RAFFLES INSTITUTION
H2 Mathematics (9758)
2025 Year 5

Additional Practice Questions for Chapter 2A: Vectors I
Vector Algebra, Ratio Theorem, Scalar and Vector Products

1 Referred to an origin O, points 4 and B have position vectors given respectively by
OA=i+2j—2k and OB =2i—-3j+6k.
The point P on AB is such that AP: PB=A:1-A. Show that
OP=(1+A)i+(2-5A)j+(-2+8A)k.

(i) Find the value of A4 for which OP is perpendicular to 4B.

(i)  Find the value of A for which angles AOP and POB are equal.

9205/1984/02/Q5
Solution:
By Ratio Theorem,
o5 _(1-2)0d+ 108 L 12 P2 B
(1-2)+2
1 2 (1—/1)+2/1
=(1-2)| 2 |[+4| -3 |=| 2(1-4)-32
-2 6 -2(1-2)+62
1+ 0
=| 2-54 |, thatis, OP = (1+ A)i+(2—-51)j+(~2+8A)k (shown)
-2+84
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(0)

2 1 1
AB=0B-04=|-3|-| 2 |=|-5
6 |2 8
OP L AB= OP-AB =0
1+ 4 1
=| 2-54 |-|=5]=0
-2+84 8
= (1-10-16)+A(1+25+64) =0
25

:>/1:—:i
90 18

(i)

ZAOP = ZPOB = c0s LZAOP = cos ZPOB
_ 0P-04_0P-0B
or{jod] [oPos

1+ 4 1 1+ 4 2
:>% 2-54 |- 2 =l 2-54 |- -3

81 l2) Tl2+82) 6
:%[(1+4+4)+/1(1—10—16):|=%[(2—6—12)+/1(2+15+48)]

=7(9-252)=3(~16+652)
3

=>A=—
10

OR:
Use the fact that in a rhombus, the diagonal is an angle bisector.

We can form a rhombus with the vectors — and b which has diagonal

[a| = [b]

] for some k € R.

a b
[a| * [b]
So OP// ie. OP = k(

ol || [al - [b]

By Ratio Theorem, since P on 4B is such that AP: PB=A1:1-A.
OP=(1-1)a+4b

(1-2)a+b= k(|a| ||j

Since a and b are non-zero and non parallel vectors,

(1—4):% ———(1) and z:ﬁ———(z)
s 23,3
(2)7(1)31—/1_|b|_7:>/1_10
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2 Referring to an origin O, the position vectors of points 4, B and C are given by OA=7i,
OB=i+4k and OC =i+4 j respectively. A parallelepiped has O4, OB, OC as three edges, and

the remaining vertices are X, Y, Z and D as shown in the diagram.

(i)  Write down the position vector of Z in terms of i, j and k.

(i)

value of A and evaluate ‘O—P‘ .

[1]

CP . —
The point P divides CZ such that E = A. Given that OP is perpendicular to CZ, find the

[6]

IJCPrelim9233/2006/01/Q14(i), (ii)

Solution:

) | 0z=04+42
=0A+OB =8i+4k

(i) Since P divides CZ such that % =4,
by Ratio Theorem,
OP = OC +10Z
1+4
1 8
1
=——1 |4 |+4]|0
1+4
0 4
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7
Since OP1 CZ, OP-CZ=0 where CZ=0Z-0C=|—4
4
| 1 8\| (7
- 4 +/1 0 . —4 =O
1+
0 4)| (4

7-16+(56+16) 2 =0

a=1

8
! 1+1 4 4
*811/2 1

and |ﬁ|=g 4+ +1° =4

Alternative Method
8 7

From (i), 0Z =| 0 |.So CZ=0Z -0C =| -4
4 4

CZ =7*+2(4*) =9

, 2=l:>CP=landPZ=8
PZ 8

Since A = l
8

Z

ClP 8 P

17

.-.‘W}=\/l7——=4
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The position vectors of 4 and B with respect to the origin O are a and b respectively. M is the
mid-point of OA4 and C is the point on MB such that CB=2MC.

Given that |a| =6,

scalar product of —b and c.

b| =5 and the angle between a and b is 45", evaluate the exact value of the

MI Prelim 9233/2006/01/Q1

Solution:

Given CB = 2MC

CB 2
=>—=—
MC 1
=CB:MC=2:1
By Ratio Theorem,
(20U 08 Ly )

Given that M is the mid-point of OA, OM = %a
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4 Referred to the origin O, the points 4 and B have position vectors a and b such that
a=i+j+k and b=i+2j+2k.

(i) Find the size of angle OAB. [2]

The point C has position vector ¢ given by ¢ = Aa+ ub , where A and u are positive constants.
Given that the area of triangle OAC is twice that of triangle OBC,

(ii) find x in terms of A, [3]
(iif) hence, if OC = /118, find the position vector c. [4]

JPJC Prelim 9758/2021/01/Q2

Solution:
() 1) (1 0
BA=|1|-|2|=|-1
1) (2 -1
1\(0
1o —1
cos XOAB = 04-B4 A 2

G

KOAB =144.7° (1 d.p)

(i) Area of AOAC = %|qx(ﬂg +,u13)| = §|g xb| since x>0
Area of AOBC = %|lgx(/1g +,ulg)| = %|lgx a| since >0
Given area of A OAC is twice that of A OBC,

Blaxt]=22]pxd
2 2

Since |axb|=|bxd|, p=24
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(i) | oc =118
[Aa + ub| =118
|la+22b| =118 since u=22 or.
A+22 31
A+42 | =118 52 | =118
A+4A 54
JBAY +(54) +(54) =118
9% +251% +254* =118 A5 |=V118 since 4 >0
5947 =118 >
A=12 N3 +57+57 =118
Since 4 >0, gzﬂzﬁ
32 V59
2=12, c= 52 V2
5v2 c=|5V2
5V2
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5 Withrespect to the origin O, the position vectors of the points 4, B and C are a, b and crespectively.
Point C lies on AB such that AC:CB =1:2. It is given that a is a unit vector and the length of OB

is 2 units.

(i)  Give a geometrical interpretation of |a-c|. [1]
(ii) It is given that the angle AOB is 60°. By considering (2a—b)-(2a—b), find [2a—b|.  [3]
(iii) Find c in terms of a and b. [1]
(iv) Hence by considering cosine of angle AOC and cosine of angle COB, determine if the line

segment OC bisects the angle AOB. [3]

MI Prelim 9758/2021/01/Q4

Solution:
() |a-c| is the length of projection of ¢ onto a .
(i) | (2a—b)-(2a—b)=4(a-a)—2(a-b)—-2(b-a)+(b-b)
=4[a] —4(a-b)+[ (- b-a=a-b)
=4(1)* —4la|[b|cos 60° +(2)’
=4-4(1)(2) (%) +4=4.
(2a-b)-(2a—b)=|2a-b[ =4 =|2a-b|=2.
(iii) | Since C lies on AB such that AC:CB =1:2, by Ratio Theorem,
b +2a
¢= 3 I I !
A 1 C 2 B
@) cos LZA0C =2C
allel
(b + Zaj
a .
3 ) [from (iii)]
[alle
2
= l(Lz(l)J [since a-a = |a|2 =1?]
30 |d

_l a-b+2
3l )
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cos ZCOB = b-e
|
b (b J; Za)
=————"—< [from (iii)]
bl
2
= l(w] [since b-b = |b|2 =27]
3 2|e|
= l(—%a‘bj = cos ZAOC.
30
.. line OC bisects the angle 40B.
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Relative to the origin O, the points 4, B, and C, have non-zero position vectors a, b and 3a
respectively. D lies on AB such that AD = AAB, where 0< A <1.

(i)  Write down the position vector of the point D. [1]

(ii) The point E is the midpoint of BC. Find the value of A if E lies on the line OD, and write
down the ratio OF : ED. [4]

NYJC JC2 Prelim 9758/2019/01/QS (modified)

Solution:
(i) | Since AD=14B,
by Ratio Theorem, A A D 1-4 B

OD=Jb+(1-1)a, AeR

(ii) | Since £ is the midpoint of BC,
by Ratio Theorem,

oTa:%(bﬂ):%(msa)

B
Since E lies on OD, V
O—E=s0—l)=s[/1b+(1—/l)a], for some s, 4 € R

Hence, s [ﬂb +(1- /I)a} = %(b +3a)

Since a and b are non-zero and non-parallel vectors (4 >0),

S/1=l and s(l—/l)zE
2 2

I

Solving, 4 =

Since O—Ezé(b+3a) and @zi(b+3a)=%O—E.
Hence, OE : ED =2 : 1.
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7 Referred to origin O, the points P, O, R and S have position vectors p, q, r and s respectively.
(i) Given that ap+ fq+r=0 and ¢+ f+1=0, where @ and £ are non-zero constants. Show
that P, O and R are collinear. [3]

It is given that the point R lies on PQ produced. The point 7 lies on line RS produced such that
RT:ST =3:2.

(ii) Find the position vector of the point 7 in terms of r and s. 2]

=) (-1

) Give a geometrical interpretation of | |
s—r

[1]

(iii

(i) Find the area of triangle PRT in the form y|pxs—pxr—rxs|, where y is a constant to be

determined. [3]

TMJC Promo 9758/2021/Q10

Solution:

i |[a+p+1=0=2a=-p-1
Substitute into ap+ fq+r=0:

(-B-1)p+pq+r=0
B(q-p)+(r-p)=0
LSPO+PR=0

PO = kPR, k:—%, B#0

Since TQ is parallel to PR, and P is a common point, P, Q and R are collinear. (shown)

(ii) | Since T lies on line RS produced such that RT : ST =3:2.

g 3 »
_— —_— | | |
——  OT+20R '
05 ===~ RNC |8 2
OT +2r
S =
3
OT =3s—2r
0
(iii) V(e _ — . RS DDA PO
|(p |r) (s| r)|:(p_r)'(|s r|) =RP-% is the length of projection of RPon RS .
Ss—r S—r R

(iv)

Area of triangle PRT = %‘Ef’ x RT
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:%|(p—r)x(3s—2r—r)|
=%|(p—r)><(3s—3r)|

3
=E|pxs—p><r—r><s+l‘xr|

:prs—pxr—rxs crxr=0
2
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8 The diagram shows a semi-circle with diameter OB. Point 4 is on the circumference of the semi-

circle and point C lies on chord AB such that AC =3CB .

Y a

oo ¢

<V

Referred to the origin O, the points 4 and B are such that OA=aand OB =b where a and b are

non-zero and non-parallel vectors.
() Show that a.b = |a|2.

(ii) Find the position vector of C in terms of a and b.

(iii) Hence find the length of projection of OC onto OB if |a| =3 and |b| =2.

2]

[1]

[4]

EJC Promo 9758/2021/01/Q5

Solution:
(i) | Method 1:
AB=b-a

Since ZOAB =90" (angle in a semi circle),
AB 1 OA= AB-04=0

=(b-a)-a=0

=>b-a-a-a=0

:b'a:a~a:|a|2

:>a-b=|a|2 (.- a-b=b-a) [shown]
Method 2:

Let @ be the angle between a and b.
Note that triangle OAB is a right angled triangle.
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)

A B

Hence 04 =0Bcos8 = |b|cos 0
Since a.b = |a||b|cos9 = |a|(|a|) =|a|2 [shown]

@\ yo=3cp=4C3
CB 1
——.  O0A+30B 3b
By Ratio Theorem, OC = 04+30 _at
4 4
(iii) | Length of projection of OC onto OB

_loe. 08
| oA

a+3b)

]

4/b|

a-b+3[b
4Jo

(
( b 43
i

_[[ 1l +3[pf -
= 4|b| (from (1))

2

:%5 since |a|:\/§ and [b|=2.
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9 Referred to the origin O, points 4 and B have position vectors a and b respectively. Point P is on the
line AB such that AP : PB =m:n where m and n are positive integers. Point C is on OP extended
such that OP: PC=1:2.

@ ShowthatA—Cz[zn_mjaJ{ Sm )b. [3]
m+n m+n

(i) ¢ |a| :|b| and the angle between vectors a and b is %, find the area of the triangle ABC in

terms of |a| . [4]

(iii) Find the ratio AP: PB such that AC is parallel to OB. [2]

EJC Prelim 9758/2021/02/Q5

Solution:
® By Ratio Theorem, W):mbﬂm.
m+n
&,:30—10:3(mb+na]
m+n
26:56’—5;1:3(mb+naj—a: 3m b+ 3n a—a
m+n m+n m+n

= 3m b+( 3n —ljaz 3m b+(3n—n—mja: 3m b+(2n_mja (shown)
m+n m+n m+n m+n m+n m+n

(if) Area of triangle ABC = %‘E x E‘

:l(b—a)x[[ 3m jb+(2n_mjaj‘
2 m+n m+n
_ 1] 3m (bxa)—zn_m(axb) (since axa=bxb =0)
2\lm+n m+n
1| 3m 2n—m
T2 m+n(bxa)+ m+n (bxa)‘
— [P b xca) = (bxa) :|a||b|sm§:%a|2
i) | = 3m (211 mj
m+n m+n
Since AC is parallel to OB 2 =0
m+n

Thus 2n—m:0:>ﬂ:2
n

Thus, AP:PB=2:1
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10 Referred to the origin O, three distinct and non-collinear points 4, B and C have position vectors
a,b and crespectively. Point L is the mid-point of BC. The position vector of a point P is given by

(I-k)a +§(b +c¢), where k is a non-zero constant and k #1.

(i) Show that 4, L and P are collinear. [3]

(ii) I = [1-A]
Show that E‘CPXCB‘:T|axb+bxc—axc. 3]

For the rest of the question, let &k = % .

Let point Q be a point on the line passing through 4 and L. P and Q are distinct points and the areas
of triangle CPB and triangle CQOB are equal.

(iii) By considering part (ii), find the position vector of Q in terms of a,b and c. (4]

(i) Given that ‘?5‘ =1, interpret geometrically ‘ZT’ . EE‘ . [1]

NJC Prelim 9758/2021/02/Q3 (modified)

Solution:

(i ﬂzéZ—EZ:b+c

ﬂ’zO—P—O—A:(l—k)aH’c?—a

o5
2

=kAL

Since AP is parallel to AL with a common point L, A, L and P are collinear. (shown)

W1 Liepxch
2

((1—k)a+k(b—;rc)—cjx(b—c)

N|—= = |-

(1—k)ax(b—c)+§(b+c)><(b—c)—cx(b—c)
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:%‘(1—k)a><(b—c)+§(bxb—b><c+cxb—c><c)—cxb+cxc
=%‘(l—k)ax(b—c)+§(0—bxc—bxc—0)+bxc+0
=%|(l—k)a><(b—c)+(l—k)(bxc)|
[1-4]
:T|axb+b><c—a><c| (shown)
(iii)
C P
L
e !
A
Since areas of triangle CPB and triangle COB are equal, CPQB is a parallelogram.
. 1 — k 1 1
Given that k=—, OP:(I—k)a+—(b+c)=—a+—(b+c)
2 2 2 4
Since CPQB is a parallelogram,
OC = BP
O0C-0Q =0P-0B
0Q =0B+0C-OP
=b+c—[la+l(b+c)}
2 4
=—0.52+0.75(b+c)
(iv) | Since ‘R‘ =1, HD%‘ is the length of projection of LP onto BC .
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With reference to the origin O, the points 4 and B have position vectors a and b respectively, where
a and b are perpendicular. A point P lies on AB between 4 and B such that AP: PB=4:1-4,
0<A<I.

® Show that cos(ZAOP) = % . [4]
~A)a+
(i)  Pprove that [(l—l)a+/”tb]-[(l —-A)a+ lb} =(1 —/1)2 |a|2 +A° |b|2. Hence, given also that OP

a
bisects ZAOB, find the ratio of u , leaving your answer in terms of 4. [6]

b

SAJC Prelim 9758/2022/01/Q6

Solution:

(i) | Given that P lies on 4B between 4 and B such that AP: PB=A1:1-4, 0<A<1,

. A 1-2
by Ratio Theorem, — |
__ (1-2)a+b 4 P B
OP = -
1-A+4

=(1-2)a+4b

0A4-0P
COS(ZAOP):W
_a-[(l—/l)a+/”tb]
B |a||(1—/1)a+/1b|
_(l—ﬂ)aoa+/1a~b
B |a||(1—l)a+/1b|
_ (1=2)a[ +0
B |a||(1—/l)a+/1b|
_ (1-2)|al
(1-4)a-+ b

sincea-b=0asal b

(shown)

(i) | [(1-2)a+Ab]-[(1-2)a+4b]
(I-4)a-(1-2)a+(1-4)a-Ab+Ab-(1-1)a+ib- b
(1-2) [a] + 2(1-2)a-b+A(1-A)b-a+ 2’ |b|
(1-2)]al +2|b

? sincea-b=0 given that a L b (proven)
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Given also that OP bisects LAOB,/AOP = % .

cosZ— =Rl
SLCOS—=
4 |(1-1)a+Ab|
1 (=2
V2 |(1-2)a+ b
12
2 |(1-2)a+ b
_ (1-4)*[a]’
[(1-2)a+ab]-[(1-2)a+4b |
(1-2)*[a]

(=AY a2l
(1=A)’[a]" + A% b =2(1-2)?|a|
Hence (1-1)° |a|2 =1 |b|2

bl __#

bf" (1-2)°

M: 2

bl |(1-2)

|a| A A : , : o
—=t—= , reject — since 0 < A <1 and ratio of length is positive.
b| “1-2 1-2 1-2
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Relative to the origin O, the position vectors of the points P, Q and R are i, 2j —rk and tk
respectively, where ¢ is a fixed constant. The points 4 and B divides both line segments PQ and QR
respectively in the same ratio of i : 1 — u, where u is a parameter such that 0 < ¢ <1.

()  Find the vector 4B in terms of ¢ and u. [3]

(ii) Determine whether the points O, 4, B are collinear. [1]
3

(i) Find the values of u such that the length of projection of AB onto | 4 | is % unit. [2]
0

(iv) Given that angle AOB is a right angle, find the set of possible values of ¢, justifying your

answer clearly. [3]

DHS Prelim 9758/2022/02/Q4

Solution:
(i) _ _ 0 1\ (1-u
— OQ+(1-u)OP
YR (1 ) —ul 2 |+1=w|0]|=| 24
+ —
H ( ,u) —t 0 —tu
OB+ (1 — 0 0 0
— +(1-
5 “OR+(1-4) C_ulolsa-m| 2 |=| 2-24
p+(1-p)
t —t) \—t+2tu
0 1—u u—1
AB=| 2-2u |-| 2u |=| 2-4u
—t+2tu —tu —t+3tu
(i) | From (i), OA # kOB .
.".the points O, 4, B are not collinear.
(iii) 3
Given that the length of projection of 4B onto | 4 | is % unit,
0
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Hu—1 3
2-4u || 4
—t+3tu) \0 1
NCENWE 5
Bu-3+8-16y|=1
|-13u+5|=1
[13u-5]=1
1B3u=1+5 or —1+5
4 6

=— or —
ST 13

(iv)

If angle AOB is a right angle, then
0OA-0OB=0

1-u 0

2u || 2-2u |=0

—tp ) \—t+2tu
dp—du” +2 -2 1 =0

u=0 or 4—4u+t’-200u=0
4+7

reject ~0< u<l1 =—

(rej u<l) H 4407

2

Clearly, % >0 since 4+ >0 and 4+2¢* forall t e R.
+ 2t

Since 0 < <1,
4+

— <
4+2¢

441" <4+2¢
>0

Hence teR\{O}
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