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Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the case of angles in 
degrees, unless a different level of accuracy is specified in the question. 
You are expected to use a graphic calculator. 
Unsupported answers from a graphic calculator are allowed unless a question specifically states otherwise. 
Where unsupported answers from a graphic calculator are not allowed in a question, you are required to 
present the mathematical steps using mathematical notations and not calculator commands. 
You are reminded of the need for clear presentation in your answers. 
 
The number of marks is given in brackets [ ] at the end of each question or part question. 
Attach this question paper with your answers, and arrange your answers in numerical order. 
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Qn Marks Qn Marks Qn Marks 

1  5  9  

2  6  10  

3  7  11  

4  8  12  

Sub-total  Sub-total  Total  

  
_________________________________________________________________________________ 

This question paper consists of 7 printed pages and 1 blank page.



 

           
                    PJC2011 
                                                  [Turn over] 
   

2

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

           
                    PJC2011 
                                                  [Turn over] 
   

3

1 (a) Find  1 2tan 2 dx x x .       [3] 

 
 (b) The region R is bounded by the curve 24y x x  , the line 2 9y x  , and 
  the y-axis. Find the volume of the solid when R is rotated completely 
  about the x-axis, giving your answer correct to 2 decimal places.  [3] 
 
 

2 (i) Find the first three terms in the expansion of 
2

1

4 x
 in ascending powers 

  of x .           [3] 
 

       (ii) Hence find the first four terms in the expansion of 
2

1

4

x

x




.  [2] 

 
       (iii) State the set of values of x  for which this expansion is valid.  [1] 
 
 
3 Each time a ball falls vertically onto a horizontal floor, it rebounds to  
 three - quarters of the height from which it fell. It is initially dropped from a  
 point 4 m above the floor.  
 
 (i) Show that the total distance the ball travels until it is about to touch  

  the floor for the  1 thn  time is given by 
3

28 24
4

n
   
 

.   [3] 

 
(ii) Find the least number of times the ball must bounce for it to travel  

  more than  24 m.         [2] 
 
 (iii) Explain why the ball will not travel more than 28 m.    [1] 
  
 

4 (i) By writing 
  

1

3 2r r 
 in partial fractions, find 

  4

1

3 2

N

r r r   .

           
            [4] 
 

        (ii) Hence find 
  

6

0

1

2 1

N

r r r



   .       [2] 

         

 (iii) Give a reason why the series 
  4

1

3 2r r r



    converges, and write 

  down its value.        [2] 
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5 Given that 2e cosxy x , prove that 
2

2

d d
2 2e cos 2

d d
xy y

y x
x x

    .   [3] 

 
By further differentiation of this result, obtain the series expansion of y in 
ascending powers of x up to and including the term in 3x .         [3] 
 
Given that x is sufficiently small for 4x and higher powers of x to be neglected, 
deduce the series expansion of e cos sin 2x x x .     [2] 
 

 
6 The functions f and g are defined as follows: 

 

 

1 2
f : , 2,

2
g: ln 3 , 3.

x
x x

x
x x x





  





 

 
       (i) Sketch the graph of  fy x , showing clearly the asymptote(s) of the 

  graph.          [2] 
 
       (ii) Find the expression for  -1f x  and state its domain.    [3] 

 
       (iii) Only one of the composite functions fg and gf exists. Give a definition 

 (including the domain) of the composite that exists, and explain why 
 the other composite does not exist.      [3] 

 
 

7 A curve is defined by the parametric equations 
3

,
a a

x y
t t

   where a is a 

 constant. 
 

 (i)  Find the equations of the tangent and the normal at point P where  

  
1

2
t  .           [4] 

 
 (ii) Find the coordinates of the point where the tangent cuts the curve  
  again.          [2] 
 
 (iii) The tangent at P meets the x-axis at Q and the normal at P meets the  

  x-axis at R. Show that the area of triangle PQR is 2145

6
a .   [2] 
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8 In a chemical plant, the amount of substance X in a chemical reaction is being 
 observed. The amount of substance X , in kg at any time t minutes after the 
 start of the chemical reaction is denoted by x and it satisfies the differential 

 equation  d
1 2

d

x
k x

t
  , where k is a positive constant. It is known that at the 

 start of the chemical reaction, the amount of substance X is 1 kg and is 
 decreasing at a rate of 0.05 kg per minute.   
 
 (i) Obtain an expression for x in terms of t.     [4] 
 
 (ii) Using a non-graphical method, show that the amount of substance X is 
  always decreasing.        [2] 
 
 (iii) State, with a reason whether substance X will be used up in the long 
  run.          [1] 
 
 (iv) Sketch a graph to show how the amount of substance X varies with 
  time.          [2] 
  
 
9 The polynomial  P z  has real coefficients. The equation  P 0z   has a root 

 ier  , where 0r   and      . 
 
 (i) Write down a second root in terms of r  and  , and hence show that a 
  quadratic factor of  P z  is 2 22 cosz rz r  .    [3] 

 

 (ii) 1z  and 2z  are roots of the equation  P 0z  , where 
i
3

1 2ez


  and  

  2 1iz z . Write down the exact modulus and argument of 2z . State the 

  geometrical relationship between 1z  and 2z  and illustrate this  

  relationship clearly on an Argand diagram.     [3] 
 
 (iii) Given further that  P z  is of degree four, express  P z  as a product 

  of two  quadratic factors with real coefficients, giving each factor in 
  exact non - trigonometrical form.      [3] 
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 x 

10 (a) The diagram below shows the graph of f ( )y x . The graph crosses the 

  x-axis at 0x  , 2x   and has a turning point at  3,3 . The asymptotes 

  of the graph are 1x   and 2y  .  

 

   

 
 
 
 
 
 
 
 
 
 

 

 

 

Sketch, on separate clearly labelled diagrams, the graphs of  

(i) 
 
1

f
y

x
 ,        [3] 

(ii)  f 1y x  .       [3] 

 

(b) A graph with the equation  fy x  undergoes, in succession, the 

 following transformations: 

 
A: A translation of 1 unit in the direction of the x-axis. 

B: A stretch parallel to the x-axis by a scale factor
2

1
. 

C: A reflection in the y-axis. 
 

The equation of the resulting curve is 
2

4

4 4 1
y

x x


 
. 

  Determine the equation of the graph  fy x , giving your answer in 

  the simplest form.                   [4]
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11 The curve C has equation 
2 24

, ,
x x k

y x k
x k

 
 


 and k is a constant such 

 that 0k   and 2k  . 
 
 (i)  Find the equations of the asymptotes of C.     [2] 
 
 (ii)  Show that if C has 2 stationary points, then 0k   or 2k  .   [3] 
 
 (iii)  Given that y x  is an asymptote of C, find the value of k. With this 
  value of  k, sketch C, showing clearly the asymptotes and the stationary 
  points.          [3] 
 
 (iv) By adding a suitable graph which passes through the point  4,4 on the 

  sketch  of C, find the range of values of  p for which the equation  

      2 24 4 4 0x x k x k px p        has exactly 2 real roots for the 

  value of  k  found in (iii).       [2] 
 
 

12 The position vectors of the points A, B, C are 

0 3 9

2 , 3 , 2

3 3 6

     
     
     
           

 

 respectively. 
 
 (i) Given that A, B, C lies on plane 1Π , show that the equation of 1Π  is 

 

1

3 9

1

 
    
 
 

r. .         [2] 

 The equations of the plane 2Π  and the line l  are 

4

2 6

1

 
    
 
 

r.  and 

 

1 1

1 2 ,

4 3

 
   

         
   
   

r �  respectively. 

 
  (ii) Find the position vector of the foot of the perpendicular from C to the 

 line l .          [3] 
 
 (iii) Find a vector equation of the line of intersection between 1Π  and 2Π .

           [2] 
 
 
 



 

           
                    PJC2011 
                                                  [Turn over] 
   

8

 (iv) The plane 3Π  has the Cartesian equation 3ax by cz   , where   

  a, b and c are constants. 1Π , 2Π  and 3Π  intersect in a line, and the 

 point with position vector

5

12

2

 
  
 
 

 lies on 3Π .  Find  a, b and c.  

  Hence  find the acute angle between 3Π  and l .    [5] 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


