RVHS 2015 Y6 H2 MA Prelim Paper 1 (Solutions)

Question 1 [5 Marks]

€)) 7x—4
x> +2x-3
2x2—3x—2S

X2 +2x-3
(2x+1)(x-2)
(x-1)(x+3)
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<0

—3<x£—% orl<x<?

(b) | suby=|x,
(@s1)(-2)
|x|2+2|x|—3
(@3(-2)
(K=2)(x+3)
(2y+1)(y—2)<0

(y-1)(y+3)
Therefore, from part (a)

—3<y£—% orl<y<?2

—3<|x|£—% orl<|x<2

(No solution) —-2<x<-lorl<x<2




Question 2 [5 Marks]

Using cosine rule,
AC’ = AB” + BC? —2(AB)(BC)cos ABC
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Question 3 [8 Marks]

(a)

S, =2n%*+3n
S,.=2(n-1)7+3(n-1)

= (2n*-4n+2)+(3n-3)

= (2n” +3n)—(2n* —n-1)
=4n+1
U,, = 4(n-1)+1
=4n-3
u,—u,, =(4n+1)—-(4n-23)
=4
Since u, —u,, = constant, the given sequence is an

arithmetic progression. (shown)

S, >2015

2n? +3n > 2015

2n® +3n-2015>0
Using GC, n<-32.5 or n>31

Since n is a positive integer, least value of n = 32.

(b)
(i)

Total height of an n-layered cake

2 n-1
=10+10 ij+10 ij +...+1O(i
100 100 100

()] )
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[
o




= ﬂ{l—(hjn} (shown)
20—k 20

(b) | Whenk =19,
(i) | Total height
= 200 1_[8]
20
200 1—(gj <120
20
Using GC,
n<17.86375281
Maximum number of layers is 17.
(b) | It is assumed that the thickness of whipped cream used
(iii) | to join the different layers together is negligible.

Question 4 [8 Marks]

(@) (tan™* x)e(tan_lx) dx 2
j‘ dx — =sec’ u
1+ X2 du
= J.ue“zdu (shown) =1+tan’u
=1+x*
= 1euz +C
2
_ le(tan’lx) +C
2
(b)
(i) Ya
\/ (tan"x) el 2
y= 2 Y )
1+x y 3
0 1 X




(b)
(i)

Volume generated
2

=Y ) (tan’lx)e(tanflx)z
:ﬂ(\/ge J (1)—7zj0 J T dx

7[2 7[2
T — — .
=3 el —4e +4 | units®

Quest

ion 5 [9 Marks]

(@)

n+1
Let P, denote the statement u,, :;I forn=0,nell.
n!

When n=0,
LHS =u, =1 (given by question)

RHS:%:lz LHS

Therefore, P, is true.
Assume that P, is true for some k 1, k>0.
k+1
k!
We need to show that P, , is also true.
ie. U, =M.
T (k+1)!
u o —u k?+k -1
k+1 k (k-l—l)l
_k+1 KkP+k-1
Tkl (k+1)!
(k+1)" —k? -k +1
(k+1)!
kP +2k+1-k*—k+1
(k+1)!
k+2

 (k+1)!
Therefore P, , is also true once P, is true.
Since B, is true, and P, is true implies that B, is also
true, by Mathematical Induction, P, is true for

le. U, =

nel, n=>0.




b N 2 N 3 i —
(b) S s T4 eplacing r by j-1)

=U, —Uy,,
_§_ N+3
2 (N+2)!

Question 6 [9 Marks]

(i) ‘ax b‘ is the perpendicular distance of point A (with

position vector a) to line OB.

(i)

(@ | oc=30B=3b

0D - ZOC:;LlOA

(2(3b) + a)

a+2b

Wi, Wk




(b) R
Let AM = AAB,
OM =OA+AAB=a+A(b—-a)=(1-A)a+b ---(1)
Let OM = 1OD = §a+2,ub - (2)
Since a and b are non-zero and non-parallel,
1=
—1-A=5, 1=2u
3
Solve simultaneously,
_6 3
7 477
oM :1a+§b
7T 7
(iii)

Area of triangle OAC = %‘ﬁx &‘

12 = %|a><3b|
= [axb|=8
Shortest distance from A to OC
= ‘ax b‘

b
ax—
b

l><8 =4 units
2




Question 7 [10 Marks]

(i)

Method 1:
Let z=x+1iy where X,y ell
7° =-8i

X2 —y? + 2xyi = -8i
Comparing real and imaginary parts,
X' -y =0 and 2xy=-8

X=xy Xy =—4
When x =y, y* =—4= no solution
When x=-y, —y*=—4=y=42, x=F2
nz=2-2ior —2+2i

Method 2:
7? =-8i
-T2k

z? :8ei( 2 ] where k e [J

Z= Zﬁei[f%k”) fork=0,1
V4 (37
T4 4

7= Zﬁei( 3 or Zﬁel( )

2=2-2i or —2+2i

(i)

w' =-64

W =48i = w?* =8i or w* =-8i

The roots of the second equation are the conjugates of
those of the first.

Since two of the roots are those found in (i), representing
them on argand diagram should give:

47




(iii) | 22 +(2+2i)z+4i=0
~(2+2i)x)(2+2i) - 4(1)(4i)
=
2
:—1—ii%«/—8i
.1 .
=-1-i+=(2-2
i+ (2-2i)
=-2I or -2
Question 8 [10 Marks]
y =sin*[In(x+1)] --- (1)
siny =In(x+1)
Differentiate implicitly with respect to x:
oS y%:L (shown) --- (2)
dx x+1
Differentiate implicitly with respect to x:
d’y dy, . .dy 1
CoSy— +——(-siny)—==—
i dx( y) dx  (x+1)?
d’y . dy)2 1
cosy—--siny| — | =— shown) --- (3
ydx2 y(dx (x+1)° ( ) —®
Q) Differentiate implicitly with respect to x:
d’y d?y, . .dy
cosy—:+—>(=siny)——
Yo T ax (=siny) dx

: dy(d?y) (dy) dy\| 2
_{(sm y)(Z)&(d?] + (&) cos y[&ﬂ = —(x e

d’y . . (d% (dyj (dng 2
cosy—:—-3siny| —- | — |-cosy| — | =——
e ! y(dx2 dx N ax (x+1)°
- (4)

When x =0,
(1): y=sin"0=0

(2): cos(O)ﬂ =1l= dy =1
dx dx

2 2
(3): cos(0) 3—32’ sin@)1f =12 9Y - 1
X X

(4):
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cos(O)% —3sin(0)(-1)1)—cos(0)(1)’ =2 = % =3

So, y=0+1x+ﬂx2 +§x3+...
2! 3

1, 1.,
y=X—=x"+=x>+...
2 2

(i)

y—(x—lx2+lx3)<0.l
2 2
~0.1<sin [In(x+1)]—(x—§x X j<0.1
P 1 2 1 3
Sketch y =sin [In(x+1)]— X_EX +EX ,
y=0.1and y=-0.1.
y A
y=0.1
/ \ y=-0.1
Solution set: {x:-0.521<x<0.783, xell }
(iii) 1 1

Consider 2sin*[in(x +1)] =
dx 1-[In(x+7)F x+1

) 1
X+ D= (In(x +1))?

1
(X +1)y/1—(In(x +1))?

= %sinl[ln(x+1)]

d 1, 1.,
= | X=X+ =X ..
dx 2 2

zl—X-i-gXZ (up to and including term in x?)
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Question 9 [11 Marks]

(i)

2 —1 5
OA=|0|, OB=|-1|, OC=|1
3 4 0
_3
AB=0OB-0OA=| -1
1
3
AC =0C-0A=| 1
_3

Normal vector of TT, = AB x AC

-3 3
= -1(x| 1
1 -3
2
= -6
0
2 1
Since | -6 (=2 -3
0 0

Normal vector of IT, is parallel toi—3j ,

I — 3] is perpendicular to the plane I1, (shown).
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(i)

Let F be the foot of perpendicular of M to plane IT,.

M (0, 0, 1)
®
i 1
E -3
i 0
1 Hl
F
0 1
lyy :r=10(+4 -3 1€R
1 0
A
— OF =| -3 | for some A el
1
1 2 1
M,:r|-3|=|0||-3|=2
0 3 0

Since F lieson IT,,

A 1
-3 || -3|=2=>A1+91=2
1 0

:lzl
5
1/5
OF =| -3/5
1
1/5
— MF =| -3/5
0

. Y (3
So, distance MF = || = | +| = | +(0)
5 5)
= \/zunits.
)
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(iii) a
Equation of IT,: ax—y+bz=5 = r.| _1|=5
b
0)(a
Since M (0, 0, 1) lieson IT,, |0 |-| -1|=5
1)(b
So,b=5

Since I1, is perpendicular to y-z plane,

1
= II, is parallel to | 0
0
a)(l
=|-1(-/0|=0
5)10
So,a=0
0
IT,:r-|-1{=5
5

Let the acute angle between the planes be 6.

1 0
-3 -1 :ﬁ\@cose
0 5

0= cosl( =79.3° (1d.p.)

3
=
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Question 10 [12 Marks]

@ | y=f(x) —2> y=2f(x) —2> y=-2f(x), where
A: stretch with scale factor 2 parallel to the y-axis,

B: reflection about the x-axis.

—2f(x)=ln{ ! }

(x+a)°

—2f(x) = In(x+a) ™
—2f(x) =—-2In(x+a)

Therefore, f(x) =In(x+a)

| y)\
; y =f(x)
! —a |0
X=-a
0) | y*=g(x)
(i) v,
T
L (3,-2) X
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(b) | y=d(x
(ii) y,\/
_::{________E______________________y_:2
i ) X
. /3,0
xI:2
®© |, 1
(iii) e
y)\
(3,0.25)
y=0 R
(2,0) X
x=0
Question 11 [13 Marks]
Y

(-3 zn(4>)/

—1




16

dy_2 de_ 1
dt t' dt 2
dy dy dx 2 ( 1}
dx dt dt t t
. dy . 1
At point P, — =-2p, gradient of normal = —
dx 2p

ALTERNATIVELY

y=-2Inx :>d_y:—_2 :y
dx X dx

1
X==
p

.. gradient of normal = 1
2p

Equation of normal is

ol 5)
y—=Inp*=—| x——
2p P

1 1 2
y=—X-—=+Inp

2p  2p

At the point where the tangent does not intersect the
normal at P, this tangent is parallel to the normal,

dy 1

dx 2p

YIS

2p

(=L
4p

1
When t=—— x=-4p,y=—In(16p*
i p,y=-In(16p°)

. Coordinate of C are (—4 p,—In(16 pz)).
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Required area = Lz ydx‘ =

1
= 1
_ Flntz}z—jzédt
t ] it
1

:—2m4—0+2[¥r

1

=|2-2In4|=2In4-2 units’

ALTERNATIVELY

yzln[izj:—ZInx
X

Required area = Ulz y dx‘

:‘—2Lzln X dx‘
= 2‘[x In x];2 —le dx‘

—2|2In2-0-(2-1)|
=4In2-2 units®
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1
When p=—,
P 2

N

P'(~4p,~In(16p°))

1
Direction vector parallel to normal, m,is | 1 |.

0

Coordinates of point P and corresponding point, P’,
where tangent does not intersect the normal at P are
(2,—In4,0) and (—2,—In4,0) respectively.

Distance between the normal and tangent

=|PP'xm

-2 2 . 1
=||-Ind|-|-Ind||x—=|1

0 0 \/E 0

-4 1 0
_Iho =] o = 22 units
\/E 0 0 \/5 -4




