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RAFFLES INSTITUTION
H2 Mathematics 9758 :
2020 Year 6 Term 3 Revision 1 (Summary and Tutorial)

Topic(s): System of Linear Equations, Inequalities

Summary for System of Linear Equations

This topic involves

1. Understand the given question

o

P)

Recap on the use of GC:

Consider the following equations:

X+y-2z=9
2x-3y+z==2
X+3y+z=2

x=2,y9=1z==3.

Formulate the equations

Use of GC to solve the equations

(=]

1. Press (E and select PlySmit2.

Select 2: Simultaneous Eqn Solver.

NORMAL FLORT AUTO RLAL DEGRLL nF
T2 APP

1:POLYNOMIAL ROOT FINDER
PBS IMULTANEOUS EQN SOLVER

PLYSHL

W

. Adjust the settings as depicted on the screen to solve
3 equations with 3 unknowns.

4. Select NEXT by pressing the s button.

e )
SCI ENG
0123456789

RADIAN
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Enter the coefficients into the equations.

5.
6. Press s to SOLVE the system of equations.
7. Read off the answers.

Hence x=2,y=1,z=-3.

(MAINTHOOE I SYSH |
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Summary for Inequalities

The following basic concepts are useful in solving inequalities.
P e B

l. a>band ¢c>0 = ac> pe. 2 a>b and c<0 = ac<be.

a
3 ;>0 < ab>0, 4. %<0 & ab<0.

Note:

The inequality sign remains unchanged if a positive constant is multiplied or divi ded
10 both sides of an inequality.

The inequality sign is reversed if a negative constant is multiplied or divided to both
sides of an inequality.

General Steps when solving a given inequality in rational form.

Step | Description

-5x
<2-x.
EXampk e
0 Are exact answers required? If not, just use GC
to solve. .
1 check for values of x which will make the 1
expression(s) undefined 2erle 0= .

*2 bring all terms to LHS or RHS and simplifyso | 8§—5x

that we get % >0, % < 0 or similar form. eLik

1
p— P
<2-x,x >

(x—l)(x—3)$0
2x+1

3 Applying properties 3 or 4, 1
multiply the square of the denominator to (x=1)(x=3) @x1) <0, x = 2
maintain the inequality sign.

4 Solve the inequality taking into account the 1
values found in step 1 X< =5 or 1<x<3

(If time permits, check answers using GC)

* Note that sometimes, we may have a case where the numerator (or denominator) is always
positive (or negative).
2 2
Example, m <0 where 4x* — 5x + 3= 4(,\-—2) +22 is always positive, the
(x=2)(x+1) 8) 16

inequality reduces to (x—=2)(x+1)<0, x#2,-1.

Page3of 7




RAFFLES INSTITUTION
H2 Mathematics 9758
2020 Year 6 Term 3 Revision 2 (Summary and Tutorial)

Topic(s): Vectors 1 (Vector Algebra, Ratio Theorem, Scalar and Vector Product)

Summary for Vectors 1
Vector Algebra

With reference to an origin-Q(0, 0, 0), given points A(a;,a,,a,) and B(b,,b,,b,), we have the
a b,
corresponding (position vectors) expressed in column form a = a, and b=| b, |.
a, b,
a, by a, b
atb=|a, || b, |=| @b, | and

a; ) \b a,xb;
q ka,
ka=k| a, |=| ka, | with ka real number.
a; ka,

The magnitude (or modulus) of a vector, |a|, is the non-negative number

al
a]=]a | = Ja} +a, +a;’ . This value is equal to the distance from O to A.
dy

We say that a is parallel to b, denoted by a /b, i
b is a (non-zero) scalar multiple of a.

If A>0,then Aa and a are in the same direction.
If A<0,then Aa and a are in opposite directions.

Points A and B have position vectors a and b respectiv
for some A R\{0}. We then say that the points'@, A'and B are collinear.

fand only if b= Aa for some AeR\{0}, that is,

ely, relative to the origin O, such that b= 4a




] 'I":l‘ :'l

1 A
a is obtained by scaling a by H, thus a —Ha'
1 = 2
The vectors | 5 and | -4 | gre Parallel since | —4 | s 4 scalar multiple of | 2 | (k=—2) but are
5 4 4 -2
in opposite directions since k <0. The points (

-2,-4,4), (0,0,0) and (1,2,-2) are also said to be
1

collinear, The Magnitude of | 2 is ,’lz +2? +(-2)*

! 1

=3 50 the unit vector in the direction of
-2

Let a angd p be non-zerg and non-
If Aa= b for some A, HER, then A=pu=0,
If Ga+ fib =53 4 for some a,.B.s.teR

s then ¢ =g, B=1
: Note the importance of non-paralle] vectors when comparing coefficients,
' 1 2

Suppose a=| ¢ and b=|{ 0 | thep 6a+2b=4a+3p however we cannot “compare coefficients”
0 0

Parallel vectors:

of vectors a and b (note that a is parallel to b) as 6+ 4 and 23,
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Ratio Theorem £ A2 P
Consider a triangle OAB with O4=a and OB=b. 4
So a and b are non-zero and non-parallel vectors.
Let P be a point which divides AB in theratio Z: 4, a2 B
ie. AL_2 ¢ 5P = p, then p=“’*’"’ (MF26) -
PB u A+ p
o

Note that the Ratio Theorem is an immediate consequence of the addition of vectors.

Z 4 (b-a), rearranging we have p = #; b Sometimes, it is easier to use
vt H -

(b—a) like the following example.

From diagram, p—a =

A
A+ p

p-a=

Points A, B and P have position vectors a, b and p respectively, relative to the origin 0. Given

2 2
that a=|2 | and b= 6 |, find p if P lies on AB produced such that AB 2
; i AP 5

b-a

. We cannot divide

W

=

Solution: Fasier to find directly, p—a =§(b —a) [DONOT WRITE

vectors]
2 2-2
5
pP= 2 +5 -2 |= 12
5 -3-5 -15
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Scalar (Dot) Product

Points 4 and B have position vectors a and b respectively, relative to the origin 0.
a-b= |a||b|cos® where 8 = 2408,

ab
: allb
vectors a and bare in the same direction then a-b = [a[b], largest possible value.
If vectors a and bare in the opposite direction then a-b =a||b|, smallest possible value.

;rwo non-zero V?ctors a and b are perpendicular, denoted by a L b, if and only if a-b=0.
n particular, i-j=j-k=k-i=0 as i, j and k are mutually perpendicular.

Rc-arranging, cosf =

a, b a (b
Ifa=|qa,|and b=|b, |, then a-b= a, || b, |=ab +ab, +ab;.
a, b3 a bl

Find the cosine of the angle between the vectors a = 2i—3j+2kand b=i+2j-k and determine iff
the angle is acute or obtuse.

(2i-3j+2k)-(i+2j-k)
23+ 2P+ 24 (1)}

cosg =2 0= 2 LB (iGN
317:/6 17
@ is an obtuse angle

Solution cosf =

Properties of Scalar Product
(i) a-b=b-a
(i) a-(bxc)=(a-b)t(a-c)
(iiiy  Aa-b)=(4a)-b=a:(ib)
a-a=|af ©|a ~a-a note the relationship between the scalar product and the

) modulus

Given that [a|=2,[b|=3,a-b=-1,

(i)  (a=b)-(2a+b) (i)  (2a—b)-(2a+b)
=2a-a+a-b-2b-a-b-b =4a-a+2a-b-2b-a-b-b
S ~ daf -
=2(2%)-(-1)-3* =4(2%)-3
:0 =7

(iii) |a~2b|=/(a-2b)-(a~2b) =s/a-a—2a'b-—2b-a+'4b-b.=:,ﬂa|z —4a-b+d]bf =..=2V11




Revision 2_Vectors 1 (Vector Algebra, Scalar and Vector Product)_Summary and Tutorial,docx

— =0

Applications of Scalar Product

Points 4 and B have position vectors a and b respectively, relative to the origin 0.
Given that P is the point on the line OB such that AP L OB, it can be shown that

b)b S,

— a- AN A Voo
op=|22 2 (L 8Yh o i

[|b| }Ibl (22) 0 £ &

4

P is the foot of perpendicular from A to the line OB and P is also the point on the line OB nearest
toA.

Thus, the length of projection of vector a onto vector b is given by ,b7”=,a-fv,.

Points 4 and B have position vectors a and b respectively, relative to the origin 0.

Given that a =2i—3j+2kand b=i+2j-k, find the length of projection of a onto vector b.
Find the position vector of the foot of the perpendicular from A to OB.

: gl M2i=3j+2k)-(i+2j-K)| |2-6-2]
Solution OP_Ia-b|= \/12+22+(_])2 = : =6

07=(a-6)6=—( g J“zj“"--i-zjn(

J6) Js

If @, 3 and y are the angles between a and the component vectors i, j and k respectively, then

a= l—a = (ﬂ,ﬂ,ﬂ] = (cos a, cos B, cos ). Component of & are referred to as the direction
lal~ \lal"[af[al

cosines.

|
|
|
|

Page 50f 10
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Vector (Cross) Product

Let a and b be two non-zero veetors th

at are represented by OA and
0B respectively.

axb=(|a||b|sin0)|i
where 0 = ZA0B is the angle

between a and b, and 1 is the unit vector
perpendicular to both a and b,

It follows that
Two non

~Zero vectors a and b are perpendicular
Jaxb-|

if and only if 4
af|b|. In particular, jx = k. ixk

=iand kxi=j

Two non-zero vectors a and b are parallel if and only if axb =0,
In particular, jxi =jxj=kxk=0.

Given that (u+v)x(u=-v)=0, what can be deduced about the vectors u and v?

Solution:
(usv)x(u=-v)=0
UXU—UXV+VXU—YxXYy=(
0+2vxu-0=0

vxu=0
u=0orv=0oruly

Properties of Vector Product
axb=—(bxa).

1.

2. |axb|=lbxa|=|a||b||sin0|$|a||b].

3. ax(btc)=(axb)*(axc).

4. A(axb)=(2a)xb=ax(Ab).

5. (axb)-a=(axb)-b=0 Soaxb Laand axb Lb.

Examples of how the properties are used

|(a+2b)x(3a—b)|=[3axa~axb+6bxa—2bxb]
=[0+bxa+6bxa+0|
=7lbxa|
|(aa+ﬂb)x(aa—ﬂb)]=|a’axn-qﬂaxbd-aﬁbxa—ﬁ’bxbl
=afj0+bxa+bxa+0|
=2ap|bxal




r—ﬁ

Revision 2_Vectors 1 (Vector Algebra, Scalar and Vector Product)_Summary and Tutorial.docx
—

Let A(a.a.,a;) and B(h,b,.b,) be two points in three-dimensional space and let the POsition
vectors of 4 and B with respect to the origin O be a and b respectively.

Then vector (cross) product axb, is the vector given by

a) (b ah,—ab, | [(ab,-ab,
axb=|a, [x| b, ] =| —(ab, —ah) ] =| a,b, -ab, | (MF26)
a,) \b ab,—ab, ) \ab,-ab

Applications of Vector Product
Let the points A and B have position vectors a and b with respect to the origin O, and let @ be the
angle between a and b. Let C be the point such that OACB is a parallelogram.

c

Then we have
(1)  Areaof triangle OAB is %Ia xb|.

(2)  Area of parallelogram OACB is Iaxb ]

(0]
(3)  Distance from Bto OA is [bxal.

(Recall the length of projection of OB onto OA is [b-a|)

page 7 of 10




RAFFLES INSTITUTION
H2 Mathematics 9758
2020 Year 6 Term 3 Revision 3 (Summary and Tutorial)

Topic(s): Vectors 2 (Lines and Planes)

Summary for Lines and Planes

Line: r=a+/lb, AR where

r is the position vector of a general point on the line,
a is the position vector of a known point on the line and
b is the vector that indicate the direction parallel to the line (known as the direction vector)

Note: r=a+4ib, AeR isnot UNIQUE.

Different Forms of Equations of a Line

al bl
r=|a, |[+A|b, |, AcR — Vector Form
a; b,
x) (aq b,
S |y |=|a, |+4]b, |, 1eR
z a, b,
Sx=atiby=a+ibhz=as+Lbs — Parametric Form i
x-a ., y-a, z-a o\
& =4, =51 =1
b. b, b, AL 4\
X-a y-a, z-a, : g
(= = &= — Cartesian Form
B s B KR, A

Plane: r.n =d where

r is the position vector of a general point on the plane,

n is the normal vector to the plane (a vector perpendicular to the plane)
d is a scalar constant,

Notes:

& baz° R
\‘[\ -\Q A( O/A 15 -__.
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——=Y8Ctor I

Different Forms of Equations of a Plane

Sealar Progyey form: rn-yg
- x i
artesj $
an form: X+, y+n 2=d where r= v|n=|n
= n
Vector form: J

r=a+,lml+‘um:‘ AneR
3 15 the position vector of a point on the plane,

™M1 and m are non-parajle] vectors that are parallel to the plane. Thus, m, > m,
will be a normal to the plane,

: We will now SUmmarize the vari

Ous relationships involving points, lines and planes.
Involvin Points angq Lines
‘ =

| < To check Whether the point P with Position vector P lies on the given line /: r=

a+4b, AeR
—Letp=a+ 4b and find a possible value for A
—If th -
o lienr:_ 1S a unique value for 2 from the three possible equations, then the point 2 lies on

* ‘To find the position veetorof the foot of the ndi L point Prwi iti
Ptoagiven line /- F=a+ib, AcR® f N ST CAmttssitien MRy

‘ P
| Let N be the foot of the perpendicular from the point P to the :
i ! — RS
| line, /. Make use of the fact that PN is perpendicular to | ] / n —
Step 1:Since N lies on / | EV =a+Ab for a unique value y
of A. o

Step 2:Find ﬁ/‘ = bTV—a; in terms of A, where EP’ =“p
is given.
Step 3:Solve for the value of 4 using the fact that ﬁ ‘b=0

Step 4:Using the value of A found above, the position vector of N is given by a+ Ab.
|

*,
o

To find the perpendicular distance. (shortest distance) from a point, P with position vector, p,
toagivenline {: r=a+ b, deRk

Let N'be the foot of the perpendicular from the point P to the line,/
Method 1

Step 1: Find the position vector of the foot of the perpendicular € point P to the given

i

line!/.

Step 2 : Perpendicular distance from the point P to i
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Method 2 (Cross Product)
Perpendicular distance from the point P to the p P

given line / is Ii’_\.l = |4‘P b

Method 3 (Dot Product)
Step 1: Find |4N|=[4P+b]

Step 2 : Using Pythagoras™ Theorem,
Perpendicular distance from the point P to the

— —12 —2
given line /s [PN| = ,/ |47[" -[n]

o find the position vector of the reflection.of a point, P, aboutatine Li-r =asdbgAeR

Let P7 be the reflection of P about / and that N be foot of the perpendicular from Pto /.

Method
— Find the vector }7\’. ( Note thalEV. = 1_\f7’") P

- Position vector of P’ =(;’.'=5;+P—N'+1VI"'=E;+ZW /
! [l

(OR use Ratio Theorem: ON =OP+TOP) N
0 : P’

le'oIving Lines —I

** ¥To check if the lines /gr=a+ b, AR and /; :r;é_’c'-ﬁ}bd;!/xekimpamyql’.,.

Ifb//d (i.e.b=kd), then /, // >
% [To find the acute angle between 2 lines, /, :r =a+ b, 2€R and Liir=ct+ud, gre R
The acute angle between the lines is determined by the two direction vectors b and d.

Method

Make use of scalar product of the two direction vectors b and d.

~|b-d|=|b||d|cos® where 8 is the acute angle between the 2
direction vectors, b and d. 1 )

Therefore cos@ = IIT’b”%,l /Iu d

:'P?,_B?-, 30f12
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\ -

R — point of intersection of the two lires 1, :r=a+ b, A€R
ad Loirs o,

HER

Let p be.the point of intersection of the 2 lines /, and h
Then P lies on bogp lines and p=a+ 2 ang p=c+ud

.and p be the position vector of P.
for some values of 4 and )5

equations in terms of 4 and 7
Solve for the values of Aand g
values for 2 and 4, then the Position vector of the intersection point is
Or ¢+ 4,
=~ If there are 10 unique valyes for 4 and 4 then

the 2 lines are fon-intersecting lines, (They can be either paralle] or skew lines)

** "To check if the lines l,_:‘r;,a-t-).b..ile.k-.and‘l
(Skew lines are §

air
=paral

=e+ud, e Reare skew lines &
lel and non-intersecting |

ines.)

|
Assume that P, the
of P exists show th,
Then P lieg on bot

h lines anqg P=a+4b and P=c+ud l‘orsomevaluesof).and;a

pqinl of intersection of the 2 lines /; and h,and p be the position vector
al it does not exist.

Method
Step 1: Show that /; and 1,

are not parallel (b« kg )
Step 2 : Then assume a+ 4

b=c+ Hd and show that there is NO unique values for 4 and y
that satisfy the cquations formed,

*To find the shortest distance.

‘‘‘‘‘‘ > between. two paralle] ;'lmslgiiﬁf’éijg@,&g R and
Lir=c+ub, peR. y

h:ir=a+ib, JeR and find the
and Lir=c+ub, HER.

OR

The shortest distance between two parallel lines can be foun.d b mkmganypomt, says C og
Liir=c+ub, yeR and find the shortest distance  betwe point
and /[ :r=a+/b, 1cR.

(Refer above for the shortest distance between a point and
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| Involving Points, Lines and Planes \ |
| |

o check whether the point P with position vector p lies on the given plane #zp g _ ;

Method
—1If p.n=d, then the point P lies on the plane.

If p.n =d, then the point P does not lie on the plane.

=g

& Tocheck if the line /ir=a+ Ab, A€ R isparallel to a given plane 7

Method
—If b.n = 0, then the line is parallel to the plane.
ol

(perpendicular to the normal)

< Tocheck ifthe line 7:r=a+ib,IA R liesinagivenplane 7: rim=d* "~

Method 1
— Show that (a+ Ab). n =d for all values of 4, then the line lies in the plane.

Method 2
Step 1 : Show that b.n =0, then the line is parallel to the plane.

Step 2 : Show that a.n=d , then the point with position vector, a lies on the plane.
Then conclude the line lies in the plane.

<+ o find the position vector of point of intersection between the line /: r =a+4b, 4eR-and
Aheplanez . r.n=d
Let P with position vector p be the point of intersection between the line / and the plane =
Then p=a+ /b, forsome AR and p.n=d

Method
— Since p=a+Ab, forsome A€ R and p.n=d, then (a+2b).n=d.

— Solve for 2 and use this value to find the position vector of the point of

intersection is given by p=a+Ab

Page 50f 12
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—2_Vectors 2 ( &

* To find the positio
Air.a=qg

N vector of the foot of the perpendicular from the point P to g
Let Fbe the foot of the Perpendicular from the

Method :
Step 1:Fing Vector equ
Plane (hence di

point Pto the plane 7 : r.n=d.

ation of the line

that is perpendicular to the
rection vector of

n
this line is n) and passing x P) A
through p — F=p+in, AcR [ R
F
Step 2:The poing of intersection between line, r

and the plape Tir.n=
the point p 1o the pl
Consider (P+2n).n=g ang solve for 4 to use this value to
find the POsition vector of the point given by p+an.

ane.

(Same a5 above for the point of intersection between a line and a plane)

=d
Let F be the foot of the Perpendicular from the pomt Pto the plane 7 : r.p=g
Method 1 )
Step 1: Find the Position vector of the foot of the perpendicular from the point P to the plane
Tir.n=d
Step 2: The distance between the point and the plane is given by | PF |
(Refer to diagram above)
Method 2 P
Step 1: Find any point, says 4 on the plane with position 7
vector a. gl =k
4 (T EEE
Step 2: Find ;17’=p—a p F
The shortest distance between the point P and the 2
—a).n < x
plane is given by |(p n |) » that is length of

projection of AP on the normal vector of the plane,

Method 3 gy P
The distance between the point and the plane is given by ]——[

—a). i
Note from method 2: h:l) nl =]&']nl |=
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& To find the acut

Let the acute angle between nand b be ¢

Method 1
Step It Find
n.d

using cos¢ = '“”dl

Step 2: The acute ang
plane is 90° = ¢

Let the acute angle bet
be 0. Then ¢=90°— .

Method 2

—sind =‘l—l:d—l
[n] ]

(since cosg = COS (90°—-8)= sind)

the acute angle between n and b

le between the line and the

ween the line and the plane

¢ angle between the line /:r=a+4b, A€ R and the plane
X

—

. r"gd

o Involving Planes

& To check if the two planes 7,: r.n, = d, and 7, : r.n,=d, are parallel

Method
—If n, // m, (ie. m,=k n,), then /7,

Method

Step 1: Find any point, says A with position vector, a on the plane 7,.

Step2 : Find the shortest distance between 4 and 7z, which is ,f'—n;d-[
| 0
(Refer to Distance between point and the plane 7 : r.n=d )

To find the acute angle between two planes 7,: r.n, =d, and 7, : r.n, =d.
- . 2 — z

Let the acute angle between the two planes be &.

Method

—To find the acute angle between the two planes , we make use of cos@ =
LR .

To find the distance between two parallel planes 7,: r.n, =d, and 7, : r.n,=d
> i F.n,=d,
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o . , q v .
* To fing VEClor equation of the line of intersection between two planes 7.: r.n
and 7f: X r.n, = &

Step 3. Compute p - n, xn,

which is the direction vec

the line of intersection is

Method 3 (f GC is not allowed)
Step 1: Fing th

¢ Cartesian equations for the planes

tor of the line of intersection,
Then the €quation of

r=a+lb, AcR

* Find two common points using the cartesian equation
letting x = 0 ang solv

e for y and - and then letting y =
get another commop, point

s from Step 1 by first
0 and solve for x and zto
Step 3: Use the two POints 1o find the €quation of the line of intersection .

Example 1o illustrate Method 2 and 3:
Find the €quation of the

line of intersection of the two planes whose equations are
1) 1
r 1 i=6and r.|0|= respectively
\—3 2
Method 2
T\
rl (=6=>x+y-32=6 ... (1)
-3
1
and r.|0|=1=x+22=] -, (2)
2
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3
_5|, A€R
-1

— the required vector equation isr=|3|* 2

Method 3 1
: r.]0 1> x+2z=1 —Q2)

r.l1 |=6=2x+)y—
-3

32=6 —— (1) and

Let z = 0 and solve, we have x=1.,v=5;"d5=0 :
1 i
Let x = 0 and solve, we have =0 Y= andz= 2

e 2
5|- bl W N S
2 25552 1
i S
2 2
1 2
= the required vector equation is r=| 3 +A|-5], AR
0 -1

’
=5
L
S
59

DP i
(&)
AL
. g
| P P
Suhy-< \ —Ti_ ?l)
e
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RAFFLES INSTITUTION

H2 Mathematics 9758
2019 Year 6 Term 3

Topic(s): Complex Numbers

Revision 5 (Summary and Tutorial)

Summary for Complex Numbers

Definition of Imaginary Numbers i

=T

Note: i’

=-]

i3=(i2)(i)=_i i‘ =(i2)2 =1

Representation of a complex Number
‘x\

e T

Z=Xx-+1iy can be represented as

¢ point P with coordinates (x, y)

2 2
®* |lzl=r= X" +p°

® arg(z) =6, where -n<0<nr

Conjugate

Cartesian Form Z=x+iy e
Modulus-Argument / 'e
-% e
Trigonometric / z=pe'f - -"T: o _9)]
= -
Polar Form / =r(cos0 +ising) r| cos(~8) +isin(
Exponential Form

=r(cosB-isinp)

z* can be represented as

* point P'with coordinates
(x,~¥), which is the
reflection of P in the
real axis

. |:“|=r=\‘x2+y2

* arg(z*)=-9,
Eg: for the case where x>0 and y>0:
Argand diagram Im(z)
1\
D ’P
P
p?) H
—>Re(z)
O[N& -9 g
o
R e P'




—T___ﬁ
(Z”) ( )ny where"EZ‘ ] i

*
|

ZA z* |
w w* |
i

Finding arg(@): .

int Ponan Argand diagram representing z = x+iy, x, yeR

Consider 3 PO ' b
- { = lies, then let basic angle, & =tan H

Always first identify the quadrant tha , |

w 3rd quadrant
lmT

Im

arg(z) = arg(zr)=7—

Note:
o  For REAL numberx,

(a) arg(x)=0 if x>0 (b) arg(x)=7 if x<0

+  For PURELY imaginary number z =1y,
T . y A,
(a) arg(z)=.2. if >0 (b) arg(z)=_12r_ ify<0;
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Usefy) Resujgg ln\'ol\'ing a

"Bumeng & modulyg
Consider com
PleX numpere y
Hbers TSNty and 2SN+, x, X, nekR.
[ —
: Argumeng of z Modulus of z
Ly arg(z,z,) Sargz targ, (CEAEAEATPA
S s e Ty )
arg[?') = arg :1 *al‘g = 2 = :|
= 2 |3z|
»
2 e A
: a

Itis an anti

~clockwise Totation of - through an angle of 7

> radians about orj gin O,
Complex Roo

ts of Polynomials
Reminder. a polynomia of de

Application:

(=3=2i)is a root of the equation P(z) =23 4 qz2 4 3, _ 13 =0, where a, he R
= (=3+2i)isalso aroot of the equation P(z) =0,
Then (z — (=3 -2i)) and (z—

(=3 +2i)) are both factors of the polynomial P(z),
Using the above two linear factors, we can form the following quadratic factor:
Quadratic factor
=[z-(-3- 2i)][z-(-3+ 2i)]
= (z+3+2i)(z+3—2i)
=(z+3)* - (2i)?

=22 +62+13

Page3of8




SOME COMMON TYPES OF PROBLEMS

\

Solving an equation with complex number as coefficient(s) or simultanegys equati
: i § ST 0,
involving complex numbers, by comparing real and imaginary parts Tespectively &

——

Solving an equation with real coefficient(s): one may start with z and its Conjugae
z*, to find roots and/or to find unknown coefficients.

=Zee et 9
Finding modulus and argument of a complex number (could be in the form similar t,

2" or = etc.), using the properties or using the polar form.
w

Use of argument to determine conditions when a complex number (could be in the

)
form similar to z” or = etc.) is
W

(i) real (argument =k7, keZ)
(i) real and positive (argument =2kx, keZ)

(iif) real and negative (argument = (2k +1)7, keZ)

2k +1

(iv) purely imaginary (argument =

7, keZ)




Summary for Functions

RA}:"ZF;ES INSTITUTION
20 athematics 9758
20 Year 6 Term 3 evision 6 (Summary and Tutorial)

Topic(s): Functions

Relations and Functions

elements in the o; i s
e Tt € given domain have the same output, it is a one-

To check if a function is one-one, we use horizontal lines to check
If function is one-one, such as f: X

»X>2, we write since every horizontal line y =
Y= k)

ke [4~ 00), cuts the graph of f at one and only one point, f is a one-one function. Note that

[4,0) is the range of f,

If function is NOT one-one,

suchas f:x x* xeR we ch ific li
: ) s S 00se a specific line y = k wi
kisavalue in range of f, In thi e . e

S Case, we can write since the horizontal line y =1 ¢y
of f at more than one point, f is not a one-one function gt )

Inverse Functions

Given a function f, the inverse function ™' exists if and only if f is one-one,
To define f™', you must find the rule and domain.

To find the rule of f™, let y = f(x) and make x the subject, i.e x=1"(y).
Example to find the rule of inverse of g:ix1+e™, xeR

Let y=I+e™ and make x the subject to get x=~In(y~1).

To find domain of f™', use the result: D, = R,

Note also that R, =D,.

The graphs of y =f(x) and y=f"'(x) are reflections of each other in the line y=x.




R
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Composite Functions

o Given 2 functions fand g, the composite function gf exists if and only if R, D
I

e To define gf, you must find the rule and domain.
e To find the rule of gf, find f(x) first, then find g(f(x)).
D, = D

is not commutative.

e To find domain of gf, use the result:
o Ingeneral, fg=gf . ie. composition of functions

e The composite function fF, if it exists, iswritten as f ie. f () =ff(x) = f(f(x))_

o Useful results: (i) ff'(x)=x, where xe D,

(i) £'f(x) =x, where x€D;.

e To find the range of gf, use either
(1) Ry = R, restricted to R,

or (2)  sketch the graph of y=gf(x) over D, and find R ;.

Example

Find the range of the composite gf given that the functions f and g are defined as follows:

f:xPx—2, x23,
g:xm S x>0
Method 1
Sketch the graphs of the functions f and g on separate diagrams.
For the composite function gf, fis first applied to each X € D; to find the image f(x), and then
the rule for g is applied to f(x) to obtain the image g(f(x)). ie. gf(x) =g(f(x)).

y, y=1(x)
sz
| 1

ol 1 27 34

Consequently, we can obtain the range of gf as the range of g whose domain is restricted range of
£, i.e [3, 0)—fl, ©)—E{l, ©).
Thus R, =[1,) .

Page 20f8
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Method 2
Fi;d the function gf followed

gf(x) =g[f(v)]=V5=2,

From sketch, R =[|.°;)_

by sketching its

£raph 10 find the range.
Dl = D! = [3. ct.\)
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H2 Mathematics 9758
2020 Year 6 Term 3 Revision 7 (Summary and Tutorial)

Topic(s): Arithmetic and Geometric Progressions, Summations, Method of Difference

Summary for Arithmetic and Geometric Progressions

Arithmetic and Geometric Progressions

Let a be the first term of the sequence, and d and
respectively.

be the common difference and common ratio

u,=a+(n-1)d

u,=8,-8,,,n22
U =S,

L s
§,=7[2a+(n l)d]—zl“l+""] S P

u ad - -—
u,,, —u,= constant (=d) —"I' - =constant (=7)
n

= sz-i— A |YI<1
I-r
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Summary for Summation
The £ (Sigma) Notation

The series u, + U, + -+ +H, can be denoted by Z i 2"
r=l o ""!“‘u’*'
o ‘4
» 4——— Ending value of r U
In general, ZN, <+— General Term
2 1 «—— Starting value of

=, Uy, o U U where k +
& 4l m=-1 m ,"lezoandksn"

e,g,§(3r+l)=[3(3)+|}*[3(4)”]+~-+[3("+])+‘]=l°+13+ (
7ol iy "#4)

3 47
og 3 +7+10+. 4187 =3 (3+4r) or 3 (3+4(r-1))

r=0 r=|

Properties of the £ (Sigma) Notation
If u, and v, are expressions in terms of », @ and b are constants anq i
m

rs such that k < m, then we have the following results: e LT

intege
t

(1) iu, has (m—k +1) terms. (2)For2<k<m, iu, =(Z.:u J_(i )
ok g ul.

r=k

ral
rs|

3) 'z::(au,)= G’ZMEH, . @ i(‘”‘r by, )= “(i“,)ib[iv')_

r=k

Note that i(u,v,) # (iuJ(Z‘ )

ok rek \ r=A

e.g.
n+l

(1): Y (3r+1) has (n+1)=3+1=n~-1 terms, if each (37 + 1) is considered as a
r=3 em,

(2): "Zd(.‘ir+l)=nz'](3r+ l)—i(3r'+l).

rel

(3) and (4): ”Zd(3r+l)=3nz.lr+nz.l] :
r=3 re3 r=3

page20ftl
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Special Sums
Let a, d and r be constants and k and » be positive integers such that k < n, then we have the
following results:

) Z[a+(k l)d]-—[lsuerm+lasnenn]--[za+(n ~1)d].

LHS is the sum of 1* terms of ap arithmetic i i i
tic series with a as its first term and d as its
common difference, =2

" a(r"-l) a(l—r")
ar*” = =—
(2) ; R ]—r ,r:l.
LHS is the sum of 1% » terms of a geometric series with g as its first term and r as its
common ratio.

e.g.

nel

(1): Y (3r+1) is an arithmetic series with 1st term 3(1)+1=4 and common difference 3. So

r=|

thc sum is

)f4+[3(n+l)+l]} {2(4)’“[(”“) l]3}

3n +8).

Q2): Zz(, ) is a geometric series with 1st term 2(3) =6 and common ratio 3.

nel
So the sum is (3\11) =3(3" -1).

L st o i,
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Summation using Standard Results
Let a be a constant and n be a positive integer,

(1 za:na. () Z’=%"(n+l).
= o =

rel

" = l L
3) ZI,- =3"‘”+ N2n+1). 4) Zr’ =“I"":("+l)2 =(

1 5
5004 )‘ (
2 )| <[\ w

3
Remarks:
a.  Theresultin (1) can be generalized:
z.:a = (number of terms)xa=(m—-k+1)a, where k and A

are m(ege's
Such

rek
k<m.

b. The result in (2) can be derived using the sum of the first terms of
an Ap,

¢. The results in (3) and (4) are not found in the List of Formu]
will be given when required. ae MF26 but these
hwoMtx

d. Theresults in (2), (3) and (4) hold if and only if » starts from 0 or

Summary for Method of Difference (MOD) &

If the rth term, u , can be expressed as the “difference” £(r)—f( ]
—t(r-1
expression in terms of 7. then =), where f0)isy |

(- 1(0))

Z":ufzn:(f(")-f(f—‘)): +((T‘(~3.)Q:gl‘\$z) ‘
+ G@:\"z» Last full ‘lf
+(f()-T<]))  cancellation '

= f(m)—1(0).

152 full
cancellations

— —

Remark:

Sometimes, the “difference” comes in a “different” form, but can be solved using MOD once |
you list down the terms as above. Examples: £(r)~f(r=2), f(r+1)=£(r), etc. |
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Topie(s): Differentiation Technlques

RAFFLES INSTITUTION
H2 Mathematics 9758
2020 Year 6 Term 3 Revision 8 (Summary and
oy

Summary for Differentiation Techniques \

1. DERIVATIVE AS A LIMIT

y o f(x+0x) -
If y=f(x), then i—: = ‘!31110 —(2—5@ .

Eg: To prove that -(-f-(x) =2x from 1* principles,
S

Let y=f(x)=+
dv . fx+0x)-f(x)
—=lm—
dx 0 ox
e (x+06x)" =x°
= al-lTo Sx
i X +2x8x+(0x)* —=x*
= Sx-0 (5x
- I!m(2x+()x)

=2x

2. BASIC RULES OF DIFFERENTIATION

Type of How it works Examples
Rule
Distributive | d —
Rule E[af (x)xb g(x)] = af'(x) £ bg'(x), where

a and b are constants.
Product d ; : d
Rule ;[f(x)g(X)] =g(x)f'(x)+f (x)g'(x) a((zx-s)JF-—s)

=25 Jr(:z:c-s)ﬂ,%s

== 6x-23
g::;tient 'j‘d; [28} g(x)f'(x)-f (zx)g'(x) de_ ( ;24;55 L =28

_— -
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d

or
9y d-v

u=g(x)

e

dy du

—=——X—

“dx du dx

d 1

where ¥=1(u)and :

R
| T e S

(-3)

20 CO-[r et | GO )

properties of logarithm (useful for simplifving expressions)

Examples

[
9 m(f):ylnx. x>0

b) x'=eb(x'). x>0

d (. ;
E(z ) =%(eh?‘)
=%(e(l-l)h2)

= a2 n2= 2:03 In2

log. »

log. x’

¢) log, y=

X,¥,2>0, x,z21

%(logs (x+ l))

e

= 3100 R aRdx
e A (¥ +1)ms

3. DERIVATIVES OF STANDARD FUNCTIONS

x" for fixed n

x

(4

Inx

el | el

¢ f(x)
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i ) ighted formy)
ometric Functions (}lighl g "Mulac arg
I}::E‘zﬂk“ving results hold for x measured i radiang only.MFzs)

If x is measured in degrees, then convert y°

X

to —.

180 radians_

Tl sinf()] Leos(1(x) | '

cosx -sinx cos[f(x)] [-sin (f(x))] f(x)

tanx | sec’x tan[£(x)] [sec’ (¢ )]

cotx | —cosec’x [f)] | [coses (f) It

sec X secxtanx sec[f(x)] %
[ cosecx | —cosecxcotx cosec[f(x)] [‘COSOC(f (x))

Inverse Trigonometric Functions

ot (x))] f'(x)

The following results hold for x measured in radians only.

X X
i en convert x° to —— radia 5
If x is measured in degrees, the "

.5 f’
I ]<l sin"[f(x)] & : If(x]q
x| = I i)
L | | eos™[f®)] | = %ﬂm = [f()<i
cos”x |~ jE2 2 |x|< l—[f(x)]'
7 =il f(x)eRr
tan”' x l+|x2’ xeR o [f(x)] l+[f(x)]z,
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Wn_

{IGHER ORDER DERIVATIVES
i

n d A}
|ngcnera| ax" -f (x)= d\‘( n-l)rorn 234

f y=X"s where 7 is a negative integer, then d_.V Tk
2 & nx"

&y _d(o) 4, .,

dxz d E =a("xﬁ-)=n(n_l)x»-1
4y _dfdy

& 4 F ="'=”(”"‘1)(n-2)x”"

[MPLICIT DIFFERENTIATION

For a relation involving x and y, for example Y-x+
¥=0, which cannot be ex
pressed in

form y=1f(x), we can obtain <
the ) in = by differentiating every term in the equation with

respect 1o x. Very often, Chain Rule will be applied,

Eg. to differentiate y* —x+ y =0 implicitly w.rt. x,

Sy =x+3)=0
d d d
:Qd—x'(}'})-g(x) +Et-(y) =0
Applying Chain Rule, de—(y’) =:—y(y’)x%= 3)? %

2—1+Q=0:$'-= 1

So we have 3° SEL
dx dx  143)°

6. PARAMETRIC DIFFERENTIATION
Suppose x=f(r) and y=g(r), where teR.

dy_dy dr
dr dr dx

,v /dx

Recall

By Chain rule :

gle
&I&l—




RAFFLES lNSTlTUTIO

Mathemagi
2020 Year 6 Term 3 Revision 9'(cssu9n.:§
ary angq

Topic(s): Applications % I
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Summary for Applications of Differentiation
1 Strictly Increasing/Strictly Decreasing & Concavily

IF Then fis
f'(x)>0 | Strictly increasing
f’(x)<0 | Strictly decreasing | over the interval (g, p
f"(x)>0 | Concave up 0)
f"(x)<0 | Concave down

To show “< 0 or “>07, we can complete the square of the e

otherwise we can try to “build up the expression” from the e ’i(lﬂmssion if it i
€rval, Qg

For example to show f’(x)=2—l>0 for x>, i
X
2 lfx>5,then 2x>lwhich
2x-1 T implies that 2x~159
X

We can rewrite the expression: f’(x) =

lfx>_|_,men o 1S %> 0” and the
denominator js also “s g»
Heasmminator st be *>l0 We can conclude that for :

l ’
x>—, f'(x)>0
2
|
So the strategy here is to try to examine the signs the numerator and denominator frog

: o 1
the given condition of x > 5

2 Methods for determining the nature of a stationary point

Method 1: Second Derivative Test

L Then (k, £(k)) is
f'(x)>0 at x=k a minimum turning point
f'(x)<0 a maximum turning point
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Method 2: First Derivative Test

To determine the nature of the stationary point at (k. f(k)), we need to check the signs of
f'(x) for y=k and x=£k".

[mportant note: you need to fully factorise f'(x) where possible BEFORE discussing the
signs of f'(x).

Example: f(x) =2x" —5x. Itis not sufficient to just differentiate and get

f'(x)=10x" ~1 5x*. You need to factorise further to get f'(x)= IOxz(x—\/E][x*- i)
2 2

BEFORE discussing stationary points at (0,0), (\E,_;; \/—i} and (_ \/5 3 JE] making
2 22N 2

reference to the table below.

X ki Kok k=it | ey i
+ve 0 +ve '
f'(x) +ve 0 -ve | —ve 0 +ve or
-ve 0 —ve
Nature of :
Stationary Maximum Minimum : Stan(?nary 5 !
Point point of inflexion i
TANGENTS AND NORMALS ;

To find the equations of the tangent or normal at a point (k, fi (k)) on a curve, we need:

Equation of a (straight) line y — f(k)=m (x - k) with gradient m passing through (k, f (k)).

e Obtain m by finding f'(k) which will the gradient of the tangent at (k, f(k)).
o Ifthe question needs equation of the normal at (k, f (k)), gradient of the normal at

: 1
(k. f(k)) IS ——fT(k—)'.

When gradient at a point on a curve f(x)is parallel to the
x-axis | f'(x)=0 (Usually mean that the numerator of f'(x) = 0)
y-axis | f'(x) is undefined. /10 at the enator of f'(x)=0)
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4 MAXIMIZATION AND MINIMIZATION

Some guidelines to solve problems involving maxim
N Denote each changing quantity by a variable,

e  Write down a formula for the quantity to be maxj

o  Express the quantity to be maximized or minimized i Minjm

4 N te Zeq
<

Ll

o and s

ifferentiate and equate derivativ :
Dnﬁ”.‘r?r_ua : '«.'q ._n RIYe D = for Stationary y, 1s Varjg)y
Justify if quantity is a maximum or minimum (using 204 alugg. le o
Answer the question, or 1% 4. . Y,

Some strategies
1. Identify any right angle triangle by drawing a diagram
relate the two variables. :

. Identify similar triangles to relate the two variables
. Read questions carefully to identify the constant :
reduce confusion on what variable to differentiate

Orag
=
; . o,
| Used in the g..:
with respect teo uestlom‘ ."h
: Wi

5  CONNECTED RATES OF CHANGE

Some guidelines to solve questions involving rate of change:

Denote each changing quantity by a variable.

Find the equations relating the variables.

Use the chain rule to link up the derivatives.

Write down the values of the variables and the given rates of chan
Solve for the unknown rate. ge.

Some strategies \

1. Write down the rate of change that is given in the question. Use the yn:
For example m’s” is the rate of change of volume per unit secon un"swguidem

2. Write down the rate of change required by the question and e,
up the derivative. use the chain to I

dv . dv dr
For example to find — and you pal g A
5 g ieyousregven g and o Then using chain o

dv dv dr

can get —=—Xx—-,
dt dr dr

ot
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“ACLAURW SERIES
hemindcr: the formulas are found in MF2¢,

i f(x) can be expanded as & power series for a given range of x including zero, th
, then

' f' A 3
lf(-v) = f(0) + POx+ D2 H‘ﬂxl + £ (0)

L/— 21 3 e b ﬁn! P (in MF26]

Binomial Series

el e () n(n=1)..(n-r
(14x) -l+m+——2! X +"'*$X'+...

The binomial expansion is valid for [x|<1, i.e. 1< x<1 [in MF26)

Note that we need to have 1" before applying the formula, so if we need to expand

1
(3+x)*, we can do the following depending on what is required.

o For ascending powers of x, we rewrite

Vo l—

L Al
(B+x)? =32 (1 +£)
3
before applying the binomial expansion.
In this case, the expansion is valid for E{d (i.e. small x)

o For descending powers of x, we rewrite

-

1 Bl
(3+x)* =(x+3)? =x2(l+—)
x
before applying the binomial expansion.

In this case, the expansion is valid for H< 1 (i.e. large x)
x
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Small angle npproximalions
| small angles, positive or negative, we have

For al

(1) sinx=x

)
2 cosx=1-—
(2) 5

(3) tanx =X, where x isme
asured in rag
iang

Note that
If angle x is small, addition or subtraction to ang|
sin(x+a) # xta. We need to use addition formula t: S" MY N0t rop.:
applying the small angle approximations. "Mplify the e’(p:;l 4|
Si0; ‘e
" : /s n
o For example: sm(x + —-] = sin.rcos£ T M"!
4 4+cos:csm22x( 1

aH)y

mall, multiple of x is still small.
2

()

2

o Ifxiss

o Forexample: cos(2x)=
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Topic(s): Graphing Techniques ang Transformations

/

ing Techniques
- for Graphin
ry
ggmmary (o T30 S

<ine SIA as reference when sk?tching an.d la

Recall m“?g luding coordinates of stationary points

; (“-mwilh tﬁc Axes (letx=0to find 2 let

; lmeml;;tes (vertical, horizontal and oblique)
A: Asym

as.\mP‘O:;S'GC is there for us to use where applicable,
Obvioustys

belling the curves you draw
if any)
¥ =01o find x)

—remember to labe] the €quations of

A Rational functions

= ¢ # 0, numerator and denominator have no common factor
Tyl y=rd
TR B
ax+ b = A+

¥

d
¢ Vertical asymptote : x=—;

a
¢ Horizontal asymptote : y=4= =

is y=0, i.e. x-axis
If =0, the horizontal asymptote is y =0,

i ing points.
Useful to note: This graph has no turning
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e
i
; b+

B T a2,

NP2 V" e

[

‘ ax® +bx+c ;
[ ot y=—— can be re-written as 5
Note that | dcte (p+gx)+

o Vertical asymptote : x = _3

o Oblique asymptote : y = px +¢

2
Example: y=§i{+—3:>y=2x+l+
x+2

x+2
Asymptotes: x=-2 and y= 2x+1

3 y

When x=0, y=—2— x=-2 4

When y=0, 3

2x° +5x+3=0 /
(2x+3)x+1)=0 -/ .7 a
-2 —%\<,~’—% 0 —

(-1.29,-0.17R

~

.
’
1’

'
L
L}
:
L}
J
L
:
H
'
x=——or -1 !
2 ‘
:
:
i
L
Ll
'
L
1
:
!
'
L}
1
L
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Conics
Note that you should use the same scale for bogp axes. If unsure about the shape of the curve,
fer to the CONICS app in y '
re

our GC. You can ;
an also use the app 1o sketch and/or check your
answers:

—Shape | Equation(s) in Standard Form |

Point(s) to note when sketchin
Note that this js Just a translation of
the basic circle x* 432 = 2,

b Use a compass
irc

Label the coordinates of the centre
and radius clearly

Check if the origin is in the circle, on
[ the circle, or outside the circle

Note that this is just a translation of

2

L]
(x=hY +(y=k).=r*, where r>0,

the basic ellipse x_+y_z =1,
a b

*  Graph is symmetrical about the lines
where a>0,5>0. x=hand y=k
*  Label the centre and lengths of semi-
major and semi-minor axes clearly
*  Check if the origin is in the ellipse,
on the ellipse, or outside the ellipse
e If a=b, the equation becomes the
equation of a circle with centre
(h,k) and radius a units.
*  Acircle is a special type of ellipse.
¢ Note that this is just a translation of

Ellipse

2 2

the basic hyperbola "—z-%f 1.
a

e  Curve should be drawn such that it
tends towards the oblique
asymptotes

e Label the centre and vertices of the
hyperbola

e Label the equations of the
asymptotes 1

The oblique asymptotes intersect at

Hyperbola TN ."..‘3"{: a,'V’ 4 la, (k).

1o 4 otes

k. j2 8 n in the

e P R 5+,
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Shape Equation(s) in Standard Form Point(s) to

Step 3: T ok

. % e s

sides of quation
S Ofequation_ adq «

Step 4: p;,

Step 1: Ensure that the mode is set to ‘PARAMETRIC’,
Step 2: Press [y=]and enter the equations.

Step 3: Press to visualize the graph. The default setting is T
: min ~0,TM <2
Step 4: If the range of T is not between 0 and 27 inclusive, press
the values for T and T according to the domain of the p and adjyg
a

stated in the question. Tametey ¢
Finding the Cartesian equation of Parametric Equations

The idea is to obtain a single equation involving the variables x and y op|
be done by eliminating the parameter via substitution method, Howey
equations involving trigonometrical functions, you should consider usin
identities such as sin® x+cos”x=1 and tan’x+1=sec’x to form
equation.

Y- This can
er for Ofte.n

gthe trigonommk
ulate the Caresizy

Important note on the use of GC

The GC gives the shape of the graph. In many cases, you may need to resize the
capture the entire graph, or to change window settings to capture critical features o

Window tp
f the graph.

We can use it to find intersections with axes and turning points, but it does not draw asymptotes!

To determine if a graph has any asymptotes, you need to examine its equation.




e
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sion ——=
oV

for Tm“smm

. ations

g :
sformations ; ; ;
fq[ﬂlldﬂrd transformations (translation, scaling and reflection) on the graph of

ed in the table below.
¢ a positive constant.

ndafd <0
offect , summans

x) entob
y? f(‘a‘ g is taken 10

it S e—
l\ol“ x/y Tmnsformed Equation Dmripﬂon of transformation
nt 0 (to be used w
fx/y us hen question requires

description of transformations)

// ) Trapslation of a units in the positive
o % by x—¢ : x-direction

%’_ y=f(x+a) 'l:r:‘nslatt':on of a units in the negative
ace X0V ¥ x-direction

V y—a=f(x) Trapslation of @ units in the positive
: a ie. y=f(x)+a y-direction

st

Replace by Y =2
y+a=1(x) Translation of @ units in the negative
Replace ¥ by y+4 ie. y=f(x)-a y-direction
S Scaling parallel to the x-axis by factor of a
y=f(—) (in terms of coordinates, no change in
Replace ¥ by 7 a corresponding y-coordinate)

(in terms of coordinates, no change in
ie. y=af(x) corresponding x-coordinate)
Reflection in the y-axis

/ 25 Scaling parallel to the y-axis by factor of a
a

Replace X by ~¥ Y=
—y=f(x) Reflection in the x-axis
Replace y bY =V ie. y=—1f(x)
Remarks: lvine only standard transformations, there may be more than one sequence of

tions INvVO :
fggt%e:n;tions. For example, to transform f(x) into f(ax +b), you may

Either replace x by x+b, then replace x by a:;
OR replace x by ax, then replace x by x+;.

However, for questions involving non-standard transformation(s) such as modulus, the
sequence would be restricted. For example, to transform f(x) into f(~|x|), you can only

replace x by —x, then replace x by [x]-
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Sl\etclnng thc graph Of )'

x|) from the graph

= f(\)l and y=1{(x

; 1. Retain the part of the graph of y= f(x)
where f(x)20.

2. Reflect in the x-axis the part of the
graph of y =f(x) where f(x)<0.

The graph of y=f I
~axis.

1. Retain the part of (e
x>0 the Braph of 2

2. Reflect the part drawn ;
the graph of y = qub i
y-axis.

mni, in
Y-
S symmem ax

Sketching the graph of y =f'(x) from the graph of y =f(x)

Note that we are sketching the gradient of y =

y=f(x).

Regardless of whether f(x) < 0 (or > 0) in a particular interval, as long as the
y =f'(x) will still be above the x-axis for that interval.

f(x), that is, we need to
Study the
Sradien,
of

gradient i P%iﬁve,

Similar argument follows if gradient is negative in an interval,

The following shows the details for your reference if necessary.

Statlonary pomt al x=k
(Gradient of stationary point is 0)

X—intercept at x = k

Strictly increasing over (a,b)
(Gradient of graph is positive for (a,b))

Above x-axis over (a,b)

Strictly decreasing over (a,b)
(Gradient of graph is negative for (a,b))

\
Below x- axis over (a,b)

Vertical asymptote x = k
(Gradient of vertical line is undefined)

— |

Vertical asymptote x = k

Horizontal asymptote y = &
(Gradient of any horizontal line is 0)

Horizontal asymptote y=0

Oblique asymptote y =kx+c¢
(Gradientof y=kx+c¢ isk)

Horizontal asymptote y=k
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|
ﬁevisiof‘ 1

f' I
_- ‘sk ctching the graph of y = Tt from the graph of y = f(x)

: : : |
1 il use SIA to guide us in sketching y=——.,
will sti y f(x)

identify any x-intercepts (vertical asymptotes) as it gives vertical asymptotes (x-

intercepts). _
any turning point(s) for f(x), as max point would becomes min point and vice versa.

E IWc
q
|
1
: 0 (or < 0) over a certain int 0 L5 .
pat if £(x)> 0 (0 <0) in interval, then ) 0 (correspondingly < 0) for that

~ Notel
|
,' interval.

ing shows the details for your reference if necessary,

The follow

x-intercepts (a,0) Vertical asymplote X =a
Vertical: x=a x-intercept
Intercepts and Horizontal: y=b, b#0 Horizontal: Y= 1
Asymplotes b
Asymplotes 1
Horizontal: y =0 ———>iw
4 ()
Oblique: y=ax+b Horizontal: y =0
| -
1
Max pt (h.k) Min pt (h,;)
Turning points 1
‘ Min pt (h.k) Max pt (h,;—)
‘ 1
, (x,») (x,-)
y
Above x-axis Remains
Below x-axis Remains
1
Shape y-values f(x) =1l f(x) =
| Behaviour of
graph
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Topic(s): Integration Techniques

mary for [ntegration Techniques
Su

C “ncﬁl Tips

o For indefinite integrals, do not forget the + C

o Canalways check your anSWEr by differentiating / use GC for definite integrals
o Beforeusing integration by parts when you see a product of two functions, ask yourself
if the expression is of the form f'(x)(f(x))n o f'(x)‘

f(x)

Qverview of Integration Techniques

n general, YOU should know how to find the anti-derivatives of the following classes of functions:

. Logarithmic(ln x)
Inverse rigo (sin™ x, cos™ x, tan” x)

Algebraic (polynomials, rational functions g—((xl), where P and Q are polynomials)

o Trigonometric (6 basic trigonometric functions, and rational functions of them)
« Exponential (¢")

This is also the ‘order” for integration by parts (except for the rational functions); with the
functions at the end of the list the functions you would usually choose to integrate first when

doing integration by parts.

Before we talk about integration by parts, let us review the integration techniques involving the
Exponential, Trigonometric and Algebraic functions first.

Exponential functions

Nothing much to say here, you should know how to find the anti-derivatives of such functions.

Je’ drx= le“’ +C is your staple here.
a
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Trigonometric functions

You nead to know the anti-derivatives of the 6 basic trigo functj
other 4 are in MF26). For higher powers of the trigo functiong an

Ons (sip

anq
have to use trigonometric identities to help us. d producy of Seve bv'ohlmy e
In general, the idea is to linearize products (using the double angle for "\e
reverse factor formulae) ulae e a e 3
o sin’x.cos” x can be reduced to cos 2x (can be done repeatedy)
e tan’x,cot’x can be expressed in terms of sec?y ,C0S e’y Using .
identities (1+tan” x =sec? x Jtcot? x = = coseqt . ¢ tngonomttﬁ
antiderivatives are tan x and —cot x. - Thej; Pecty,

Basic trigonometric functions (highlighted in MF 26)

fx) If(x) dx f(x) \
jf () dr
sinx -cosx sin’ x = l-c%zx W

o2yl T
2 cos2 :
cosx sinx cos?x=082x+1 1(sin2y
2 SI==
2\ x)
~
s B B -
secx In|secx+tanx| sec? x ‘M

cosec x ~In|cosecx+cotx| | cosec?x e |
cotx In|sin x| cot’ x = cosec’x—] ‘-cotm
\J\J

* Product of trigonometric functions involving sine and cosine

Usually the idea is to split the product into a sum, and would thus involve the factor ang;
double angle formulae. %

* Integrals like jsinmxsinnx dx, Icosmxcosnx dx, I sin mxcos nx dy aud

Icos mxsinnx dx involve the factor formula if m £ n . If m = n, then it reduces to

the double angle formula. To apply the factor formula, first look at MF26

sin P+sinQ = sm-L(P+Q)cos s(P-0), cosP+cost2cos—’:-(P+Q)cos§(P-Q)
sin P—sinQ =2cos%(P+Q0)sinL(P-Q), cos P—cos O =-2sinL(P+Q)sint(P-0)

Identify which of the 4 products you haye (Note that J. sinmxcosnx dx and

Icos mxsinnx dx are the same, but we usually place the ‘larger” angle before the

‘smaller” angle before identifying the product).
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N onil
| Revma
| Example
Isin 2xcosSx dv= I cosSxsin2x dv (‘bigger' angle in front)
= j sin (j:ix) =sin(5x=2x) dv (identifying which of the 4 to use)
AXH difference
ou v A WAL check by using the factor formula given in the MF26 that you
have done the ‘reverse’ factor formula correctly,
careful  of certain  products  like _[SOCXtanx EHE Sy N o
| o Be
J'cosecxcol.f dv=—cosecx+C.
f'(x)

) o
sinx
2+4C0sX

f'(x ; -
ome integrals like J' dx are of the form I% dx. Some like '[ sinxsec® x dx

are of the form If'( x)(f(x))" dv. Try to *spot” these forms first before resorting to brute

force (converting everything to sine and cosine and using double angle formula/factor
formula)! In these questions, it may be helpful to write down the f'(x) first (it is usually

sine or cosine, and in oeneral would be the derivative of a trigonometric function).
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Algebraic functions \

—— "4 C, ifnz-1

you should know, |x" dv=4n+l . .
lnl.\'|+C, ifn=-1

This section is dedicated to find the anti-derivatives for functions of the form P(Jc)

Q(x)
e Long division (if the fraction is improper, i.e. deg P > deg Q) |
e Factorize Q(x) into a product of linear and quadratic factors
o Partial fractions based on the linear/quadratic factors '
! Ax+ B ‘
be 3 types of terms —— and 2X+8 :
e There will ype x-a’ (x—a)’ P The antl-de,.i‘,atives %

I 2
respectively of the form In|x—al|, Foe and ?In(x' +az)+§tan“ (i) |
a

Example b

dx (factorize denominator into linear and quadratic fact
ors)

1 1
s
Il+x’ (1+x)(x* =x+1)

St ,_§+; (partial fractions)
(I+x) (x"=—x+1)
R

——-In|1+x| 1 lde (split into the In and tan™ terms)

3 3J2 x —x+1
il
_Eln|l+x[——-ln(x -x+l)+—j %) 5 dx  (complete the square for the tan~' term)
=—ln|l+,v:|——ln(x2—J:-H)i»Ltan"(2I )d.wC 3

3 6 V3 3

There is another algebraic form J. \/— dx which you will need to know how to evaluate,
a —x

and it is also given in the MF 26, I

dx =sin™ (—)+C.
Jat=x* SR\ g

Before we discuss how to find the antiderivatives of Loganthmxc K
functions, we need to talk about Integration by Parts.

|

e s, :‘
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7 ison 11 |ntegration Tec
" £

ration by Parts

[nteg
ul tool when dealing with anti-derivatives of products of functions (as it is essentiall
entially

s isause
he 1everse of the product rule).
dv
—dx = Y\ w =y d_"
dx iotegrate Kot X dx dy
ccp Integrate =,
Differentiate

A b
dv o/ b du
Iua; dx = [v(x)u(x)]" —J‘vgx- dx

a

on ‘of 2 or more (usually 2 for H2) different types of functions, the
rmine which function we should integrate first. The following is non-
binations asked at the A-levels:

¢ a combinati
help us dete
hows typical com

raic, Inverse Trig + Algebraic

* When We hav

LIATE rule can
exhaustive, but s

Logarithmi¢ * Algeb
J' p(x)lnx dx, I P(x)tan - v dv. Clearly the only choice here is to differentiate the logarithmic or
inverse trigonometric function and integrate the polynomial.
Example:
3 3

e 2l % (] =

I v }4 Keep _‘:5_. X

& Integrate Integrate p,fmm

IEIE= 5 S
& L Kep e
& Integrate Integrate p, erentiate
¥tan”x |1 1 e T SO e
e /] — I e dx (long division since improper rational function)
2 +X '

S tanx .1 >
——2——{——(,\'—tan 'x)+C
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ebraic + Exponential

tegration Techniques_Summary and Tutorial.d

Algebraic + Trigonometric, Alg

J‘ P(x)cosx dx, J‘ P(x)e* dr, where P is a polynomial. - We  repeatedly  integrys, th
e

trigonomelric/cxponemiaI fu
polynomial reaches 0. ‘
|

nction. and differentiate the polynomial until the degree of
OF the

Example

J..tzcosx dr=(sinx) X —f(sinx) (2x) dx
--'~—v—“dr _V_,:;p W-Jr-—«—'
o= Integrate

< Integrate = - ‘
It is highly advisable that you yse
=x*sinx—2 f xsinx dx () and also factorize/multiply
coefficients (especially those |
=x'sinx— 2( —XCOSX— J' (—cosx) dx) negative signs) with great |
- 4 prudence. |
= ¥ sinx+2xcosx—2sinx+C 1

Trigonometric + Exponential je‘" cos bx dx, J- e sinbx dx

s 2 times (you can choose to either integrate the exponential or

Integration by part 1
but it must be the same function that you integrate 2 times)

trigonometric function,

Example

fc:' cos3x dx= le”cos3x—j-‘-e"(—3sin 3x) dx

: I
e’ cos3x+—| —e

Now rearranging all the terms involving the integral to the LHS, we will have

1315 15 35
—fe cos3x dr=—e**cos3x+—e*"sin3x + "’
4 2 4

:fe” cos3x dx =%e“cos3x+%e2'sin3x+ C

Now let us discuss the techniques that allow us to find the antiderivat

integration by parts.
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,R‘evision 1310

| arithmic functions

Log
one by writing J' f(x) dx =I

These 8¢ typically d f(x) dy = xf(x)-jxf'(x) dx.

1
!
& =i

dr
|
uample: Ilnx dx= L‘ ‘Inx dv= X'HH—J‘I(;) dx=xIn|x|-x+C.
;

[nverse m‘gonometric functions
Game a5 above (for the logarithmic functions).

Example: Ilan" xdy= j 1
-d_l:

dr

A W 4 X = Spn]
tan”' x dx = xtan x—IH—xz-dx-xtan‘x-Eln(l+x2)+C.

L

ntegration by Substitution
¢s you to do a substitution, the substitution will be provided for you. You

When a question requir
need to remember that there are generally 3 steps (for either indefinite/definite integrals).

Sub given | S T
Indefinite integra I Definite int o
8 24 nite integral -
x % \_/x +4

y=2tan

There are no upper/lower limits Substitute | Upper limit: x=2
in an indefinite integral limits Sol2=2tn0 6= %

Lower limit; x=0
So 0=2tanf=6=0

|
1 | Substitute 1 1 el |
integrand [ +4 [4tan® 6+4 2secd

Toubstitate | 1 _ 1 _
integrand | [.2 4 f4tan’ 0 +4 2secd

(Siilbsmule x=21an0=>%=250019 d.: : x:2_tan€:>a—0-=2500 é
(diff: the | Therefore, dx = 2sec’ 6 do

(diff. the | Terefore, dx=2sec’ @ df
relation

iven)

kg

= I L 2seci0do
2secl

= Iseco dé

= ln|sec0+mgl+c
Substitute | 1 |sec@+tan ‘9| +C

back 1o
Vx +4+x +C

original
2

=In

Variable
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Topic(s): Applications of Integration

Summary for Applications of Integration \

1  Evaluating Areas Bounded by Curves and Axes

1.1 Area bounded by the curve and the x-axis

y

In Fig. 1.1a,

b
(i) L f(x) dx > 0.Thus, area under y = f(x) from x=a to x=p is given by Ibf(x) &

(ii) L f(x) dx <0. Thus, area under y = f(x) from x=b to X=c is given by ‘Icﬂx)dx
&
or j;‘f(x)l dx (see Fig. 1.1b).

(iii) The area under y =f(x) from x=a to x=c is given by

I: f(x) dx + (—I: f(x) d\') or j:lf(x)l dx (see Fig. 1.1b).

y = ()|
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2

bonnded py the curve and the y-axis

Fig1.2

n Fig-1. 2%
i) ]:g(y) dy > 0. Thus, area bounded byx=g(y) and the y-axis from y=bto y=4 is
given by L g(y) dy-
(ii) rg(y) dy <0. Thus, area bounded by ¥ =8( y) and the y-axis from y=¢ to y=bis
. b
gvenby -[ 80 Y-
y=4a is

yy the curve X = g(y)andthey-axlsfrom y=cto
L ’l ‘?mu

(iii) The shaded area bounded b
g0 dy+(—[ &)

given by ]‘ H"
un
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Revision 12_Applications of Inte,
\

{3  Area bounded between {wo curves

y={(x)

In general, given 2 curves defined by the equations y = f; ( x) and y=f, (x) =
2 an inlewal

[a. 5] where f, (x)2f, (x) within this interval, we can evaluate the area boundeq
ed between

them from x=a to x= b by evaluating the definite integral J b( fi ( x)- f (x)) 5
a 2 X

Similarly, given 2 curves defined by the equati
Y quations x=g,(y) and x=g, ( z
2 }’), and an interval

[e, d] where g, (v)2 g, (») within this interval, we can evaluate the area bounded be
tween

them from y=c to y=d by evaluating the definite integral Id(gl (v)-¢ (y)) dy
¢ 2 .
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eV‘sion 12_App|i .
R
olving curves which are defined parametrically

ing areas involvin
; ; b d
Egcnli ally, We write the required area as _[ : flx) dx or I : g(y)dy like how we did in the
both y and x are now expressed in terms of a parameter £
done with respect 10 the parameter / instead of the variable x. To dc;
bstitution technique to change the integral to one involving
d to sketch the curve with their GC in order to

ion here is
0, W gpply (he integration by su

| grameter I Students are encourage
ify the requircd region.

Example
ns of a curve C is given by

The pammetric equatio
y =cost, where 0<7<27%.

x =3sint,
f bounded by the curve C, the linesx=1andx= 3.

Find the area 0

Solution:
g 0 REAL
worHAL FLoAl AUTO. REBL RAD

3
Required area = ZL y dx

=2j§ ﬂ[cost %x;)dt

=2 ﬁn_,*(cosl (3cost))df

and we proceed to solve this integral.

dx=

+note the substitution of y=¢0st %dr  and also the change of limits.
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Revision 12_Applications of \

1.5 Area under a curve as thel

v
—ip

o © ©
> & 9 =m -
e e e

o
.

imiting sum of the areas of the rectangles

Y=f(x)

2 02 .04° o¢

04 06 0s 1 o I :

Fig 1.3a Fig 1.3b

Other than using integration, students are required to be able to estimate the

- area
curve using the sum of the areas of the rectangles of equal width. under ,

For example, to obtain an estimate for the area under the curve y = f(x) between , - -
x =1, we can consider finding the sum of the areas of the rectangles as shown iy Fig | 3and
Ja0r

Fig. 1.3b.
Iol £(x) dx = (0.2XF(0) + f(0.2) + £(0.4)+f(0.6)+£(0.8)) (in Fig. 1.3a) or

ﬁﬂndxzmzxnan+nan+fwﬁy+ﬂu&+ra»ﬁnﬁg13m.
From the diagrams, we see that the former gives an approximation which i
an

underestimate while the latter provides an overestimate of the actual area under the
Curve.

To obtain a better estimate, we can consider using more rectangles within the given o
Let us consider the case in Fig. 1.3b, but instead of using just 5 rectangles, let's val,
rectangles. ‘ use n

5

N
%%

%

Wi

\

%
724

N
&

N\

\\

<O

R

NN

NN

NN

2 \\\

e N\

o NN
'*"Eh“f(;)\ % S8 §§\§§§
PLizil: e o
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wsnnl—
lf X d.\'z-l- ' 2
s L0 (G f[_ 3
n\ \n ,, +f(",)+...+f(£)]
)

increase the number
Jes will appro h A
pproach the value of the integral I 't at the sum of the areas
f(x) dv. of the »

As we

rectang

ting sum of the
areas of the n rectangles
can be used
here to ev.
aluate the

the limi
graph of y=f(x) from x=0 to
x=1,

grea under the
ie I: fx)dv= limi-l-f (i) )
r= n

Note: This jdea can also be imilar
simil ly applied if we choose t
0 consider the case
in Fig 1.3
. 1.Ja.
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=0

2 Volume of Solid of Revolution

2.1 Rotation about the x-axis (y = 0)

A
—] y={@)
! .
! e ;
1 ]
1 I
1 |4' x
a b
Fig. 2.1a

In general, if the region R bounded by the curve y =f(x), the x-axis, the lines A
x = b, as shown in Fig.2.1a is rotated completely about the x-axis, the volume of solid of

b b
revolution formed is given by nJ‘ y2 dr = nj [f (Jr)]2 dx.,
a a

If the region R is bounded by the curves y =1, (x), y=f,(x), the lines x=q and i
as shown in Fig. 2.1b,

]

R

? ﬂz( x)

I
L7
b

Fig.2.1b

then the volume of solid of revolution formed when R is rotated completely about the

x-axis is given by nI o dx I fz(x) Jdr = I [f,(x)] [fz(x)] dx
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01228

ofation about the y-axis (x=0)

In general. if the region S bounded by the curve x= g( y) the y -axis, the i
s ' ) A e lines y=c an
y=d,asshownin Fig. 2.2a is rotated completely about the y-axis, the volumeo};' i’d (:

d d
revolution formed is given by uj ¥ dy = I 2
FA R EHOIR

c

{f the region S is bounded by the curves x =g, (), x=g;(¥), the lines y=c and

y=das shown in Fig. 2.2b,

X x--g:(y)

x=gl(}')

Fig. 2.2b

ed when S is rotated completely about the

then the volume of solid of revolution form

d 5 d 2
y-axis is given by n[ [81 (» )]. dy - "L [82 (Y)T dy
e

o T8 0)F ~[0) @

page 8 0f 15

=l e
RO o =
a0 Rime.
b p
) = ﬂ e —
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—

2.3 Rotation about other lines (vertical or horizontal)

When the required region is rotated through 2r about other vertical or hOrizom
of one of the axes, we will need rewrite the problem (usually via 1.

; Ing
: Y by <o AN anslation ¢ ; € Nsteyq
that the line of rotation is one of the axis. This idea is illustrated i the follgy; 8raph) ¢
ng exam

ple,

Example

The region R is bounded by the curve y = x* and the line y=4. Find the Vol

me Of the
solid formed when R is rotated completely about the line y=4.

Solution:

NORMAL FLOAT AUTO REAL RADIAN MP

In order to find the required o

T TS : : ume, the reg;
(= | Istranslated 4 units in the negative y. dimgt;on
y=4 A | so that the line of rotation is now the x-axi ol
77 VU & o
B 2 Thus, th i . s
: SREaL; ﬁi : A0, e equfatlon of the curve in Consideratiop
} 5] ISNOW y=x"—-4 instead of y=x%.
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Topic(s): Differential Equations

summary for Differential Equations

pifferential equations of the form % =f(x)

- solved by “direct” integration, i.e. integrate f(x) with respect to x.

d
E';i=f(x)::y=f f(x) dx

¢ Example [9740/2008/01/Q4(i)(ii))]
{ (i)  Find the general solution of the differential equation
i dy _ 3x
dx X+l
(i) Find the particular solution of the differential equation for which y=2 when x=0.

Solution:
' 0 2=
i dx  x*+1

| 3 ;
g y= I L dx [integrate the f(x) = = : with respect to x]

.
x +1 X+

3¢ 2x
=EI x*+1 &

35
==In(x"+1)+c
> (x*+1)

(i) When x=0,y=2
2=iln(0:+l)+c

2

c=2

: L
Thus the particular solution is y = > In(x* +1)+2.
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Differential equations of the form %= f(y)
- solved by separating the variables, i.e.

dy

— f ’ d ] dx

B =l565 iy 2=
Example (9740/2012/02/Q1(b)]
Given that » and 1 are related by

‘l“ =16-9u°

and that ¥ =1 when 7 =0, find 1 in terms of u, simplifying your answer,
Solution:
%‘- 16—9u°
I oo 9u du = j 1dr [separate the variables to obtain I — du_ I 1d1]

gjmdtmj 1dr

lx]—ln 4+3u o
3204) |43 €

1 4+3u
—In =
! H‘-M t+c

When t=0,u=1

1
C—a—ln7

1 (4434 1 1
Thus 1 =—1In e Lo P T o
24 ‘4—31«\ 2 =5

4+3u
7(4-3u)
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Differential equations of the form %’- =f(x)
2
- solved by integrating the right hand side twice with respect to x. Note that

d
o =f(x)=>zx’-'-=j' f(x) dv

Now suppose that I f(x) dv=F(x) + ¢, then we have

% =F(x)+¢
which gives
y= I F(x)+c dx

Example [9740/2012/02/Q1(a)]
Find the general solution of the differential equation

9-'; =16-9x°

dx-
Giving your answer in the form y = f(x).
Solution: |
9y _16-9x
& |
% = I 16-9x% dx [integrate with respect to x] 1

=16x-3x"+¢
y=[ 16x-32+c dx [integrate with respect t0 x]
=8x" - 1x‘ +ex+d [note that there are two constants ¢ and d]
4




—-—"
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Solving Differential Equations using a given substitution

- the substitution will b given in the question
- this substitution allows us t0 reduce the differential equation to familiar forms h
e

discussed earlier, namely L4 =f(x) or _d_v_ =f(y).
dx dy

Example [9233/N 87/02/Q14(2)]

The variables x and y are connected by the differential equation
dy _l+x+y
& 1-x-y

Show that the substitution # =X+ reduces the equation to
du_ 2

— T —

& 1-u
and solve this differential equation.

Solution:

S S el differentiati ides wi
=x+y == +dx [differentiating both sides with respect to x]

dx 1-x-y

=l+u+l-u
1-u

2
e (shown)
I (1-u) du= J 2dx [separate the variables]

1
u—-;u’ =2x+c
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———

Differential Equations in Real-World Context

- this fncludes Afonnulaling‘(hc differential equation in the given context, solving the equation
and interpreting the solution of the differential equation.

In general, one can use Rate of change = Rate increase - Rate decrease to formulate the
differential equation for a given real-world context problem.

Example [9740/2010/01/Q7]

A bottle containing liquid is taken from a refrigerator and placed in a room where the
temperature is a constant 20°C. As the liquid warms up, the rate of increase of its temperature ¢
oC after time ¢ minutes is proportional to the temperature difference (20—6) °C. Initially the
temperature of the liquid is 10°C and the rate of increase of the temperature is 1°C per minute.

1
By setting up and solving a differential equation, show that & =20 ~10¢ 19,
Find the time it takes the liquid to reach a temperature of 15°C, and state what happens to é for
large values of 7. Sketch a graph of @ against .

Solution: formulating ] interpreting
L A0/ :
v k(20-9) [rate of change = e rate increase = k(20— 8) where k is the

constant of proportionality]
When 6 = 10,9—2 =1
dr
1
1=k(R0-10)=> k=—
( ) 0

_L_do-=| llo d  [solving DE of the form %=f(y)]

1
20-0=Ae '* where A= +e™*
I
36

0=20—Ae

When t=0,6=10
10=20-4=A=10

page 5 of 11
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— | \

) (/]

- 9=20-10e " 1‘
S O S R e e [ e 6=20
15220106
o

1 ! 0 4
(= -th\; =6.93 mins

2 1
As 1> ®, e —0andso 8- 20.
Example [9233/1\'74/02/020] : ’
A race called the Matrices live on an isolated island called Vector, The numbe .
time is proportional to the population at any time and the number of deaths T of birth,

: .S Per yn:
proportional to the square of the population. If the population at time 7 is p PET unit time ;¢ ot

show
& that

9P _ up—bp* . where a and b are positive constants. Solve th i ;
de ap=9p v € equation for p in termg of t, giv,
) en

2a 2 e o TR :
that p= EE when 7 =0. Show that there is a limit to the size of the population,
Solution:

Rate increase « p

- Rate increase = ap Where a is a positive constant

Rate decrease « p°

-. Rate decrease = bp® where b is a positive constant

Thus %— =ap-bp* [formulating]

1 = ) dy
I b dp= I 1dr  [solving DE of the form a =f(y)]

Refer to Q12 of your C9 Differential Equations tutorial for the remaining parts of the soluti
ution.
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Topic(s): Permutations and Combinations, Probability

ummary for Permutations and Combinations

- - - ts
Definitions - A permutation is an ordered arrangemfm of. objec '
- A E:mbingﬁon is a selection of objects in which the order of selection does not matter,

[ Add or multiply? } ) /
Doing one operation
Mutually exclusive / wowed by another to get
operations to the result.
Case 1,2, e 3
3etc... Add Multiply
Permutations
Given Objects taken No of Permutations
n distinct objects n n!
n distinct objects r &P or: 20
no repetitions
n distinct objects r n
with
repetitions
n objects, not all distinct n

n!
(m oftype 1, ns of type 2, min!.n!
-y N Of type k, g
where n=n, +n,+..+n)
n objects, not all distinct

—

Involves combinations & permutations
See section on Combinations.

Useful Techniques when dealing with restrictions:
1. Grouping or Slotting.
(a) Grouping (“must be together”, “cannot be separated” etc.).
Eg.

No of ways to arrange the letters a, b, c,d,e,f, g such that a, b & c are together
= (5 !) X (3 !)

[abe, d, e, f, g: 5 items > 5! ways, withinabe=> 31 ways |
(b) Slotting (*cannot be together”, “must be separated” etc.)
Eg.

No of ways to arrange the letters a, b, ¢, d, e, f, g such that a, b & ¢ are not adjacent
to each other = (4!)x(’P,)

[ arrange d, ¢, f, g first > 4! ways, slot and perm b, ¢
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—

- — N -
2. Taking Complement (“two items cannot be together” or “at least 1)

Use this techni 1 ;
chnique with care. Note that for Eg in 1(b) above, a, b, ¢ not adjacent to each other is

NOT the complement of abc together.

Combinations

Notation: "C, can also be written as ("J
r

Note:

e

L] 'P, =’C,l'!

J- e =2 [

)

No of ways to
select r objects

Given : n distinct objects

¢

Given: n objects, not all distinct

No direct way to calculate. Need to consider

different cases:

(i) Start with case where the r selected objects
are all distinct.

(i) Next, consider case(s) with pair(s) of
identical objects, and so on.

(iii) No of ways = Sum of the different cases

Eg: To choose 3
Jetters
(arrangements
not required)

Given: Letters a,b.c.d.e,f

No of ways = (g) =20

Given: a,a, a, b, b, ¢

Case 1: All distinct (abc) — 1 way.

Case 2: Contains an identical pair (aab, aac, bba,
bbc) —2 x 2 =4 ways.

Case 3: All identical (aaa) — 1 way.

Total no of ways =1 +4 +1=6

Eg. Find the no
of 3-letter
codes

(arrangements

to be
considered)

Given: Letters a,b,c,d.e.f
No of ways =

6
U(u):lzo
2

OR: °P, =6x5x4=120

Given: a, a,a, b, b, ¢
Case 1: All distinct (abe) — 1x3! = 6 ways.
Case 2: Contains an identical pair (aab, aac, bba,
1
bbe)— 2x 2%
2!
Case 3: All identical (aaa) — 1 way.
Total no of ways =6+ 12 +1 = 19

=12 ways.

it is important to establish if
or combinations only, or both.

g in above table ).

Remark: Before doing any calculations,
e the problem involves permutations only,

o the objects or items given are all distinct. (see E

o repetitions are allowed.
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Revision

\

e In row arrangement, such as in a queue, there is a first & a last position, N
7 + INO Of\\a

Circalar Permutations — Arranging n distinct objects in a Circle

« Inacircle, such as a round table, there is no starting or ending point ¥$ =)
. n! :
Noof ways= — =(n-1)!
n

5 No. of ways to seat 2 couples and a boy at a round table = (5-1)1=»
o No.of ways to seat 2 couples and a boy at a round table if each Cou‘ —I ‘.4
= (3-nn2R!=8 pelSSeatedtogﬂh
e
[ couple 1, couple 2, boy round the round > (3 - 1)! ways, each r
o If the seats of the round table are numbered, we will perfor;n‘lhe n:ouple =21
assuming the seats are not numbered, and multiply the value with the ny cESSary °al°"|3tions
o No. of ways to seat 2 couples and a boy at a round table m er of seats
= (5-1)! x5=120 with Numbereq Seats
o No. of ways to seat 2 couples and a boy at a round table if
together, and the seats are numbered = (3-1)!1212! x5=4¢

Ways

each couple s Seated

Reminder: Questions on P&C may involve probability. Read the questions carefully

Page 3 of 8
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Summary for Probabiligy

If the sample space S consists of a finj
phadisiir o e number of equally likely outcomes, then the probability of event

P(4) = 00- of elements in 4 _n(d)
no. of elements in § _TS)'

In layman definition, Required P"Obabili‘ty  Outcomes we are interested in

total possible outcomes
Important Results
1. 0<P(4)<1, answers should alwa s be i
5 P(A') =5 p(A) ¥S be between 0 and 1 inclusive AND exact where possible
3. PAUB)=P(4)+ P(B)—P(4 N B)

P(4UB)= P(4)+P(4'~B)
P(4)= P(AmB)+P(Ar\B')

or any others involving 4'U B, AL B\ A'UB' ANB ANB AN B' A'm B' and
even3 sets A, B, C.
4. If 4 and B are mutually exclusive, then P(4 ~ B) = P(¢)= 0, thus P(4 U B) = P(4) + P(B)

Conditional Probability

If A and B are two events and P(B) #0, then the probability of 4, given that B has already occurred, is
written as P(4 |B) and is calculated using the formula:

P(ANB)

P4|B)= )

Note:
l B‘ \A

2. Ingeneral, P(4|B) # P(B4). _ % ‘ :
3. P(A|B) can be considered as the probability of occurrence of event 4 ™ B with respect to the
sample space B i.c. reduced sample space.
Example (part of AJC Prelim 9740/2008/02/Q7):

. where P(4) #0.

3 machines A, B and Cproduce 25%, 35% n '
a factory. These balls are either yellow or wh
respectively are yellow. It is known that the |



Revision 14_PnC, Probability_Summary and Tutorial.docx

are picked randomly, find the probability that at least 1 is yellow given th

at al| [he b :
from machine A. alls Pickeg N
Using reduced sample space, P(at least 1 is yellowlall from A )=1-08" = 0488
Indepeadent Events
Two events .4 and B are said to be independen
versa.

tif the occurrence of 4 does not affect thy of B
and Vice

To prove independence of events A and B, we can show either one of the following
1. P(4]|B)=P(4)
2. P(B|4)=P(B)

P(4nB)=P(4)P(B)

It can be easily shown that if 4 and B are independent, then the following pairs are also i
Aand B', 4'and B', A' and B S0 Independeny

)

We DO NOT assume independence unless we have proven it or condition is given in the question

Common mistakes:

Mixed up the tests of “mutually exclusive” and “independence”.
Taking P(A4n B)=P(A4)P(B) even when 4 and B are NOT independent.

Techniques in calculating probabilities
1. Systematic listing — example 9740/2014/P2/Q10.

-~

2. Venn diagram — example 9740/2015/P2/Q9. This question involves 3 sets,
3. Tree diagram — though a useful technique

» many students are lazy to draw the dia
made careless mistakes. gram and hence
P(D\A) D
< P(4) + P(B) + P(C) = |
A D
P(4) P(D4)

D
P(ODIB
P(B) Bg' P(4 D)= P(4)x P(D)] )
P(D1B) — D
D
o

P(D’IC)
4. P&C — do not be confused when applying this technique. The counting for denominator has to be

consistent with that of numerator. If order matters for denominator, then it has to matter for
numerator,

Reminder: Probability could easily be embedded in another Statistics question due to its nature. Read
question carefully.

Page5o0f8
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Topics: Discrete Random Variable, Binomial Distribution, Normal Distrip,
f n “tiOn

Probability Distribution
A table or formula giving the values of P(X'=x) for every x in sample space ;
probability distribution of \" For the experiment of tossing a fair coin 3 et S calleq the

number of heads obtained, the probability distribution of X'is as follows here x iS the
=5 ] B RS
| 1 ’ 3 3
X=x) = ~ =
lL P(X=x Y | 8 8 n

The probability distribution of X satisfy the following:
1. 0<P(X=x)<lforallxinS.

2. Y P(X =x)=1 where the summation is over all values of x in S
el

Expectation of Discrete Random Variable

The expectation (or mean, or expected value) of a discrete random variable X taking values fro,
m
aset Sis given by E(X)=) xP(X =x).

16§
Independent Discrete Random Variables

Let X and Y be two discrete random variables taking on possible values x,,x,,... and Yis Y
; ) ; 2 s Vseee
respectively. The random variables X and ¥ are said to be independent if for all / and j,

P(X=x andY =y )=P(X=x)P(Y=y)).
Functions of a Discrete Random Variable

The expectation of g(X), where g is a function of X, is denoted by E(g(X))= Z g(x)P(X =x).

xe§

In particular, E(X*)= ) ¥ P(X =x).

res
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Variance ang Standard D
The variance of a discrete

eviation of a Discrete Random Variable
random variable X is given by

Var(X) =EQX~ ) = 3 (x— )’ P(X =x)

=E(X?)-4 =(Zr’p(x =x)]-/f.

The standard deviation of X,

denoted by 0, is defined as ,/Var()( )

Properties of Expectation and Variance
(Note that these properties hold for discrete and continuous random variables)

Let X and ¥ be random variables and g and b be constants. We have

Expectation

Variance

(1) E(@)=a

(2) E(aX)=aE(X)

() E(aX +b)=aE(X)+p

(#) E(aX £bY) = aE(X)+ bE(Y)

(1) Var(a)=0

(2) Var(aX)=a’Var(X)

(3) Var(aX +b)=a’Var(X)

If X'and Y are independent random variables, then
(4) Var(aX £bY) = a*Var(X)+b*Var(Y)

Important Results

In general, E(nX)=nE(X)

E(X,+ X, +..+ X,)=E(X,)+E(X,)+..+E(X,) =nE(X)

but Var(nX) =n’ Var(X)

Var(X, + X, +..4+ X,)= Var(X,)+Var(X2)+...+Var(X,,)=nVar(X).
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Summary for Binomial Distribution \

Note that Binomial random variable is a special discrete random variabje,

Conditions for an experiment to follow binomial distribution

1. It consists of n independent trials.
2. The outcome of each trial is either a success or a failure.
3. The probability of success for each trial, denoted by p, remains constant

Note that the above must be stated in context of a given question.

For example, a biased coin has probability 0.56 of obtaining a head in any toss
probability of getting 6 heads if the coin is tossed 8 times. S Fing the

Conditions in context as follow

The coin is tossed independently 8 times.
The outcome of each toss is either a head (success) or tail (failure),
The probability of obtaining a head (success) remains constant at 0.56

w N

Binomial Distribution
If a discrete random variable X" follows a binomial distribution, we write Y B(n, p)
) ~ D\n, P

where the parameters of the distribution n and p refer to the number of trials and th .
success for each trial respectively. ¢ Probability o

The probability distribution of X'is given by (in MF26)

n
P(X=x)=(x)p’(l—p)”" ,for x=0,1,2,....n, where (n)= o Pl
x : 4

(n—x)!x!

The mean and variance of X are given by
(1) E(X)=np (in MF26)

(ii) Var(X)=np(— p) (in MF26)

Page 3of11
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Summag' for Normal Distribution

Note that Normal random vari

. P . 1 o i Ous
able is a special continuous random variable. For continuo
random variable. probability

is calculated using the area under its probability density function.

In H2 Math syllabus, we Just need to know how to use GC to evaluate these probabilities.
We also need to be aware that

P(X<x)=P(x< x) for discrete random variable (Binomial included)

BUT
P(X <x)=P(X <x) for continuous random variable

Normal Distribution

If a continuous random variable X follows a normal distribution,

we write X' ~N(u,07),

where E(X) = 1 and Var(X)=g?,
Properties of a Normal Curve
Let X ~N(y,0?).

(1) It is symmetrical about the line x=y.

(2)  The mean, median and mode are all

equal to u.

(3) It approaches the x - axis as x — 1o,

H
(4)  Areaunder the graph gives the probabilities,
1
&

Le., P(u<X<h)=L f(x)dx Pa<X <b)

where y =f(x) represents the probability

density function of the normal curve.
Hence P(a < X <b) is given by the area under the &\ o
graph from x=a to x=b. a u b

(5) Total area under the curve is 1.

Page4 of 11
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be

(6} Mu-oc<X<u+0)=0.68 \

Plu-2o <X <u+20)=095
Plu-3a <X < u+30)=0997

ie, approximately 68%, 95% and 99.7% of the valyes d

2 rawn fro
distribution lies within 1, 2 and 3 standard deviations of the me

a
B resPe(:tiwely. 10ty
Stasdard Normal Distribution

Let X ~N(g,0°). The random variable Z , which is the standard normal varighye -
s s

g defy
_X-u . The standard normal distribution is Z ~ N(0,1). B by
o

The process of converting X ~ N(#,0°) into Z ~N(0,1) is known as standarq

P(X <x)= PLX—-”S'\‘——”)=P(ZS EEN
(og o o

izatiop_

Remarks: Standardization is usually applied when there are unknown Parameter(s) w,
use the commands normaledf{ or invNorm( of our GC directly, N we can’t

Using the Properties of Expectation and Variance of Ran

dom Variables, we hav.
following results for independent Normal Random Variables ¢ the

Let X ~N(x,0,%) and ¥ ~N(u,,0,

’) be independent random variables and 4 and p pe
constants. We have

(1) X+Y ~N(y £ 1,0 +0,%)
2) aX +b~N(ay, +b,d’a)’)
(3) aX £bY ~N(apy by, a’a* +b'c})

Reminder (in revision 14 as well): Probability could easily be embedded in another Statistics
question due to its nature. Read question carefully.

Page 5of11




RAFFLES INSTITUTION
H2 Mathematics 9758 :
2020 Year 6 Term 3 Revision 16 (Summary and Tutorial)

Topic(s): Sampling and Estimations, Hypothesis Testing

Summaﬂ for Samnling and Estimatigng

Definitions

- A population is the entire collection of data (persons or items or individuals) that
We want to study e.g. apples produced by a farm.

= A sample is rando
being selected, and
‘Every biscuit bar h
biscuit bar is not a

m if every element in the population has an equal chance of
the selection of an element is independent of another. e.g.

as an equal chance of being selected, and the selection of one
ffected or influenced by the selection of another biscuit bar’,

[Note that it is not suffic

ient to say ‘each biscuit bar has an equal chance of being
selected’)

- A sample is non-random if each element in the population does not have an
equal chance of being selected, resulting in certain segments of the population
being over-represented, as some members are “systematically or deliberately
excluded” from the study and the sample being biased.

The Sample Mean, X asa Random Variable

Let X, X., X,, ..., X, be a random sample of size n taken from an infinite population (or

finite population if sampling is done with replacement) with mean 4 and variance o,
Then the sample mean X, defined by
e =lZX= X+ X+ X, +..+ X,
n n

- - O
is a random variable with E(X) = x and Var(X ) =7.
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The Distribution of the Sample Mean

Let X, X, X, .y X, bearandom sample [ Let XX 12
Ay A 2 y

s X

of size n taken from a normal population sample of iz ,, tako g be 5 large

with mean y and variance 0. Population wi, Mean ;:0 : n“'l'no"hi] '

Then si S Varj "

T : SH1ce sample iy, o0 la a:an% o

2. g = 2 f
1) X~N(;1,—) 1) X~N(,u,‘L
: 2 n | PProxin,, I
Centra) Limit 7y,

@) X,+X,+X;+...+ X, ~N(ny, nc®) @ X, +x, 4+

approximately by ; N(ny, "oy
Central Limit Theorem

General Tips

1. To identify questions on Central Limit Theorem, look out when there js NO ment; b
‘normally distributed’ or ‘normal population’ €.g. “The random Variable y i:':;lon of
have a mean of 50 but it is known that the standard deviation is 14.5.» and the oug.b‘t.é e
asks for ‘find the probability that the sample mean / average value of x/ ,.“: W ! E
using a suitable approximation’ or ‘estimate the pro ) by :

bability’,
Do not make the mistake of writing X ~ N (1, a‘z) at the first sighting of Meanand
vari?me/standard deviation in the quesuon.'MeaF and variance applies to any Population, i
not just normal, so look out for the phrases in point 1 above, ..

3. Also, writing X ~N(4, o*)
theorem applies to X .

When the population variance o is unknown, the unbiased estimate of population
variance s* will be used and the notation will change accordingly. This is especially

)

approximately by Central Limit Theorem is Wrong as the

important when we write the distribution of ¥ ~ N( M, 7 J approximately under
n

hypothesis testing,
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Unbiased Estimates of Population Mean and Population Variance.

In statistics, an estimate is considered to be
sample statistic (used to estimate the populati
value of the population parameter.

In particular, the average value of X gives the true value of g,

good” if it’s unbiased, i.c. the average value of the
on parameter) for all possible samples gives the true

that is, E(X)= 4.

: Estimate Unbiased
Population from sample i How?
Yes, sample
mean is an
unbiased
x = X-a
H Sa,npl; can esﬁmate of X= Z— or X= L.’.a
population n n
mean.
We will have to calculate the unbiased
estimate of population variance s?by using
one of the following:
-2
2 n Z (x = x)
No, sample | (1) s*=—0|&2" "/
: : n-1 n
variance is
NOT an - :
o Sample unbiased gl Y- (>x)
Ynce estimate of | n—-1 n
population -
variance. n

3) s= —l(sample variance)

n-—

1
2_
(Gic Cn-1

e 2]
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mmary for Hypothesis Testin
Performing a Hypothesis Test

‘ Understand the given question and writ
ed
! Sl H, and the alternative hypothesisle the Ry
= Writg down the level of signiﬁcance a yp(ith”h
question) (u

‘ Step 2
|

Step3 | Decide on the test statistic to be yseqg and dete

= Use the GC to caleu] Mine jts g |58
Step 4 ¢ the GC to calculate the P-value slﬁbn a 3
op|
Reject H, if p-value 50,01{\

StepS | Donot reject H, if p-value> ¢

Write down the conclusion in the context M
of the uest:
tion L

‘?'member to

Let X bethe IQofastudentin ABC University. | Vays defp -

there are nog
defineq in the
questiop,

Step1: Totest Hy:u=118 vs H,:p>118 —— S

This is an example. Read question
carefully to decide >, <or#

Step2:  Perform a 1-tail / 2-tail test at 5% level of significance,

Step 3: (Sample from a Normal population of known variance)

2

Under H;, A-"-N(/lo,%],where M, =118 and o =12 .

From the sample, X =121, n=50.
OR

Step 3 (Large sample from a Normal population of unknown variance):

Under H,, ¥ ~ N(%,i) approximately, with 4, =118.
n

From the sample, ¥ =121, s =+/97.454
OR

Step 3 (Large sample from a non-Normal population of unknown variance):

”

Under H,, since 7 =60is large, ¥ ~ N(;lo,%-] approximately, by

Central Limit Theorem, with M, =118. Vo
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From the sample, 5 = 121, 5=/97.454

Hip> "= P(X 2 %)

Hiip<py"=P(¥<5)

Hyine "= 2P(X <5) if 7<
or2P(X 2 %) if ¥ > ,

Step 4: Using a z-test, p-value =p(¥ > 121) = 0.0385 (3s.f)

Step §: Since p-value = 0,0385 < 0.05, we reject H, and conclude that there is
sufficient evidence, at 5% level of significance, to support the claim that the mean
1Q of students in ABC University is greater than 118.

OR

(if test is performed at 1% level of significance)
StepS:  Since p-value =0.0385>0.01, we do not reject H, and conclude that there is

insufficient evidence, at 5% level of significance, to support the claim that the
mean 1Q of students in ABC University is greater than 118.

[Notice the only difference are the two phrases in bold and the end of the sentence is to describe
the alternative hypothesis Hj.)

General Tips
- Take note of the nature of the “claim” in the question and the respective conclusion e.g. if

the claim is “the mean IQ is equal to 118 or at least 118 or at most 118, then when

H, : =118 is rejected, there is “sufficient evidence at ... to conclude that the claim is

invalid™; whereas if the claim is “the mean IQ is higher or lower than 118”, then when

H, : =118 is rejected, there is “sufficient evidence at ... to conclude that the claim is
valid™.
- If Hyis rejected at 5% level of significance for a certain p-value, H, will also be rejected
at 10% level of signiﬁcance or any level higher than 5%. On the contrary, H, may or may
not be rejected at 1% or any level lower than 5%.
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Definiti

1. The level of significance (or significance level) of , hYDoth
s esis tes

defined as the probability of rejecting Hy When H, i
0

: try
significance™ means “there is a 0.05 probability of Wro >

ngly ¢
of the students is more than 118 when in fact it is 118»

8.
OnQIUding S% 1

= . . [he 0
2. The p-value = P(X 2121) in this context refers 1o the Probabiuty
. of d
average IQ at least 121. This is also the valye We will pyt dowp 8emng 3
. . On
asked for the smallest level of significance a which H, can s Our tipt v
M fayg,

"op
Important Cases where conclusion is given and we are asked ¢, fing.

Case I: Level of significance a%

Carry on as if we are performing a test. Afier f

nding the P-valye:

If given H, is rejected value<a-'f' : 5
given H,is rejected, p- “100° 'Teiven H is noy rejected, P-Valye sa ‘
100"

Case 2: Sample mean X (No standardization required) 008 4

Example: For a test at 5% leve] of significance anqg under H, ¥ . N ( o?

M, =118 and a=l?..methesample, n=50.

If given H, is rejected

1-tail (eg. H,:p>1 18)
p-value <0.05

2-tail (e.g. H 1 pp 18)

p-value (.05 TRl
P(X2%)<0.05 2P(X 2%)<0,05 or2P(X<¥)<005 l
Using GC, P(X 2137.738)= 0,05 P(X >%)<0.025 of P(
72138 :

X<%) <005 §
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C&S:u,ornora:or::

All steps are similar to that of C

ase 2 above except we have to standardize in order to
solve for the unknown Parameter,

Example: (to find )

I-tail (e.g. H, SH> s from sample, ¥ = 121)
—————— 177 7 A lrom sar

Pp-value <0.05
P(X2121)<0.05

Plz2Bh | g0
iu-
50
Using GC, P(Z 21.6449) = 0,05
121- 4

21.6449
ig
5
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Topic(s): Review the Use of Graphing Calculators

In this revision, we will review the ys
y e i i ics. There may be
tricks that you may not be aware of e of gr aphing calculators for the following topics. There may

1: Graphing — Functions

2: Graphing — Parametric Equations
3: Equations & Inequalities

4: Complex Numbers

5: Discrete Random Variables

1: Graphing — Functions
Skills Required: By using the FUNCTION mode

Sketch the graphs of functions and composite functions (zoom)]

1.
2. Determine the y-value for a given x-value [[CALC) value]
3. Determine the x-intercepts [[CALC) zero). :
4. Determ?ne the c0f>rdinates of the minimum & maximum points [[CALC] minimum/maximum]
5. Determine the points of intersection of 2 graphs [[CALC] intersect].
G Determine the gradient of the function [[cALc] v, OR nDeriv]
5 S
7 Determine the area bounded by the function with the x-axis [[CALC] [f{x) dx OR fnlnt].

3 Sketch piecewise functions (OS 5.3.0 and 53.1) B: piecewise]

Exercise 1

(a) Functions fand g are defined as follows:

XX

f(x)=—, for xe R, x#-2,
x+2
g(x)=x-3-e* -In(x+1), for x>-1.

Sketch, on separate diagrams, showing clearly any asymptotes, intersections with the axes and

coordinates of stationary points, the graphs of
(i) y=£f(x), (i) y=g(x).
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R &

The function his defined as
hixts £(x), forxeR, xs o
(iii) Find the equation of the tangent 0 y = gh(x) at the poing b,
i Cx=
(i) Find the area bounded by the graph of .y = gh(x) with the x. ;e
(v) Solve the inequality gh(x) < 2In(x+1). >

1-10x xeR, x#-1 0
s Ny =1 £ % .
) stating clearly €quatj

(b) Sketch the curve y=l+x(x+]

intersections with the axes and coordinates of turning points.

Sinx+c05x_| R

5T !
© Sketch the graph of y = f(x) where f(x)= W 2% S X <0
Tig for OSxSQ;-‘ g

State clearly the coordinates of the endpoints.

2: Graphing — Parametric Equations
Skills Required: By using the PARAMETRIC mode,

—

Sketch the curve for the given domain [(Y), (WINDOW]].
Determine the coordinates of a point on the curve [[TRACE], [CALC] value].

ro

3 Determine the gradient of the curve at a point [[CALC] % OR nDeriv].
X

4 Obtain the value of an integral with parametric equations [fnint].

Exercise 2

(') Amch”pamm cquaﬁons J.'-_-sin 20+sin9’y =COS€, where 05052?‘% ‘l‘.

(i)  Find the equation of the tangent to the curve at the point where & = -’-Zr-

(i) Sketch the curve, giving the coordinates of any intercepts.
V3
(b) A curve has parametric equations  x=cos7, y=sin’f, for 07 SE'

@ Sketch the curve, giving the coordinates of any intercepts.
(1)  Find the area bounded by the curve and the axes.
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3: Equations & Inequalities
Skills Required:
1. Solve equations & inequalities,

By using —> PlySmit2 - SIMULTANEOUS EQN SOLVER,
Solve system of linear equations,

[

Exercise 3

(@  Find the smallest positive integer » such that 10000(1 -0 9') <25n(n+3)

(b)  Find, for -2<x <2 the set of values of x such that

e sin 2, X
X—| x+x +? <0.05.

(¢)  Use your calculator to find a vector €quation of the line of intersection between

70 ore(i+3j+2k)=4 and Ty re(i-j-k)=4,

(d) A finite arithmetic progression Uy Uy Us,..., 0, has first term @ and common difference d.
n+! 4027
. 405 U, +, =36228 and the average of all the odd-numbered

n

It is given that

:jcnn; is 12 075. By formulating three equations involving a, d and nd, find the values of a,
ana n.

4: Complex Numbers
Skills Required:

1. Perform operations on complex numbers.

By using —» PlySmit2 —> POLYNOMIAL ROOT FINDER,

2. Find the roots of a polynomial equation with real coefficients.
* By using [MATH — CMPLX,
3 Find the conjugate, modulus and argument of a complex number.

4. Convert a complex number from the Cartesian form to the Polar form and vice versa.

Exercise 4

A :
(a) Evaluate the following: (i) :;4;2 , (i) J5-12i
—i

(b) Find the roots of the following equations: A%
(i) 2 +(=1+4i)z+(-5+0)=0, (ii) z* -2

() Find the conjugate, modulus and argument of

5
(i) 3-ixXi-3), (ii) ((3 +;l))
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(d) Express the following complex

(i) ﬁe(%}.

(i) 2e(3}

numbers in cartesian form.

g

() Express the following complex numbers in polar form.

(i (—%—-?i](i-ﬁ)-

(2+21)

=5

5: Discrete Random Variables

Skills Required: Use of (STAT), summation, [TABLE].

0T . g
1

() 2613,

Exercise 5
(a)  Find the mean and standard deviation of the random variable X with :
distribution: the followi
x -4 -3 -2 -1 0 1
P(X=x) 0.04 0.16 0.24 0.16 0.15 0.1

(b) A committee of 12 people is chosen at random from a group consisting of 24 wom,

The number of women on the committee is denoted by R.

Use your calculator to find
(i) P(R26),
(i)  the probability that R is divisible by 3,

(iif)
(iv)

E(R),
Var(R),
(v)  the most probable number of women on the committee.

2
0.1

(ii) 22{%}]

3
0.05

enandlsmm !



