA 4
o_1(5
dt 5( )
=-4cm?/s

The rate of change of exposed surface area of the alcohol is —4 cm?/s.. [A1]

Crescent Girls’ School [Turn Over



10
8  The vertical displacement of the waves, y m, at a port can be modelled by the equation

y =-3coskt +8.5, where k is a constant and t is the number of hours after midnight.

The time between two consecutive high tides is 6 hours.

(i)  Show that the value of k is % [1]
Solution:
2w _o Bl
k
k="
3
(ii) Sketch the graph of y= —3C08%t +8.5 for 0<t<24. [3]
Solution:
11.5

8.5

5.5

[B1] — Shape

[B1] — Correct period and 4 cycles
[B1] — Correct max/min points

* axis of graph must be indicated
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(iii) If a ship can only enter the port safely when the vertical displacement of the

waves is at least 7 m, find the total length of time in hours in a day when the
ship can enter the port.

Solution:

—3005%t+8.5=7

coszt =05 [M1]
Py [M1]
a=—
3
Ty E T
3 33
t=15 [M1]

Total length of time = 4(5 - 1)
=16 hours  [Al]
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9 A piece of wire of length 460 cm is bent to form a figure consisting of a trapezium
BCDF and a quadrant DEF where angle BCD =45° and DE =x cm.

B F
1
I
I
I
I
45° !
C D xcm E
(i)  Show that the area of the figure is given by A = 230x — */52” X2, [5]
Solution:
Let the length of BF be y cm.
B F
1
I I
I I
I I
I I
o | |
)45 | |
C G D xcm E
CG=BG=DF=DE=xcm [B1]
sin45° = —
BC =+/2x [B1]
ﬁx+y+%(2nx)+x+y+x:460
2y+x/§x+%x+2x:460
M1
y:230—£x—£x—x (M1]
2 4
_1 2 '\/E T 1 2
A—EX +(230—7X—ZX—XJX+Z7TX [Ml]
:%x2+230x—£x2—x
_ 230x— 2% *F X
2
\/§+1 2
=230x— 5 X (shown) [Al]
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(ii)
Solution:
A= 230X — fz;lx?
dA
5 =280 (V2 +1)x (M1]

For stationary value of A, Z—A =0.

X
230—(J§+1)x=o

230
- [M1]
" J2+1
B 230 | ~2+1( 230 Y’
A_ZBO(«@HJ_ 2 Ex@ﬂ]
[Al]

=11000 (3sf)
2
37'26‘ = —(\/5+1) <0
2

Since (;—'ZA‘ <0, Ais a maximum value. [A1]
X

Crescent Girls’ School

Given that x can vary, find the stationary value of A and determine its nature.

[4]
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10 (a) Adolphinjumps out of the water during a dolphin show. The height, y m, of the

dolphin is given by y=-4.5t*+9t, where t is the time in seconds after the
dolphin jumps out of the water.

(i) Express y=-45t2+9t inthe form y=a(t—h)?+k. [2]
Solution:
y =—4.5t% + ot
=—4.5(t% + 2t)
=-4.5(t* + 2t +1-1) [M1]
=—45(t-1)°+45 [A1]

(i)  How long did it take the dolphin to reach the maximum height and what
Is the maximum height?

Solution:
Time taken to reach maximum height = 1 seconds [B1]
Maximum height = 4.5 m [B1]

(iif)  Find the range of values of t where the height of the dolphin is at least
3.375m.

Solution:
—4.5t% +9t > 3.375
4.5t -9t +3.375<0
At? -8t +3<0
(2t-3)(2t-1) <0 [M1]
1 1
E <t< 15 [A1]
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(b)  The function f is defined by f(x) =2x%+ax—3, where a is a constant. f (x)
has a remainder of —2p when divided by x+1 and a remainder of 3p+7

when divided by x—2. Find the value of a and of p.

Solution:
f(-)=-2p
2(-1)*+a(-1)-3=-2p
a=2p-5 -(1)

f(2)=3p+7
2(2)°+a(2)-3=3p+7
2a=3p-6 --—-(2)
Sub (1) into (2):
2(2p-5)=3p-6
p=4

Sub p=4 into(1), a=3.

Crescent Girls’ School
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[Al]

[4]
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11
D E F
In the figure above, DEF is a tangent to the circle at D. The line EA bisects
angle DAB and intersects the circle at C.
(i)  Prove that angle CDB =angle CDE . [3]
Solution:
Z/CDB = ZCAB (angles in the same segment) [B1]
= /DAC (FA bisects ZDAB) [B1]
= /CDE (alt. segment theorem) [B1]
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(ii) Provethat ADxDE = AExCD. [3]

Solution:
/DEC = ZAED (common angle) [B1]
ZCDE = /DAE (alt segment theorem) [B1]
ADCE is similar to AADE .
AD AE
CD DE
AD x DE = AE xCD (proven)

[M1]

(iii) Provethat BC=CD. [2]

Solution:
/CDB = ZCDE (from (i))

= /CBD (alt segment theorem)
ABCD is isosceles. .
[B1]

[B1]

BC =CD (proven)

Crescent Girls’ School
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12 (@) Provethat sin®xsec?x+sinx=tan xsecx. [4]

Solution:
sin® xsec? x +sin x = sin x(sin? xsec? x +1) [M1]

=sin x(tan® x +1) [M1]
= sin x(sec? X) [M1]
=sin x[ij (secx)
COS X
= tan xsec x (proven) [Al]
(b)  Find all the values of x between 0 and 5 for which 2cos® x—6sinxcosx=1.  [5]

Solution:

2c0s® X —6sin xcosx =1

cos2x+1-3sin2x =1 [M1] — application of double
C0S 2X = 3sin 2X angle (either one)
tan2x = % [M1]
a =0.32175 [M1]

Since tan 2x is positive, 2x lies in the 1% or 3" quadrant.

2x =0.32175, 7+0.32175, 27 +0.32175, 37 +0.32175
=0.32175, 3.4633, 6.6049, 9.7465
x =0.161, 1.73, 3.30, 4.87 [A2]

— 1m for 3 correct answers
— 2m for 4 correct answers
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13 ABCD is a trapezium such that the coordinates of A and C are (6, 1) and (-5, 4)
respectively. Angle ADC and angle BCD are right angles and the gradient of AB is

_4
3 y
B
C (-5, 4)
A (6, 1)
» X
\W
D

()  Show that the coordinates of B are (0, 9). [2]
Solution:

y-1_ _ﬂ [M1]

0-6 3

y=9
B (0,9) [Al]
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(i) Show that the coordinates of D are (2, -3).

Solution:
9-4
0—(-5)

_1 - [M1]
M =-1

Meg =

Equation of CD:
y—4=-1(x+5)

y=-x-1 =@ M1

My =1
Equation of AD:
y—-1=1(x—6)

y=x-5 Q@

=03
—Xx-1=x-5 [M1]

X=2

Sub x=2 into (1),
y=-3
D (2 -3) [A1]

(ili) Find the area of triangle ABD.

Solution:
areaofAABC—10 260
209 319 [M1]
=%[(2+54)—(18—18)]
_ o2
= 28 units [A1]

Crescent Girls’ School
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(iv) Find angle ABC. [3]

Solution:

C(-5,4)

A (6, 1)

v
>

Ny

ZEBA=90°—tan™ (gj [M1]

=36.870°

ZCBE =90°—tan" (1) (M1]

=45°
ZABC =45°+36.870°

—81.9° (1dp) [Al]
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Alternative Solution:

C (-5, 4) E

Ny

D

A (6, 1)

v
>

ZBCE =tan"*(1)

_ 450 [M1]

/BEC = tanl[%j [M1]

=53.130°

ZABC =180°-45°-53.130° (sum of angles in a triangle) AL
=81.9° (1dp) ]

END OF PAPER
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