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2
Mathematical Formulae
Compound Interest

Total amount = P| 1+ LI
100

Mensuration
Curved surface area of a cone = vl

Surface area of a sphere = 4nr?

Volume of a cone = %Ttrzh
4 3
Volume of a sphere = gnr

. 1 .
Area of triangle ABC = EabsmC
Arc length =76, where @ is in radians
Sector area :—;—1‘26’, where @ is in radians

Trigonometry

a _ b ¢
sin A sinB  sinC

a*=b*+c*=2bccos A

Statistics

Mean = A
b4 4

fo

Standard deviation = \[
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Answer all the questions.

6.7 -3/4.8

20.15-19.99

Write down the first six digits of your answer.

1 (a) Calculate

Answer (a) ....... S S, [1]

(b)  Write down your answer to part (a) correct to 2 significant figures.

Answer (b) .......... ... [1]
2 Write the following in descending order.
54 5
7] 30.512 0.77°6 0.802
Answer ... _ seifns £ [2)
3 Giventhat 9x27" =1, find the value of n.
ARSWer M= .........ccccciiiiiiiiiii, [2]
4  The sine of an obtuse angle is 0.6.
Without using a calculator, find the cosine of this angle.
Answer ... 2]
[Turn over




The diagram shows a sketch of a regular hexagon and a regular octagon.

Calculate x.

Answer X= ............... e 2]

Brian is leaving Singapore to further his studies in the United Kingdom.
In Singapore, the exchange rate is 1 Singapore Dollar = 0.478 British Pounds.
In the United Kingdom, the exchange rate is 1 British Pound = 2.113 Singapore Dollars.

Brian would like to change 2500 Singapore Dollars into British Pounds.

How many fewer British Pounds will he get by changing his money in the United Kingdom?

Answer ...... .... British Pounds [2]
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7  Matthew bought a new car. At the end of each year, the car’s value depreciates by 10%.

The value, $C, of the car ¢ years after being bought is given by
C =85000x0.9".

(a) How much did Matthew pay for his new car?

Answer (@)$...... ... 1]

(b) Find the percentage decrease in the value of his car at the end of three years.

Answer (b) ............. e . % [1]

8 Two geometrically similar solids made from the same material have masses 3.60 kg and 12.15 kg
respectively.

Calculate the ratio of the area of the smaller solid to the area of the larger solid.

Answer ......... [2]

[Turn over
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9 Dawn invested some money in a savings account that was compounded every six months.

The rate of compound interest was 5% per annum.

At the end of the 4 years there was $14620.83 in her account.

How much did Dawn invest in the account at first?

Give your answer correct to the nearest dollar.

Answer $ ... . [3]
10 A rectangle with length 40 cm is divided into five identical shaded rectangles and another six
identical unshaded rectangles.
“ x > — ) le—
< 40 cm >
The shaded area makes up two-thirds of the unshaded area.
Fiud the lengths labelled x and y.
B Answer X=............ ..cm
Y= iieennnn. ..cm [3]
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11 Mr Tan decided to buy a laptop under a hire-purchase scheme.

He would have paid $3906 in total under the scheme, which consists of a deposit of 15% of the
selling price of the laptop plus 24 equal monthly payments of $140.25.

What is the selling price of the laptop?

Answer $.... ... 3]

12

I'wo points P and Q have position vectors p and q respectively, relative to an ori gin O.
It is given that p = d q=
1s given that p and ¢ .
§ 4 0

Find

(a) FQ in terms of %,

Answer (a) PQ = Ty

(b) the possible values of k if OP and OQ are two sides of a thombus.

Answer (bYk=............ o) [2]

[Turn over
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13 £ ={integersx: 1<x<12}
A = { factors of 12 }
B = { multiples of 4 }

(a) Draw a Venn diagram to illustrate this information.

Answer (a)

5,7,%,10)1

(2]
(b) Describe in words what the set (AU B) represents.
Answer (D) ..
| ‘1
14 A train 45 m long passes through a tunnel 6 km long.
The average speed of the train is 27 km/h.
{a) Change 27 km/h into m/s.
Answer (@) ........ ... m/s [1]

(b) Calculate the time taken for the train to pass completely through the tunnel.

Give your answer in minutes and seconds, to the nearest second.

52

Answer (b) ... minutes ... ;eéonds [3]




15 Simplify
(a) - 28x*y?=16x*y7!,

2
st

3x
xk—=9"

Answer (a)

Answer (b)

16 The numbers 1 to 100 are arranged in a table as shown below.

A U-shaped, shaded frame can be placed around various numbers throughout the table.

5 6 7 8 9 10
15 16 17 18 19 20
95 96 97 98 99 100

The U-number is used to refer to the shaded frame that is drawn around a particular number.

For example, U, refers to the shaded frame shown above since it is drawn around the number 2.

(a)

(b)  Write and simplify an expression, in terms of n, for the sum of the numbers in U,

State the largest possible U-number.

Answer (a)

Answer (b) ............ .. ... 2]
(¢) Find the sum of numbers in Uss.
Answer (C)......... ... 1m
[Turn over
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17 The resistance of a wire, R ohms, is inversely proportional to the square of its diameter, d pm.

(a)' Sketch a resistance-diameter graph for the wire.

Answer (a)
R4
—“\\\
0 i
d (1]
For a fixed length of wire, the resistance is 25.6 ohms when the diameter is 50 um.
(b) Find the equation for R in terms of d.
Answer (b)R=.......... S 2]

(¢) Another wire of the same length has resistance 120 ohms.

Calculate its diameter.

Answer () .......... R um [1]
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18 A composite container made from a cylinder and a cone has a vertical height of 30 cm.
Water is poured into the empty container at a constant rate.

It takes 60 seconds to fill up the entire container.

(a) Find the time taken to fill up the cone.

Answer (@) ......... ....seconds [2]

(b) Sketch the graph of how the depth of water in the container varies during the 60 seconds.
Answer (b)

A
30 ---------------------------------------------------------------------- s
Depth
154
(cm) .
0 20 60 g
Time (seconds) [2]
[Turn over
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19 The diagram shows the box-and-whisker plots for the distributions of the speeds, in km/h, of 100

vehicles before and after a speed camera was placed on an expressway.

f'l o 4

SEhat TERAS Fanad noall TUERY Lutby MR Sl Ra by
e = e e D I | e e PR
£ 607657075 80~ 85 9095

(a) Find the interquartile range of the distribution before the camera was placed.

Answer (@) ... e km/h [1]

(b) Find the interquartile range of the distribution after the camera was placed.

Answer (b) .......... ... km/h [1]

(c) After the camera was placed, 25% of the motorists were issued with traffic summons for
exceeding the speed limit of the expressway.

What is the speed limit of the expressway?

Answer (C) ..o coiiiiiinin. km/h [1]
(d) Has the speed camera been effective in regulating the speed limit of the expressway?
Explain your answer by comparing the distributions of the speeds before and after the
camera was placed.

Answer (d)

................... e [
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20 Abraham and Lincoln sent out some letters, postcards and greeting cards.

The number of letters, postcards and greeting cards is shown in the table below.

The postage for each letter, postcard and greeting card is $0.30, $0.40 and $0.50 respectively.

(a) Write out a 2 X 3 matrix P and a column matrix Q to represent the above information.

Answer (a)P =
Q= 2]
(b) Evaluate the matrix S =PQ.
Answer (b)S = (2]

(c) State what the elements of S represent.

-y
p—h
Voo

[Turn over
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21 The diagram shows a spinner with nine numbered sectors of identical sizes.

Each time the pointer is spun, it is equally likely to stop on one of the sectors.
(a) The pointer is spun once.

Find the probability that it stops on an odd number.

Answer (@) .......... ...

(b) Aysha spins the pointer twice.

Find the probability that the pointer lands on a prime number at least once.

Answer (b) .............

(¢) Natasha spins the pointer twice.
Her score is found from the difference of the numbers from her two spins.

Find the probability that her score is 0.

Answer (C) ...........

(2]
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22 Benjamin has 165 identical cubes of sides 2 cm. o 2z

(a) He uses some of the cubes to make a cuboid which rfi'e’”z‘i‘s‘i’ffgé“g= *m by 10 cm b

Calculate the total surface area of the cuboid.

<

Answer (@) ...coevenvinnnn. ‘. ....cm’ [2]

(b) Benjamin makes the largest cube possible using some of the 165 cubes.
He then makes the largest cube possible from the unused cubes.

How many cubes will he have left over after making the second cube?

Answer (b) .............. ceeiieinns [2]
(¢) Benjamin uses all 165 cubes to make a cuboid.
Find the dimensions of the cuboid.
Answer (¢) ...... .. cmby ...... ...cmby..:. _cm [2]
[Turn over
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23 Expressions for the lengths of three sides of a quadrilateral are shown on the diagram below.

All lengths are in centimetres.

4 4dx + 1 B

(a) The perimeter of this quadrilateral is given by the expression (11x+19) cm.

Find an expression, in terms of x, for the length of DC.

Give your expression in its simplest form.

Answer (a) ........ N

(b) Given that ABCD is a parallelogram and that AB = AD, calculate the perimeter of ABCD.

Answer (b) ............o........ coo.ocm [2]

(¢) Calculate the area of ABCD if AC = (10x-6) cm.

Answer (C) ............

END OF PAPER
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Mathematical Formulae

Compound Interest

Total amount = P| 1+ L)’I
100

Mensuration
Curved surface area of a cone = v/

Surface area of a sphere = 4nr®

Volume of a cone = %nrzh

4
Volume of a sphere = 3 nr

1
Area of triangle ABC = Eabsin C
Arc length=r@, where @ is in radians
Sector area :%7‘29, where @ is in radians

Trigonometry

a b ¢
sinA  sinB sinC

a*=b*+c* - 2bc cos A

Statistics

2 2
Standard deviation = \/_sz; _(%{]
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Answer all the questions.

2 _3f
1 (a) Calculate u
20.15-19.99

Write down the first six digits of your answer.

Answer (a) 270 . OH /

(b) Write down your answer to part (a) correct to 2 significant figures.

Answer (b) 270 / [1]

2 Write the following in descending order.

54 5
o7 30.512 0.77¢ 0.802

0 -so;??} 0.x O3042%3 o -¥02

s4 z Josp

A 6
Answer 67 ., 017 Q301 7 O-XX

3 Giventhat 9x27 " =1, find the value of n.

- N

Ix27" "=

L-3n= ;/
2 =%n Answer n= =
n

4  The sine of an obtuse angle is 0.6.

Without using a calculator, find the cosine of this angle.

SINL=0.6
e

~
T c

[Turn over




The diagram shows a sketch of a regular hexagon and a regular octagon.
Calculate x.

Canice .
(6-H="2 _ (20

TS -—

6  Brian is leaving Singapore to further his studies in the United Kingdom.
In Singapore, the exchange rate is 1 Singapore Dollar = 0.478 British Pounds.
In the United Kingdom, the exchange rate is 1 British Pound = 2.113 Singapore Dollars.

Brian would like to change 2500 Singapore Dollars into British Pounds.

How many fewer British Pounds will he get by changing his money in the United Kingdom?
s¢ 2500 %g$l)§9 475 = Seilas
skzo0 23 X &1 = $ U8 (5907

S-S ligz. (61917 = £1.5%80%3
2 L1185,

Answer ... -85 /. British Pounds [2]

<
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7 Matthew bought a new car. At the end of each year, the car’s value depreciates by 10%.

The value, $C, of the car ¢ years after being bought is given by

C =85000x0.9".
(a) How much did Matthew pay for his new car?

(b) Find the percentage decrease in the value of his car at the end of three years.
£5®o6 x0 .95 = 61165
LBE
es00p-6/765 T 23035

2%03s5 0
8Sowo 27”/’/

Answer (B) o............ ?:(.:l.../% (]

Two geometrically similar solids made from the same material have masses 3.60 kg and 12.15 kg
respectively.

Calculate the ratio of the area of the smaller solid to the area of the larger solid.

3.0\ b (L)’ _ 36
k{{’@\/f‘: x, 2.0

__Q'__ = A L = Z
720 A, L, ©° 3
A A, A2k
. 2:3
64 : 723; :
K _ A
<"z) A?\
2)\2 4 t:9
(=) ==
A A Answer Cq— .......... ZZ?X [2]
45

i ' [Turn over
7
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9 Dawn invested some money in a savings account that was compounded every six months.
The rate of compound interest was 5% per annum.

At the end of the 4 years there was $14620.83 in her account.

How much did Dawn invest in the account at first?

Give your answer correct to the nearest dollar.

Pilix 9} 24 TL""%F)U
= $(4620 B3
P =$11791.9760¢
2312 000,
Answer $i2000 .................. [3]

10 A rectangle with length 40 cm is divided into five identical shaded rectangles and another six

identical unshaded rectangles.

+— X —> —> ) —

« 40 cm e
The shaded area makes up two-thirds of the unshaded area. $0 - 6 (#. 2XET14286) = 14.2857/429
Find the lengths labelled x and y. al4.3
i éS: 4-O X ;l¢'3ﬁ'
ot ke SBAS sk sfaded catoge be 2. 3220
3x’-\23
S5(xz) + 5ygz)= X = by
5xz +2x3 =5(Syz) #104=0
{4‘:
74
7.5%z =dwz =ty
X = ‘10 ,.63 '—’-164
75(4‘0’é\d) Zz :Z%z
200 45y= = 25z Answer x=.......| M 3Xlé cm
300z - 4542-25yz =0 NI 4:29 X 4 cm 3)

300z - Pyz =0

z (300 -704) =0

3004,70.{ =0
705 = 300

AR
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11 Mr Tan decided to buy a laptop under a hire-purchase scheme.
He would have paid $3906 in total under the scheme, which consists of a deposit of 15% of the
selling price of the laptop plus 24 equal monthly payments of $140.25.

Ae+ Selfinj price be X
5% x = + 24 x$140.25=$ 2904
5% = =4 540
« =§3600,

What is the selling price of the laptop?
Job be ‘x?ce be 2
5% xx 24 % $#0-25 =$3906

5% xx =$3741.75
> s$24~74‘5f

12 Two points P and Q have position vectors p and q respectively, relative to an ori gin O.

-3 k
It is given that p = ( 4 ) and q= (0]

) P
Find _% _ 3424
(@ PO interms of k, = _—(—4'5 + }é)

1ﬂ? g @
Dr\l& '54“)

. 34K
"/ Answer (@) PQ = ... (4>X(’4 1]

(b) the possible values of k if OP and OQ are two sides of a thombus.

r
101 - C5 s

Answer (b)kz......(i....or -5 [2]

[Turn over
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13 & ={integersx: 1<x<12}

i‘,:";/%}b l}’j’
_ L C . 192
A = { factors of 12 } B:2 €,i23

B = { multiples of 4 }

(a)

Draw a Venn diagram to illustrate this information.

5,7,3,10,1

(2]
(b) Describe in words what the set (Au B)' represents.

....................... 1
afe neithe! $actors 0 |12 nor multiples 58 ¢ b

14 A train 45 m long passes through a tunnel 6 km long.
The average speed of the train is 27 km/h.
(a) Change 27 km/h into m/s.
27km =1k

1}

27000 m 7 3600¢
7. 5n/5
5

|}

Answer (a) ......... 7-5 v
(b)

Calculate the time taken for the train to pass completely through the tunnel
Give your answer in minutes and seconds, to the nearest second.
COOONNAEm= 60F5m
§045m < 7-5m /s = Y04

= |3 minutes %Swsf

©)



15 Simplify
(a) 28x*y’=16x’y™",

{ 2%11(:‘-;
2% 22 »3_: 16 3 - z ST~ 3
xY xy !‘x,sg"
= 33&245' Z /
2 Fg?
fé’zz(f Answer (@) ........... X724 S ... [2]
) 2 N 3x = L—‘T
x=3 x*-9 Fzy 4
2 (9ct3) B
&-3)(x+8) 225
25 +C+ 32
Pl b L
(P (2+3)
5 +6 5x+4€ /
z 29 , Answer (b) ................ x%3..7..... 2]

16 The numbers 1 to 100 are arranged in a table as shown below.

A U-shaped, shaded frame can be placed around various numbers throughout the table.

-4 5 6 7 8 9 10
14 15 16 17 18 |. 19 20

91 92 93 94 95 96 97 98 99 100

The U-number is used to refer to the shaded frame that is drawn around a particular number.

For example, U, refers to the shaded frame shown above since it is drawn around the number 2.

(a) State the largest possible U-number.

(b) Write and simplify an expression, in terms of n, for the sum of the numbers in U,
n-l+ot+{+p+A+nHO +a+1l = 50*3%

Answer (b)6n+30 ......... [2]
(c) Find the sum of numbers in Uss. |
Answer (C).......... 405 ............. 1]
[Turn over
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17 The resistance of a wire, R ohms, is inversely proportional to the square of its diameter, d um.

(a)  Sketch aresistance-diameter graph for the wire.

Answer (a)
R4
=
0 —
d [1]
For a fixed length of wire, the resistance is 25.6 ohms when the diameter is 50 um.
(b) Find the equation for R in terms of d.
_k
k=7
264 - K.
2S00
k= L4000
64000
R= 0=
// /
£40902 /
Answer (B)YR=.........d> /.. 2]
(¢)  Another wire of the same length has resistance 120 ohms.
Calculate its diameter.
64-000
120 = €992
CI— =g 3 0?9‘01077
R 23
2
Answer (€) ........... 25:0../.. um [1]
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18 A composite container made from a cylinder and a cone has a vertical height of 30 cm.

Water is-poured into the empty container at a constant rate.

It takes 60 seconds to fill up the entire container.

\/Cone/i'li \/c

Yoder

—

ol V =4 uarts

(ore = IMAH

q’r 04' {ime :'%ﬂ

(a) Find the time taken to fill up the cone.
TUCh + werh = Tl
Snee the volume of fhe core Is ’éoe #lo/!h&r,kﬁmc ey o
Fill wp the cone will be 5 ok the <ctal fime -

‘ -
3K60s 205/

Answer (a)........ 200" seconds [2]

(b)  Sketch the graph of how the depth of water in the container varies during the 60 seconds.
Answer (b)

r' N
£ T ———

SIS W— f
3 :
Depth .|
- B §

0 0 . | 60 -

Time (seconds) (2]
[Turn over
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19 The diagram shows the box-and-whisker plots for the distributions of the speeds, in km/h, of 100

vehicles before and after a speed camera was placed on an expressway.

Tyt
859095 4

(a) Find the interquartile range of the distribution before the camera was placed.

Answer (@) .......... 2> .Y . ... km/h [1]

(b) Find the interquartile range of the distribution after the camera was placed.

Answer (b) ......... 0. .. km/h [1]

(¢)  After the camera was placed, 25% of the motorists were issued with traffic summons for
exceeding the speed limit of the expressway.

What is the speed limit of the expressway?

Answer () ........... 50 / km/h [1]

(d) Has the speed camera been effective in regulating the speed limit of the expressway?
Explain your answer by comparing the distributions of the speeds before and after the

camera was placed.

...............................................................................

lower ofter the amera was placed.

©)
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20 Abraham and Lincoln sent out some letters, postcards and greeting cards.

The number of letters, postcards and greeting cards is shown in the table below.

The postage for each letter, postcard and greeting card is $0.30, $0.40 and $0.50 respectively.

(a) Write out a2 X 3 matrix P and a column matrix Q to represent the above information.

4 9 2°
Answer (a)P=
7 33
0-30
Q= (o-% (2]
’ 0.0

(b) Evaluate the matrix S =PQ.

S=PQ

_/% 9 9)(3‘3—3)
7 3 3 0.50

_/6.%

“(%x)

. 5-%
Answer (b)S= @ (:ﬁg [2]

(c) State what the elements of S represent.

[Turn over
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21 The diagram shows a spinner with nine numbered sectors of identical sizes.

Each time the pointer is spun, it is equally likely to stop on one of the sectors.
(a) The pointer is spun once.

Find the probability that it stops on an odd number.

2/
Answer (a) ............ = S [1]
(b) Aysha spins the pointer twice.
Find the probability that the pointer lands on a prime number at least once.
A Ly _ 8°
I~ (7 * ﬁ) Towl
| - (_4_% i) - 65 =
4
? &l > 30 X o
Answer (b)..........x. 2 .E

(¢) Natasha spins the pointer twice.
Her score is found from the difference of the numbers from her two spins.

Find the probability that her score is 0.

()R o) ) (59 <3
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22 Benjamin has 165 identical cubes of sides 2 cm. P = G~

- g

(a) He.uses some of the cubes to make a cuboid which measures 8 tm by 10 em Dy
Calculate the total surface area of the cuboid.
(8Xax4) Hilox 14 x2) = 72%

h v

Y%
Ox14x2+ EXI4-X2+ 2 xjox2 =
= 664em?
664
Answer (@) ............ 7’2%X ..... cm? [2]

(b) Benjamin makes the largest cube possible using some of the 165 cubes.
He then makes the largest cube possible from the unused cubes.

How many cubes will he have left over after making the second cube?

(6E% 2= 3%0cm 3k =5,
k5 —-125 =40
40 =3 ... ..
40—27:|37 _
3
Answer (b)ﬁx{ ........ [2]

(c) Benjamin uses all 165 cubes to make a cuboid.

Find the dimensions of the cuboid.

31165

Gl 59
Ui

l

Answer (c) 9‘ K cm by 1)(cm by g30)(cm 2]

[Turn over
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23 Expressions for the lengths of three sides of a quadrilateral are shown on the diagram below.

All lengths are in centimetres.

4 4x+1 B

(@)  The perimeter of this quadrilateral is given by the expression (1 1x+19) cm.

Find an expression, in terms of x, for the length of DC.

Give your expression in its simplest form.
Hac 417 = 344 + 16-+42+] +DC
([ +3 = éx +2]+DC

Sx~=2=0f

’

Z

Answer (a) 5x -2 /

............................. cm [2]
(b) Given that ABCD is a parallelogram and that AB =AD, calculate the perimeter of ABCD.
AR A0
“t‘ZA’" = 314‘";"
x =3
4(3)+( =(3
H3re =13 -
T?;X‘f-:gz Answer (b)52 .......... cm [2]
(¢) Calculate the area of ABCD if AC = (10x-6) cm.
Ac=(l0x—6)cm AC =\0(3)-6
2&0(3) 6] cm =24
= 24m AB = 4(3)+(
o a2 B 2: ks )
s 2
(£ vz x 242 =258 2= BT A1) 2)cos YA C
57 = 3z¢-—

338 cos 3ABC
XASC=(24.760270(

3 (13)N(3)sin 1347602 70( = (O ¢

=\ 20
60x 2 =| A
Answer (€) ......... 25¢ x |20 5]
END OF PAPER
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax” +bx+¢ =0,

‘e —b++b’ —4ac

2a

Binomial expansion

N on n n-1 n n=232 n p=rgr n
(a+b) =a"+ : a”b+ 5 a"” b 4.+ |a"h + ..+ D",
7
n) n! _nn—=1)..(n-r+1)

r

where » 1s a positive integer and
ri(n-r)! r!

2. TRIGONOMETRY
Identities

sin® A+cos” A =1
sec’ A=1+1tan’ 4
cosec’A=1+cot” 4
sin(A+ B) =sin Acos B+ cos Asin B
cos(A+ B)=cos Acos B ¥ sin Asin B
tan A+ tan B
1+1tan Atan B
sin2A=2sin Acos A
cos2A=cos” A—sin" A=2cos” A-1=1-2sin" 4
2tan A
l1-tan” 4

tan(A+ B) =

tan2A4=

Formulae for AABC
a b c

smA sinB smC

a’ =b’ +¢” -2bccos A

A= labsinC
2

ACS(Independent)Math Dept/Y4E/AM1/20]5/Prelim



3
1 The sides AB and BC of a triangle are (2\/5 + 2\/8) cm and (8\/5 — 2)cmrespectively and

ZABC is 60°. Show that the area of AABCis (p+ q\/E)Crrl2 where p and g are constants

to be determined. [3]
2 Find the range of values of k for which x” + 2k(k + x) > 3k + 4 for all real values of x. [3]
3 Solve the equation {2)( — 3| +6x = |9 — 6x| +4. [4]

4  The polynomial f(x) is divisible by (2x — 3) and leaves a remainder of —2 when

divided by (x —1). Find the remainder when f(x) is divided by 2x” —5x+3. [4]
5 The diagram below shows the graph of y = ¢ + acosbx where a, b and ¢ are constants.
y A

w
H
1
'
1
1
1
1
|
|
1
1
1
1l
1
1
Ll
Ll
'
\ !
>

(i)  Use the graph to determine the value of a, of b and of c. [3]

(i) By using the values of a. b and ¢ found n (i). determine the equation of the

straight line that needs to be drawn on the same diagram to solve

an

(2]

sechx = .
xX—7ac

ACS(Independent)Math Dept/Y4E/AM1/20] 5/Prelim |Turn Over
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5 —2,\'2 —-x+3

ACS(Independent)Math Dept/Y4E/AM1/2015/Prelim

6 (i) Given that ————— = x+ + 5 » where 4 and B are constants.
x°=2x+1 x=1 (x-1)
Find the value of 4 and of B. (4]
3 3
‘* —2x" —x—4
(i) Hence find ji‘—; dx. (3]
x° —2x+]
7 The roots of the equation 2x° —8x + 3 = Qare « and 3.
(i) Express @’ —aff+ f interms of a + fand af. 1
(i)  Find a quadratic equation with integer coefficients whose roots are @ and /3. [6]
8 (a)  Find all the values of x between 0°and 360° for which
- + 3sin~cos— = 0. (4]
sec” x 2 2
(b) Find all the exact angles between 0 and 7, which satisfy the equation
) /g 7
sin(x — —)—cos— = 0. [4]
5 10
_ d’v - . .
9 A curve is such that —{— =16cos” 2x—4sin4x—8 and the gradient of the normal 1o the
dx-
.
curve at x = — 1s .
dv
G) Find & (3]
X
.. dy
(i) Hencesolve — =2 for 0 < x <1. [6]
dx
10 (i) Solve 2+In(4-x)=0. [2)
(ii)  Sketch the graph of v = 2 + In(4 — x) showing clearly the asymptote and the
y-intercept. [3]
(iii)  Find the area of the region bounded by the curve y = 2+ In(4 — x), the x-axis.
the y-axis and the line x = 3. [5]



11 The diagram shows a quadrilateral O4BC.

red
B
M
A (2k, 3k)
N
C
> x
0
The coordinates of 4 are (2k, 3k) and the length of OA is +/52 units.
(1) Calculate the value of . [2]
AB is perpendicular to OA4 and B lies on the y-axis.
(ii)  Find the coordinates of B. (3]

CM. the perpendicular bisector of 4B, cuts the y-axis at N and OC 1s parallel to AB.

Find
(iii)  the coordinates of C. (3]
(iv) the ratio of the area of the triangle OCN to the area of the triangle OCB. [2]

ACS(Independent)Math Dept/Y4E/AM1/2015/Prelim ‘C\ |Turn Over



12 A

The diagram above shows a square piece of cardboard paper ABCD of side 4\/5 metres.
Tnangles AED, AFB, DHC and BGC are cut off leaving a figure in the shape of a square EFGH
of side 2x metres with 4 identical isosceles triangles attached to the sides. The height of each

triangle 1s 1 metres. Mark wants to fold the paper to make a pyramid with EFGH as the base.

(i) Show that h =4 — x. 2]
. 8 ,

(ii)  Show that the volume of the pyramid . V' m" . is givenby V = 5 x V4 -2x. [4]

(iii)  Hence find the maximum volume of the pyramid. [4]

( Proof of maximum is not required)

......... END OF PAPER 1
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Marking Scheme for Additional Mathematics 2015 Preliminary Examination Paper 1

Area =%(2\f3_ +2/6)(8v/2 - 2)sin 60
= (V3 +/6)(82 —2)?
=(6v6 —23 + 8@)?
= 9v2 +14+/3 x ?

=92 +21

x* +2k(k +x)>3k+4
D<0

x> +2k? +2kx-3k—-4>0
4k* —4(2k* =3k —-4)<0
-4k* +12k+16< 0
k?-3k-4>0

k<-lor k>4

|2x—3|+6x:'9—6.\'|+4
|2x-3|-9-6x|=4-6x
!2_7(—3!—3'2)(—3[ =4-6x
2x-3|=3x-2
2x-3=3x—-20r 2x-3=2-3x

x=-1(na)or x =1

f(x)=(2x" =5x+3)0(x)+ax+b
=2x-3)(x-DO(x)+ax+b
3

—a+b=0

2
3a+2b=0—-————— 1)
a+b:—2—f———(2)

Solve:a=4, b=-6

The remainder is 4x—6

y=c+acosbx

a=-3

Period is 7. Therefore b= 2
c=2

Z0




(i1)

an

secbx =
xX—7c
x=2r
cos2x = :
=3

—3mcos2x=x-2x
2r —3mcos2x =x
2-3cos2x=2

T

Draw y = el
T

O]

(i1)

¥ — 20 — %43 A B -
. = x+ + =

x°=2x+1 x=1 (x=1)°

— 2% ~ %43 3-2x

2 :x+

x =2x+1 (x—])2

=2y A N B

(x-D% x-1 (x-1)7

3-2x=A(x-1)+B

Subx=1:B=1

Compare x: A =-2

3

By long div, ol

(i)

(i1)

2x° —=8x+3=0
a’—aff+ B =(a+ B)(a + ) -3aB)

a+pf=4

aﬂ:3

N |

a*+ B = (4)(16—%)

= 46

27
g =2
P 8

x’ —46x+2—;=0

8x? —368x+27=0




(a)

(b)

Py

+ .’asinicosi =0
sec” x 2 2
5 3.
cos” x+—smx =0
2
2sin’ x—3sinx—-2=0

. 1
sinx = ——
2

x=210°, 330°

. g V4
sin(x — E) =CoS—

10
. 7
= sin(—=— —
(2 ]O)
. 2m
=sin—
5
T 2n 37w
X—=—=—,—
5 5 5
3n an
5°°5
2
@) d f:1600322x—4sin4x—8
dx

(11)

d bl %
Y- j(]écos‘ 2x—4smdx —8)dx
dx

= [(8cos4x — 4sin 4x) dx

=2sin4x+cosdx+c
grad of tan gent = -1
—1=2simzm+cosm+c
c=0
dy

— = 2sin4x+cos4x
X

2sin4x + cosdx = Rsin(4x + )
R=+/5 and a =0.4636
J5 sin(4x +0.4636) = 2
sin(4x +0.4636) = 0.8944
4x +0.4636 =1.1071, 2.0345,
x=0.161, 0.393

z|




10

(1)

2+In(4-x)=0
In(4-x)=-2
4-x=¢”

x=3.86

(i1)

2+In4

(iii)

y=2+1In(4-x)

-

4—x=¢'"

-

x=4—-e"

2+Ind

Area = 2><3+—L (4-e") dy
:6+[4y—e“:]
= 6+](a@+may-e") - (8-1)]
= 6+[8+4Ind—4-7)

= 8.55units”

(1)

Vak? +9k% =52

13k =52
k=2




(11)

(iii)

()

Grad of OA = 2

[\

2
Grad of AB = -g

4
C(-2. —
(-2, 3)

M is midpt of AB, MN// AO
By midpt thm, N is midpt of OB
AOCN 1

AOCB 2

Therefore

(1)

(i1)

(h+x)2 +(h+x)? = (442)?
2(h+x)* =32

(h+x)=4

h=4-x

Let ht of pyramid be y




yi 4+ x? = (4-x)?

y? =16-8x
y=+16—-8x
V:;—4x2\/16—8x
L PN
(iii) x
:§x2\/4—2x
av 8 , 1 -
= Z I ()=2)(4 - 2x) 7 + 2x/4 - 2x]
dx 3 2
_ 8x{—x+2(4-2x)]
3 N4 -2x
—x+8—-4x=0
x=16m

MaxV =6.11
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax’ +bx+c¢ =0,

—-b+ b’ —4ac

2a

X =

Binomial expansion

(a+b) =a"+ (n]a""b.+ [”IJa"'zb2 +..+ (n)a""b" ¥
1 2 r

n o na(=1).(n-r+1)

r!(n—r)!_ r!

n
where 7 is a positive integer and [ ) =
-

2. TRIGONOMETRY
Identities

sin A+cos’ A=1
sec A=1+tan’ 4
cosec’ A =1+cot’ 4
sin(A4+ B) =sin Acos B+ cos Asin B
cos(A+ B) =cos Acos B¥sin Asin B
tan A+ tan B

tan(4tB)= ————
1+ tan Atan B

sin2A=2sin Acos A
cos2A=cos” A—sin" A=2cos- A-1=1-2sin" 4

21
tan2A4 = —ﬂ
l—tan” A4
Formulae for AABC
a b c

simA sinB sinC
a’=b" +c° —2bccos A

A= labsinC
2

ACS(Independent)Math Dept/Y4E/AM2/2015/Prelim



Given that J: f(x)dx =12 and I: f(x)dx = 4 , evaluate

Jh

1 I
J. x- s+ [ 7Gx [3)
1 2 _2
The equations of two curves are y = P x? for x>0and y=4x * for x>0.
(i)  Find the coordinates of the point(s) of intersection of the graphs. [2]
(ii)  Sketch these graphs on the same axes, indicating the point(s) of intersection clearly. 2]
Variables x and y are related by the equation y = —p—li , where p and g are constants.
xX+gq
When the graph of x(] + y) against y is drawn, a straight line is obtained. The
line has a gradient of — l% and passes through the point (3. 2).
(i)  Calculate the value of p and of g. [4]
(i)  Given that this line passes through (6, k), find x in terms of . 2]
: o In(x - 3)°
The equation of a curve is givenby y = ——— x> 3.
2x—6
d .
() Find 2. 2]
dx
(i)  Find the set of values of x for which y 1s a décreasing function. 2]
(iii) Evaluate -r ]n—\_3— dx . leaving your answer in the form a + bIn2.
t(x-3)
where a and b are constants. 3]
ACS(Independent)Math Dept/Y4E/AM?2/2015/Prelim [Turn Over



5 In the diagram, AB is a tangent 1o the circle at the point B, BED is a straight and 4B // DC. The

points A, E and C lie on a straight line and AE : EC=2: 1.

(i)  Prove that ZBCE = ZBDC . [2]
(i)  Hence, show that ABCE is similar to ABDC.' [2]
(ili)  Prove that 34E x CD = ABx AC . - [3]
A > 2
E

D b \-’/C

6 The equation of a circle. C). is x- + _1'3 + kx — (k + Z)y +7 =0, where k is a constant.

(i) Find the coordinates of the centre in terms of & . [2]

Given that the centre of the circle lies on the line 2x + Sy-11=0,

(ii) show thatk=4. [2]
(iii)  Find the equation of the circle. C-. which is a reflection of C, in the line x = 1. [3]
(iv)  Explain why the two circles do not intersect each other. (1]

ACS(Independent)Math Dept/Y4E/AM2/2015/Prelim



7 The height of the tides at a certain place can be modelled by the equation h = 2(3‘25—sin kl),

where k is a constant, and ¢ is the time in hours after midnight. The average time difference

between high tides is 14.5 hours.

(i)  Explain why this model suggests that the lowest tide for the day is 4.5 m.
(i)  Show that the value of k is i‘z—;’- .
(iii)  Find the height of the tide at 2 am.

(1]
(2]
(1]

(iv) Find the time for which the height of the tide first reaches 7.0 m, Jeaving your answer

in 24 hour notation.

8 (a) Given that —(—I—[F(x)] = 2,/3){-—1 -
dx 2 3x-1

the form k\/E .

(b)  The equation of a curve is given by y = cos ecz(% - %), where 0 < x < % .

(4]

, evaluate F(3)— F(1) . giving your answer in

(4]

Given that x is increasing at 0.3 radian per second, find the rate of change of y with

. Sx
respect to time when x = i

9
: sk A . 1.
9 In the expansion of (1 - ~) . where k is a constant, the coefficient of — is —4608.
X X

(i) Show that k= 2.

9
. . sk
(i) Explain why there is no term independent of x in the expansion of (,\‘ = ~) .

: : ) : 1Y s kY
(iii) Find the coefficient of X~ in the expansion of (2)(3 + —J(x‘ - —) ;
X X

,+ 1 and P(0, —1) is a point on the curve.
e

10 The gradient of a curve is €

(i)  Show that the curve has no stationary point.
(i)  Find the equation of the curve.
The tangent and normal to the curve at P intersect the x-axis at O and R respectively.

(iii) Find the area of the tnangle POR.

ACS(Independent)Math Dept/Y4E/AM2/2015/Prelim
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(4]

3]

(]

(4]

(2]

(5]
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11 (a) Giventhat 277 = # .evaluate 16" . [3)
(b)  Solve the equation log 5 — 2 _ - log (2—) [6]
! log -2 “\ 4

12 A particle P travelling in a straight line passes a fixed point O. Its velocity, v ms™, is given by the

equation v= t* —61+8 , where 1 is the time in seconds after passing O.

(i)  Find the imes when P is instantaneously at rest. A [2]
(i)  Find the total distance travelled by P when its velocity reaches 8 ms™' again. [5]
(ili)  Will P return to O in the course of its motion? Explain your answer clearly. [2]

The particle P is at point 4 when its velocity reaches 8 ms™' again. It continues its motion at this
velocity for 1 second and then decelerates uniformly until it comes to a complete rest at point B in

another 2 seconds.

(iv)  Find the distance 4B. [2]
: 7 %

13 ) Prove that tanE +cot = 2cosect. [3]
(i)  Hence.solve tan@ + cotf = (cosec48)(sin20 + cos28) for 0% <9 <180°. [5]

Giventhat 2tan 4 + 2cotA=5and 0< A< %,
3
(iii) show that cos2A4 = 5 [2]

(iv)  Hence. find the exact value of cos (24 + f—). [2]
6

END OF PAPER 2

ACS(Independent)Math Dept/Y4E/AM2/2015/Prelim



Amnswers
i 5
2()
2(ii)
3@ 1
=6 =i=
p 2 q 3
3(ii) _k
il
4(i) dy _1-In(x-3)
dx (x=3)°
4(it) x>e+3=572
4(iii) 1(1_122 _1-In2
- 2\ 2 2 4
::%_ Proof
6(i) k k+2
(-3 735
6(i1) | Proof
6Gii) | (x-4) ' +(y-3) =6
6(iv) | Ler d=distace from P, 10 P, =6
Let R=radius of C, + radius of C, = J6 +J6 = 4.89
Since R < d, the two circles do not intersect each other.
7(i) Lowest tide occurs when sin k&7 = 1. Jowest tide = 4.5 m
7(ii) Proof
7(ii) | 4.98m
7(iv) 0750
8@ | 1242
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8(b) ~0.6 radian/sec
9(i) Proof
9(ii) 27—-4r # 0 as r must be an integer = no independent term.

9(iii) —3840

10(1)) | Proof

10(ii) 1 2% 1
y=x——e -—
i 2 2
10(iii) 1 .,
1= units~
11(a) 32
11(b) 1
=2, =
x 5

126) | t=2 or t=4

126
0 ]4% m

12(iii) | Proof

12(iv) | 16m

13(i) Proof

13Gi) | 9=35.8°, 1258°

13(iii) | Proof

13(iv) 3\/—3— -4
10
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Marking Scheme (Additional Mathematics Paper 2/ Prelim Examination 2015)

3(ii) x(1+y)=k
Ix=k
k

X=7

4(i) _In(x-3)" _In(x-3)

2x—6 x—3
DN B N TN
o O 3)(}__3) In(x—3)
dx (x—=3)’
_1-In(x-3)
(x-3)’

G

i) For 1] <0, I-In(x-3)<0
dx

= In(x-3) > 1

=D x>e+3=572

4(iii)

51— In(x —3) In(x-3)1
J 5 dx = 2
4 (x—-3) X = 4

STl x — s
[ - [ {lnm 3)}

(x-32 M (x-3)2 x-3 |,

o X P
I-ln(.\ 32) d}_:ym | é_dx_{ln(.x 3)}
t(x-3) f(x-3) A5 Iy

5
:{_ 1 JS B In(x - 3) _1_In2
x-314 -3 |, 2 2
rln“ ‘de_ljsl 3)_1(1 M)_]—]n2
T2 2 -

n(x —
* (x-3)? (x-3)% 2

5(i) ZBDC = ZABD (Alternate angles, AB// DC)
ZABD = ZBCE (Alternate Segment Theorem)
4BCE = ZBDC

5(ii) In ABCE and ABDC,
ZBCE = £ZBDC (From (i)
ZCBE = ZDBC (Common angles)
ABCE and ABDC are similar triangles (AAA property)
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5(iii) | AAEB and ACED are similar triangles (AAA property)
AE _ AB

CE CD

AE_ _ 4B (Given AE:EC=2:1)

lyc €CP

3

3AE x CD = ABx AC

6) |, __k
2
_k+2
b= 2
—(-k k+2
Centre = ( 1 )
6(ii) k) (k+2) 3
2( > +5 > 11=0
k=4

6i) | c =(-2,3), r=y(-2)*+3'-7=6
Let P, = Centre of C,

C, =43

Equation of C,: (x-4)>+(y-3)=6

6(iv) | Let d=distace from P, to P, = 6
Let R=radius of C, + radius of C, = J6 + J6 = 4.89

Since R < d, the two circles do not ntersect each other.

7(i) Lowest tide occurs when sin k&7 = 1, lowest tide = 4.5 m
7(i1) Period between high tides = 14.5 hours
2w
— =14.5
k
2
14.5
4
k===
29
7(iii) . 87
h=23.25-sm>=
( 29
h=498m

7(iv) | When h=17.0
- 4r
0=23.25-sin—-t¢
7 ( sin 29 )

. 4r
—1=-0.25
sin 29

4
—1 =339
29

= 1 =7.833="7h 50 min
The time is 0750
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8(a) 3 S rT 3 ]
FG3)-F)= |, (2\/3)\ v Ydx
I 3 i
2 Br=1)2 !
= 2——2~———2(3x—1)2
2
i 1
RN 30
=[(8)? -2(8)% |-[(2)? -2(2)2
= (88 - 2/8) - (2v2 - 24/2) = 648
=1242
8(b) _ 2 _Js_z): in-? 1_1J
y =cosec (2 5 sin (2 3

S
When x =%
hen x 6

s )5 -2

dy dy iy
F_Yyoax_ _5,03
g & 0
= —0.6 radian/ sec

%) 9 35 0<r kY 9 27-4
T =( J(x') "(——.) =(—1<)’[ )(X’ ")
r X r

1
For the term in —, 27—4r=—1
X

=5 F="7
_[? k) =-4608
7( )=

= k=2

9Gi) | 27—-4r %0 as r must be an integer = no independent term.
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9(iii) For the term in x>, r=6
. 3 6 9 3 3
The term in x~ = (=2) 6 (x”) = 5376x
3 ] 3 k 9 3 ] 1 3
2x* + ) (x> — =) =(2x" + =)(..... — 4608 — |+5376x" + .....)
be X X X
= -9216x> + 5376x° + ..... = -13840x% + .....
The coefficient of x* is —3840
l()(i) dy ez" +1 “2x
g oy
dx ez'r €
e >0 for all values of x
dy
= —==0.
dx
.. Nostationary pt
10(i) y= II +e Vdx
-2x
y=x- 62 +c
whenx =0,y =-1
“1=-L4¢
_ 1
772
_ _ l =2x - l
y=x-ye >
10Gii) | A1 P, m =2

tan geni

Equation of tangent: y=2x-1

1

,nnormn/ = .2—
Equation of normal:  y= —];x -1
1
=> = (—, O)
¢ 2
R=(-2,0)

. Area of APOR = (%X%}]) :]% units’
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()

2x- ]
2 ’ = 4.:—]
4" _~4_
8 4
(4] =32
16" =32
6 g 5- 2~ g [5)
Og‘ ] \/; 2 Og.‘.'-' 4
g, (%)
log 5 2 - "4
g, = 5
loﬁg;g log“, X )
log, Jx
] logx(zf)
log 5- Tog. 2 >
2 (25)
2 — - ZD
log, 5 log, 2 log, 4
2
= e 25-1 4
log, 25— 155 5 = 108, 25leg,
2
log 4=
P log, 2
5
2] ) _—
OEs log 2
(log,2) =1
log 2=+]

When log 2=1, x=2

When log 2=-1, x= %

120) | 17 —6r+8=0
l:2 or {:4
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12(ii)

v=t’ -6t +8

13

s=§—312 +8t+c¢

Att=0,s=0 = ¢=0

I}
=—-31" +8
"3

Whenv=8, t’ —6t=0
t=0 or t=6
When the velocity is 8 m/ s again, t =6

:2_;6‘—3(36)+8(6)=12 m

0

Sb
S, =
8 2
S, =3-3(4)+8(2) =63
5, =%—3(]6)+8(4)=5%

Fromt=0tot=4, distance travelled =6§ +(6§—
1 2

Fromt=4tot=6,distance travelled = ]2—55 :6§m

5%)=8m

Fromt=0tot=6,distance travelled = 14%

12(iii)

At O,S:O

' 5
s=—=—-3t"+8=0
T3

%z(ﬁ -91+24)=0

=1=0 or 1°-9+24=0

9+t+-15
2

1’-31+8=0 = 1= = No solution

= The particle is at O when t =0 only.Therefore P will not return

to O in the course of its motion.

12(iv)

Fromt=6101=717,distance travelled = 8§ m

Fromt=71to1t=9, distance travelled = 8 m

~. Total distance travelled =8+8=16m
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13(i) 2 6

tan 5*'*']

tanQ+cot—Q:tanQ+ =

B E 2 tanQ tan6

2 2

58
:sec 5

0

I &l

an2
= 1 S = 2cosect
singcosg %sin@

13(ii) | tan®@ + cotd = (cosec4d)(sin26 + cos26)

2cosec20 = (cosec48)(sin 26 + cos26)
_ 1 1 1 1
~ 2cos26 i 2sin26  2cos26 i 2cose029

1
cos26

3cosec20 =

tan260 =3
6 =358", 125.8°

133Giii) | 2tan A+ 2cot A =5

tan A +cot A4 = é
2
5
24 ==
coSec 4

sm2A4 =

wnlw nibs

COS 24 =

13(iv 3
) cos(2A4+ %) =co0s2A4 cos% —sin2A4sin

6
s (%(—f2 -96)

_3f3—4

10
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Mathematical Formulae

. ALGEBRA

Quadratic Equation

For the equation ax? +bx+c =0,

~b
ch.-—_

2a

+b? - 4ac

Binomial Theorem

(a+b)" =a" +(:)a""b+(;)o"”b2 +ot (")o""b' +..40",
r

nll _.h'(ri-'l)'...(n—r+1)
.rl(n-'i‘-r.')l'. . o

se e n
where 7 is a positive integer and ( ):
#

2. TRIGONOMETRY
Identities A
. sin” A+cos* A=1.
secl»'(i = l'+,.m.h 24,
cosec’A=1+cot’ A,
sin(A £ B) =sinAcos BXcosAsin B
cos(A + B) =cosAcos B Fsin Asin B
~_ tanAttan B
tan(Ax B b e e
! (. ) ‘1¥tanAtan B
sin 2A = 2sin Acos A
cos24 =cos’ A-sin’ A=2¢0s" A~1=1-2sin? A" "
© o S 2tanA o,
Wn2A =
s d-tant A

Formulae for AABC ;
a . _b. ¢
sin A7 sinB  sinC’'
a’ =b? +c? =2becosA.

A= —l'bcsin A.
2

ANDSS 4E5N Prelim 2015 Add Math (4047/01)
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3

Answer all questions

1 Sclve the following equations.
(a) 23")+37" =3 (3}

(b) 2V3=-2x =x+1 ‘ [3]

2 The line 2y —x =3 meets the curve x> —xy—y? =1 at points A and B, Find the length
of AB, giving your answer expressed in the form ab , where a and b are integers, (5]

3 Write down and simplify the first 3 terms, in ascending powers of x, in the expansion

. 5 s
of [2 - %) . Given that the first three terms in the expansion of (l +px+xt (’2 - 1;-)

are 32— gqx + 2¢x?, find the value of p. (5]
4 A circle C) passes Lhrough_poinlS P(0, 2), Q(7, 3) and R(8, - 4) where PORS is a square.
(a) Find the coordinates of the centre and the radius of the circle Cy. 2]
(b)  Find the cquation of another circle Cs, in the form x? + y? +ax+by+c¢=0,
that is the reflection of the circle C), in the line y = x, ' [2]
() Justify if the point (2, 7) lies inside or outside lhc' circle C). (2]

secx+2sinx = I+tanx

5 Prove the identity .
2¢cosx-secx l-tanx

6 The diagram shows atriangle ABCDE, such that £8 is parallel to DC, the ratio of lenpths
AB:BCis 4: 8 and Jength of DC is 5+ 42 cm.

A
By leaving your answer in the form a + b«/;.

calculate

BE
a the ratio —, 3
(a) ratio D [3]
(b)  the length of BE. ' (3)

5+44f2-cm

C
7 Given that f(x)=-2+xand g(x)=lx+11-1,

(a) Find the coordinates of the points of intersection of the graphs y = f(x)

and y = g(x). , (4]
(®)  On the same axes, sketch the graphs of y = f(x) ond y = g(x) for -2<x<2. [3)
(c)  Hence solve the inequality x* Slx+11+1]. (2]
8 (a)  Skeich the graph of y =2—¢* for all real values of x, showing clearly all points of
intersection with the axes, if any, (2]
(b)  Byaddinga suitable straight line, explain how the number of solutions to the equation
x = in/4 - x can be obtained, {2}

ANDSS 4E5N Prelim 2015 Add Malh (4047/01) i+ * » e 3D [Turn over
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1]

12

13

A and B lic in the same quadrant such thatsin A -% and tan B =-—I—5— If the value of A

and of B is between 0 and 27, find, without using. thc calculator, the values of

(a) sin B, (1]

(b)  col(A-8), . 2]
B L .

(c) cos—2—. . . (3]

In APQR, M is the mid-point of PQ. PN and MR intersect at O,

, Q

Given that OR: OM & PS; PN = 1 : 2.provc lhat 3

(@)  MSis parallel to ON, ‘ ' [2)
(b)  AMSO s similar to ARNO, . - (2]
() OP=5NO. . [2)

The table shows some experimental values of two variables x and y which are known to be
rclated by the equation y = ax(x+b).

x « 15 2.5 3.5 4.5 5.5
y 10.1 20.6 34 .2 50.7 70.1

Using a suitable scale, plot the graph of = y agamst x to represent the above data and use it to

estimate ' :
(@)  the value of ¢ and of b, s (4]
(b) the value of x when y =9x. . m
A function is given by y= 9: *Slb whcr'c'"x ;e a and x_S 0. '
gl T,

(n)  State the valudof a. ' ' ‘ : m
(b)  Determine thefrange of values of b 1fy is an increasing function, (3)
(c)  Giventhat b =3 and that x and y vary with time 1, find the value(s) of x

dy dx : F

if ==12—, : : 3
dt dt L ' ’ B3]

I

An electronic gadget was programmed lo fravel in a str:ught line, It started through a fixed

point O with a velocny of 3m/s. Iis accelcranon. a mls is given by a=2~21, where ¢
seconds is the time after passing O. Fmd ;

(a) its maximum velocity, (3]
(b) its deceleration when it changes i n.s direction of motion, (3)
(¢) the total distance travelled during the first four scconds of motion, (4)

ANDSS 4E5N Prelim 2015 Add Math (4047/01) : (End of-Paper]. -.-
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Prelim AM P 1 Answer Ke
5
1(a) |x=.-0.631orx=0 9a 1—3-
15
= 9 -3 =
1M) |x=1 b 6
2 745 units 9¢ S8
26
3 32-&:(-!-%91’4-... H p=-§ 10 | Proof
4a (4, -1) ; Sunits lla {a=15;b=3
4b | x*+y*+2x-8y—8=0 11b |x=3 ,
dc | (2, 8)lies outside the circle Ci. 12a {a= %
' 3
5 Proof 12b | b> z
5
6a 2—\/-2- 12¢ |x= -é-
6b | 2+3vV2)em . 13a |4 m/s
7u [ (~I,~1)and (2,2) 13b | 4 mss?
- |
13¢ | 1l=m
l N 8
; 9a =
13
7b i 15
9h -3—=
r 16
S 9¢ J26
[ 26
1la |a=15:6=3
7c 11b | x=3
_
Ay 12a a= ‘-1-
12b | b>2
4
S
12¢ |x= =
3
B %" X 13a |4 m/s
13b | 4 m/s?
y=2-¢
Add theliney=x-2,
The number of intersection points of I
8b y=2—-¢" and y=x— 2 gives the 13¢ ll;m
number of solutions for x=1InY4=-x,
33

ANDSS 4ESN Prelim 2015 Add Math (4047/01)-Solutions {Turn Qver
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Aathematical Formulae
1. ALGEBRA

Quadratic Equation

For the cquation ax® +bx+c=0,

~btVb? ~4ac

2 e——— e
-

: 2a

Binomial Theorem R '
(a+b)" =a" +[n)a”"b+(n)a"’b’ +‘...+(n}z“"b’ +..+b,
1 -2 . r

: G n r.x! n(a~D..(n=r+l)
where n is a positive integer and = - = ’
b 8 (J n=r)l !

2. TRIGONOMETRY

Idcntities
sin A+cos’ A=1.
scc? A=1+tan? A.
cosec’A=1+cot* A.
sin(Ax B)=sinAcosBxcosAsinB
cos(At B) =cosAcosBFsinAsin B
tan Attan B
LFtan Atan B
sin2A =2sin Acos A
.cos2A =cos? A~sin® A=2cos’ A~1=1-2sin? 4

tari 24 3_}_}9_/_1__
l-:-tan" A

tan(A+ B) =

Formulae for AABC e .
~a._ b ¢
sinA . sinB; sinC’
a? = b? +c?i%?2bc¢osA.

v ] .
Az=—=bcsinA.
."..'l, 2.' . '..A.

3¢
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Answer all questions

When (1-2p)" is expandced in ascending powers of p, the sum of the constant tertn,
the coefficients of p and p? is 161, If #is a positive integer, find the value of a.

() Find Lhe smallest positive integer, p such that 4(px - 5)= x? has real roots.

(b) Find the range of values of m for which the graph of y = mx* =4x+m lies
entirely below the line y =3,

(c) Given that the line y = 4x+k is a tangent to the curve y? = mx, whece k and m

are constants, prove that L = ll_ ;
m

(4]
(4)
4]

(4]

Marcus believes that the depth of water, d metres, at the end of a jetty, £ hours after low tide,

can be modelled by the equation d =a+bcoskt where a, b and k are constants,

(2) He measures the depth of water nt low tide to be 2 metres.
& . ’ T
Assuming that low tides oceur every 12 hours, show that k =3

(b)  Marcus also measures the depth of water at high tide to be 6 metres.
Calculate the value of ¢ and of b.

(c) Sketch the graph of the equation d = a+bcoskr for 0<1<27.

(n

(2]
(3]

(d) Marcus requires the depth of water at the end of the jetty to be at least 3 metres 1o

sail his boat. Glven that the low tide on a particular day was at 0830, find the
earliest time after 0830 when Marcus could sail his boat that day.

(2]

(e) Marcus measured the depth of water and found that it is 5m. He then élaimed that the

depth of water at the end of the jeuty will reach 5 m again: after every 4 hours.

Justify if Marcus is right or wrong,

(@ () Factorise h(x) = x> = 7x? + 2x + 40 completcly.
(i)  Hence, solve the equation 2y’ =7y’ + y+10=0,

(b)  Find the value of n for which the division of 2x" +3x% ~4x~10by x-2
gives a remainder of 26.

Solve the following equations,
(@) -logy VSx+1=log,(x=2)+log, 4
(b) 4:an’x=-1_-—8sccx for ~t<x<2n

(2]

(3]
(3]

(3]

(5]
(5

[Turn over



6 (a)  Consider the equation kx? —k*x=3x+4=k.
If the roots of the equation are recxprocal of each other, and fis one of roots,
(1) find the value of k,° .- . 2)
2 :
(i)  show that ==, (2]
P
(b)  The roots of the quadratic equatiort | 2% —4x+5 0 are Aand
A
Find the quadratic cquau_on whos_c‘-r_,oot§ arc ‘Z and —. (4]
7 The term containing the highest pow<:r of xin Lhe polynormal fx) is 3x*.
2 - 2x + k is a guadratic factor of f(x). x ='-1 and- X =2-are roots of the equation f{x) = 0. f(x)'
feaves a remainder of =36 when it is dwndcd byx
(a) Show that k=6. : Sees [2]-' '
()  Determine the number of real roots of the equauon fix)=0. [2]"‘ _
§  Acurvelis defined by y= (l-'Zx)"e"',’ : an‘d % =
dy o
a : : : 2
@ = | | [2]
(b)  the equation, in terms of e, of the tangent at the point where x=1, (4]
(c) the x-coordinate(s) of the stationary polnl(s) on the curve and dc!crmme ‘
the nature of the point(s). (4)
2 _ o : _
9 (1) Express — 3X+5 _in partial fractions. (3)
(P e@x-)
1 b AreE .
() Hence, cvaluate | P 3]
b (X +x)(l_—_2gr)
10  The diagram shows part of the curve y x’ 1. Thc langem atA (=2, ~9) meets the curve
ag:un at C. Find the arca of the rtglon boundcd by ‘the two graphs. (8]
R
35

"4
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1 Solution to this question by accurate drawing will not be accepted,
Y
8(2,7)
E
/ F ;
0
A ("4t _2)
C

The diagram shows a triangle ABC where A is (~4,-2),Bis(2,7) and BCis

parallel to the line 2y =—4x +1 . BC cuts the x-axis at £ and AB cuts the y-uxis at £,

(n) Find the equation of the |ine BC. [2)

(b) Determine whether if EF is perpendicular to AB. (3]

(¢)  Given that C Is equidistant from A and E, find the coordinates of C. {3}

(d) Find the length of AE, and hence, find the area of AAEC, (3]
12

) (]
E

A L-shaped ladder, ABC is wedged in between two pillars AQ and DE as shown in the

diagram. A and C are the points of contact between the ladder and the pillars while 2 is the

point of contact between the ladder and the ground,

Given thot LOBA= 8, where 0°< 8<90°, AB = 0.3 m,BC=02mand CD=xm,

(@)  show thatx =0.3sin 6-0.2cos 8, ' (2}

(b)  expressxin the form Rsin(6—a) where R >0 and 0° < @ < 90°, (4]

(c) hence, explain if the length of CD can be 0.45 m, (2]
ANDSS 4ESN Prelim 2015 Add Math (4047/02) (End of Paper)
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cli Paper 2 Answer Key
1 n=10 17b 2 real roots
28 |p=3 8a = 2(1=2x)(1 + 2x)e**
2b | m<-1 8b | y=6elx~5et
w - l 1
k== 8¢ .| x==—(max) & x=-—(min
3a g | 8e : 2( ) x 2( )
5 3 5
3b =4 O e 9 1] o amafe st o ct——
a A TR X 2xe
i 9b.-::) ~0.497
: - 110" | 108 sq units
Villa- | y=-2x+11
7" 7 |11b- | EF is not perpendicular to AB.
3¢ : T e (}l. —6)
)_,/ et 2
. 11d” 45_-;—unif.\"
" ‘112b | 0.361sin(8-33.7°)
12¢ | Length of CD cannot be 0.45 m.
3d 1030h
3e Wrong
4ai | (x=4)(x+2)(x~5)
4aii y=2 or y=~| or yu%
4h n=4
Sa |x=3
5h x=~198 or .98 or 4.30
6al | k=2
6h 5x +2x+5=0
3£
ANDSS 4ESN Prelim 2015 Add Math (4047/02) |End of Papar)
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1. A curve has the cquation y = —.
x°

) . dy

1 Find =~ . 2
(1) e (2]
(11) Hence, find the range of values of x, such that y 1s increasing. {2]

2. The diagram below shows the graph of v =4 —l—xz +3

(i) Show that the coordinates of A is (—- \/§4> (1]
(1) State the coordinates of B. 12]
(ii1) Find the exact value of m, for m < 0 for which the equation
mx+1=4- I- x2 + 3| has exactly 3 solutions. (2]
! |
YA
A
/ /\ .
N
/
y = 4—,-;-3 +zl

3. In the diagram shown, the Jine forms an angle 4 with the y-axis. Given that the gradient

of the line is 3, without using a calculator, find the exact value of cos 4. (3]
Y
A
// -+ X 53
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4. (1) Show that _
{1 IRy ' ,
- b_ Y- ecx—tany , when —90° <x < 90°. {5]
Y1+sinx )
(1) Hence, explain why x must be acute for the identity to be true. 1]

N NP I (2 :
S Given that the coefficient of — is 512 in the expansion (— + wc") , wherea < 0.

X X
(1) Find the value of a ” 3]
(11) Hence, using the value of a found 1n (1), show that the term i —1/7 does not
X
’ 9 2
s . ) 1 x
cxist in the expansion L— +ax e g | (31
X & 12

3 2

. X +S5xT+2x-1. .

6. Express seese—rem———o N partial fractions. [6]
2x% + 22V

. |
7. The equation 6x2 4+ 7x-3=0 hasroots 1 and — .
a 2
(1) FFind the value of {a 4 B) and of af . 13]
(1) Hence, or otherwise, 1ind the exact value of (a3 - /}3) . [3]
8. Solve the equation lg(4‘ - 10)— xlg2=1lg3. (5]

Anclican Hieh School 2015 Prelimfxam Scecd AMathf ] Addinonal Maihematicys



9. The voltage ¥, in volts, of an clectrical signal in an electrical system is given by the

formula V¥ = 4 sinat where t 1s in seconds.

. .
(1) Find the exact rate of change of voltage after N seconds have clapsed. (2]
(u) Find the exact times when the rate of change of voltage is 27243 volts per
second for 0 <7< 4. 31
(1) Given that current (/ in amperes) supplied to the system is governed by the

4

; b . :
equation J = — , find the rate of change of current when the rate of change of
' 5

voltage is 2 volts per second. (2]

10. In the diagram shown below, ABCD is a parallelogram with points 4(2, 8), B(-1, 1) and
(4, =2). M is the midpoint of B0 and the perpendicular bisector of BD passes through

the y-axis at P.

FFind
(1) the coordinates of A, (1
(i1) the coordinates of D, i (2]
(111) the equation of the perpendicular bisector of 3D, (2]
(1v) and the area of quadrilateral ACBP. 2]

e g g e P s AR ey A A rioanal AMathemiaticos



11. Given that y = x’ + ax? +bx+3 has a stationary point (1, 0),

(1) find the values of @ and of b, (3]
(1) find the coordinates of the other stationary point, [3]
(111) and determine the nature of these stationary points. (3]
12. (1) Differentiate the following with respect to x.
|4
e.\ e‘I
(a) (——L.— 12]
€
(b) ln(cos2 x) (2]
(1) Hence, or othenwise, find I C—4e? ! = 21an xdx [4]
2x-3

g 5 L& . ¢ g
13 The table shows expenmféntal values of two variables, x and v. which are connected by

the equation y = ae®".

|1 2 |3 e s

v i | 230 ] | 34 | 420 ]
(a)  Plot Iny against x and draw a straight hine graph. (3)
(b) Use your graph to estimate the value of g andot'h. (3]
(¢) By drawing a suitable line on your graph, solve the cquation 2.46 = e’ 2]

END OF PAPER
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1 - 2Inx

x3

(iD0<x<ez

1. (i)

2. (i) B(0,1) (iii) V3

3 =
BRVATY

4. (ii) cosx —V1 — sin? x. Since cos x must be positive, x is in the 1st or 4th
quadrant. .~ x must be acute.

5. ()—3 (i) Term with ;—4 =(-Z)(E)+(E)(2)=0
~ it does not exist.

2 1 7—-3x
6. = mns ae

x x2  2x%+1

7 721
2 (1)5,-2 (i) o=
8. x=232

dv  4am 1 11 1 5 dl 2
9. I)— =—v/s mt=-,—,2-,3-sec 1il) — = — Amperes/sec
()dt V2 s (I 66 6 6 ( )dt 5 p /

10.(hm (33) (D (75 (i)y=-2x+9 (iv) 305 units?

11.(Da=1b=-5 (i) (-3 22%) (iii) max point
12.(i)(a) 2e**7! (b)-2tanx (i) gln(Zx —3) =2 4+ Incos’ x + ¢

13.(b)a=422,b=0.2 (c)x =2.3
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3

52
The curve —(3722— +(y-3) =4 and the line 2y + x =12 intersect at the points P

andQ . FFind the exact distance between Pand Q. (5]

Find the values of a and b for which the function f(x)= 2x? = 7% +ax? + bx-2)

is exactly divisible by x? -2x~3.
Hence determine, showing all necessary working, the number of real roots of the
equation 7(x)=0. (8]

In the diagram, 4, B,C and D are points on the circle. TDSB and ASC are straight

lines. 7.4 and 7C are tangents. Prove that
(a) ZACB=£LATD+ ZABD, and (3]
(b) ZLATC=180°-2£A4BC. (3]

The diagram shows the route of a fishing boat. The boat leaves the point () from the
shore and sails in a straight line for 5 km to a point 4, at a bearing of (090°+ 6). At
A the boat makes a right-angled turn and sails for 2 ki to the point B to continue
fishing. The angle Q48=90° and the shortest distance from B 1o the shore is L km.

N
@]
shore B
A
(a) Show that L = 5cosd+2siné. (2]
(b) Express L in the form Rcos(6 - a), where R>0 and 0° <a <90°. [3]
(c) State the maximum value of L and find the corresponding value of €. (3]

Lo



(i

4

(a) Express tan” - cos’ /3 in the form Asec” Ba + ("cos2 31 D where
A, B,C, and D are conslants. [3]

. 3 X
(b) Hence, or otherwise, evaluate L (lan2 3x - cos’ Ej dx . [5)

The curve y = PcosQOx + R has a period of 720°, a maximum value of 8 and a
minimum value of - 4.
(a) Giventhat P is a negative constant and Q and R are posilive constants,

_ find the value of P, of O and of R. [4]
(b) Solve the equation y =3 where 0°<x <360°. 12]
(¢)  Sketch the graph of y for 0°<x<360°. » 13]

A container in the shape of a cylinder with a hemisphere on top is to be decorated by
gold wires.

The wires 4C and DF~ go across the hemisphere and intersect at B, the highest point
of the hemisphere. The wires AJ, EF,CG and Df! run down the sides of the
cylinder. The wires G/ and FH cross at right angles at K where X is the centre of the
basc. The total length of wire is 30 cm. The height of the cylinder is A ¢ and the
radius of the hemisphere is » cm. The volume of the container is ¥ cm’,

(a) Express Ainterms of r. (2]

2
(b) Show that ¥ = i”é—(zxs-- 2 -3m). (3)

(c) Find the stationary value of ¥ and determine its nature., [5)



. o | ‘ . .
8. (a) Show that the equation 2° = 5[3(2‘) + 2] is satisiied by only one value

of x. (3]
2

n— 3 ! )
(b) Giventhat m=a*,n=a"andm'n’ = a*  where ¢ >0anda =1,

1
show that st =—. (4]

u
X+ y\/g
2

(¢)  Without using calculators, find the value of 4, in the form , such that

k3 - k15 = 243" [4)

(d) Differentiate e *v/1+3x with respect to x. (4]

2. In the Chingay Parade procession held at the heartlands early this ycar, the Pioneer
Generation Float was travelling on a straight road with a velocity, v ms’', given by the

i I 2 ; . . . :
equation v = 5t -—z-l’ + 4 where 1 is the time after passing a fixcd point 4.

(a) Show that the maximum velocity is reached 5 s later. 13}
(b)  Sketch the velocity-time graph for the first 5 s. [3]
.(.)9

Upon reaching its maximum velocity, the float started to decelerate uniformly at

1 5 ms. before coming 10 a rest at point B to allow residents to take photographs.

(¢)  Find the time when the flodt reached B. [2]
(d) Find the total distance travelled from A4 to B. 3]

A
10. d
v=4x-5
/ -
Al
4/7
o
BN
r’: \\
_,v2 =5x-4

The eraph above shows part of curve y2 = 5x-- 4 and the linc y=4x-35. Tind

(a) the coordinates of A and of B. and (3]
(b)  the area of the shaded region. [6]

N
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11. A landscaping company has been tasked to design the backyard for a client. The
design is made up of overlapping circles as shown below. The circular lawn in the
centre will be the focus point of the design and a barbeque pit will be constructed on
one side of the lawn.

On the Cartesian plane, the aircular lawn can be modelled by the equation ol a circle,

2

(a)
(b)

(¢)

W2y 4 2x-6y-15-0.

Show why this model suggests that the radius of the Jawn is S m. 12]
A lamp post is positioned at a point P{-5, 8) in the pit area.
Determine, with working, if 7 lies inside or outside the lawn. (3]

T'wo dustbins, at O and R, will be placed on the circumference of the lawn
such that Q is (-4, -1) and QR is the diameter of the lawn. Find the equation
of the tangent to the lawn at R 16}

END OF PAPER
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P2
1. P(2,5),Q(6,3),PQ=2V5
2. a=7,b=-5noreal roots

4. (b)V29cos(6 —21.8°) (c)21.8°

5. (a)sec’a — %cos 2P —%
(b) -2.75

6. ()P=-6,Q=7,R=2 (b)x=199.2°

©
j N

]
r =3
_C{M/

15-2r—-mr

7. (ayh=—"—

(c) v=54.2 max. value

1+V5 1—6x
8. k=" ) aimes
9. (b)
Vi
- ey
(o)t=16

5
() 152.om

10.(a) A (1.8125,2.25),B(1,-1)
(b) 1.14 units?

11.(a) (x + 1)+ (y — 3)? = 52
(b) Distance = 6.40 m > radius, the lamp post lies outside the lawn

3 17
(c)yz—-zx+7

L2
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2
Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the quadratic equation ax’+ bx+c¢=0,

j:.t Vb? - dac

2a
Binomial Expansion

(a+d)" =a” +[T)a""'b+(;)a"'zbz +...+(nja""'b’ +...+b",
. r

n! :n(n—l)...(n—r+])

r!(n—r)! r!

X =

; e n
where » is a positive integer and L Jz
.

2. TRIGONOMETRY
Identities
sin4 + cos?A4 = 1
sec’4 =1 + tan’ 4
cosec’A =1 + cot’ A

sin(A+ B)=sin A cos B+ cos AsinB

cos (A + B)=cosAcosB FsinAsinB

tan (A +B)= tan At tan B
l+tan Atan B

sin 24 =2 sin A cos A4

cos2A=coszA—sin2A=20052A—]=1—25in2A

tan 24 = 2ta"f4
l-tan" 4
Formulae for A ABC
a b c

smA simB sinC

a?=b%*+ ¢? - 2bccos A

A= tabsnC




Given that 2772 x 57" = 8" x 5** | evaluate 10" without using a calculator. (3]
4x+7 . . ;
Express — - in partial fractions. (4]
x°+6x+9

; : : 1 . .
Given that @ is acute and thatsin@ = f , express, without using a calculator,

- —— in the form Va ++/b where a and b are integers. (5]
cos@—sinf
A
Py
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A 025 0 Sz 0758 = 1258 ] 5a 175 2% » Time (S)

The diagram shows a part of the curve of a person’s blood pressure, which is modelled using

y=uacosht +c
where 1 is time in seconds and y is the blood pressure measured in mm(of mercury).

The length of the same person’s heartbeat is the time between two consecutive peaks on the curve.

Given that the person’s heartbeat 1s 60 beats per minute,

(a) Write down the amplitude of y. ' (1]
(b) Explain why the period of the function is 1 second. [1]

(¢) Write down the value of

(i) a’

(i) b

(i) . hle (3]
Page 3

2015 CHS PRELIM EXAM 3 ADDITIONAL MATHEMATICS (4047/1)



y

A

2y=3x-16
B
» X
A

/

) 2x*~19x+2y+40 = 0-

The straight line 2y =3x—16 intersects the curve 2x’ —19x+ 2y + 40 = O at the points A4 and B.

Given that 4 lies below the x-axis and that the point P lies on AB such that AP : PB=3:1,
find the co-ordinates of P. [6]

A curve has the equation y = sin x—3cos 2x.

(i)  Find the gradient of the curve when x = % [4]

(i) Given that x 1s decreasing at a constant rate of 24/3 units per second, find the rate of change

of y when x = % [2]

. . ' - dy x(5x-2)
i Given that y = x’/2x -1, show that == = ———~ 2
() _ N (2]
P-2x+1
(ii) Hence evaluate s ox Al dx . [4]

! V2x—1

Find the coordinates of the stationary point on the curve y =2x" —6x° + 6x—11 and determine
the nature of the stationary point. [7]

. 2 . 11
(a) Show that the roots of the equation 6x° +5(m —1) = 3(x+m) are real if m <2 e [3]

(b) Find the range of values of k for which (k +3)x’ +4x+k is always negative for
all real values of x. (4]




10

11

12

i3

5
A particle P moves in a straight line so that 7 seconds after leaving a fixed point O,
its velocity v ms™ is given by v = (21 - 3)2 -9.

()
(b)

Sketch the v- graph of the particle P for 0 <7 <5.
Hence or otherwise,

(1)
(ii)  find the distance travelled by P in the first 5 seconds.

6

: k : . .

In the expansion of ( x’ —2—j , where k is a positive constant, the term independent
X

of x 1s 15.
(i) Show that k=2.

6
(ii) With this value of k, find the coefficient of x* in the expansion of (xz - i) (8x+1).

2x

A circle, C, has equation x’ +y* —10x+6y+9=0 .
®
(i)

Find the coordinates of the centre and radius of C.

Give a reason why the y-axis 1s a tangent to C.

The circle C crosses the x-axis at the point P(1 . 0).

(1il) Show that the equation of the tangent to the circle Cat Pis 3y —4x=-4.

{iv) Find the coordinates of the point where the circle C cresses the x-axis again.

In a Science experiment, a container of liquid was heated to a temperature of K °C.
It was then left to cool in a chiller such that its temperature, 7" °C, f minutes after removing
the heat, is given by 7 = Ke™® | where g 1s a constant.

Measured values of 7 and T are given in the following table.

1 (minutes) 2 4 7 10

Tr°C 72.8 60.2 45.2 34.0 28.1

(i) On graph paper, plot InT against  and draw a straight line graph.
(ii) Use the graph to estimate the value of K and of g.
(iii)  Estimate the temperature of the liquid 5 minutes after it was left to cool.

~ End Of Paper ~ ks

[2]

find the range of values of 7 for which the acceleration of P is less than 4 m/s’. [2]

(3]

[4]

(3]

[3]

[3]
[4]
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the quadratic equation ax’+bx+c=0,

‘- —b++/b* —4dac
' 2a

Binomial Expansion

n_ n n n-1 n n-212 n n-rpr n
(a+b) =a" + ; a” b+ 5 & b et a’’b +..+b",
r

. L (n) nt n(n=1)...(n—r+1)
where n 1s a positive integer and = =
r r!(n—r)! r!

2. TRIGONOMETRY
Identities
sin?A4 + cos?A4 =1
sec’A =1+ tan’ A
cosec’ A = 1 + cotzA

sin (4 + B)=sin A cos B+ cos Asin B

cos (A + B)=cos A cos B ¥sin 4 sin B

tan(A+B)= tan At tan B
1¥tan Atan B

sin24 =2 sin A cos A

cos24A=cos’ A—sin° A=2cos’ A—1=1-2sin’ 4

tan 24 = M
I—tan" 4

Formulae for A ABC

a b c

smA smB sinC

a’=b%+ ¢? - 2bccos A

A = tabsinC
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Given that 22" x 5" =8 x 577 evaluate 10" without using a calculator.

(3]

1
SOLUTION:
22,\-+2 x 5:—1 . 8.1 % 521
4(22.\'))(% — 23.\' x 52x
(231)(52_\') B ﬂ
7)) 3
4
2_\’ 5.\' =
(2)(5") = <
10" = i
5
2 Express —; in partial fractions. [4]
X +6x+9
SOLUTION:
4x+7 B
x’+6x49
4x+7 A N B 7
(x+3)" x+3 (x+3)
4x+7=A(x+3)+ B
Letx=-3, B=-5
[etx=0 7=34-35
A=4
4x+7 4 B 5
X 4+6x+9 x+3 (x+3)
49
Page 3
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3 Given that @ is acute and thatsinf = — | express, without using a calculator,

V3

- in the form x/; +\/Z where a and b are integers. [5]
cost) —sin @

SOLUTION:

D 12+x2=(\6)2
x=42
V2

C.cosf =—

V3
L1 3 2+1 o+
cos@—sinﬁ—\/i_ ]_-_\/E_] V241 2-1
V3 B
= J6+3

(O8]

y
120 y ‘ ) ; ) r X
! ‘\ : ': f} \ ,’
P P\ H / /
'~ ' i ;o b f !
i 3 i : L i
lyn ; { H ! f 1 i J / i i |
t : H { 1 : i { | i i ) ! i
Blood ! i ) I ' i i i ' Joo ¥ ] i !
i f 1 i i i i { i ! ! ! ! |
Pressure | ] i f j ! / ! / ! H ‘ |
: I ) ) \ i i | ! !
! . H H 7 ! i t ]
ComHg)l 4 f ] Y
i ! : ! ! ! | ! j i | = i
H : ' : i i ] i l 1 {
i | i i { i i ! ! ! ! i /
A T A T S W B S
,. - ‘ ] | / 1 i 5 / ! |
| i i l | ! I i | ] |
i H 1 i
| 1 { 1 | \l ; \: ] i / ! !
! ! ' ) \ i i |
i { i ) { i ! ! ] :
LI | " f (i : ,f b \ / free f
i i J 3 1 i / t i
Vi | v Vo L Vo Vo
2 i | poof - {. . ’,‘ . \ / \ .l
v 2 i v v/ v/ Vo Vo
i v/ 194 A v/ \ !
70 v ¥ v ¥ 5 y
025 055 0.75x L3 1252 15n 175 23

Time (s)

The diagram shows a part of the curve of a person’s blood pressure, which is modelled using

y=acosht+c

where 1 is time in seconds and y is the blood pressure measured in mm (of mercury).
The length of the same person’s heartbeat is the time between two consecutive peaks on the curve.

Given that the person’s heartbeat is 60 beats per minute,

2015 CHS PRELIM EXAM 3 ADDITIONAL MATHEMATICS (4047/1) Page 4



(a) Write down the amplitude of y. [1]
(b) Explain why the period of the function is 1 second. (1]
(¢) Write down the value of
@ a,
(i) b
(iii) c. [3]
SOLUTION
4 y=acosbt+c
(a) | amplitudeof y = 25
(b) 60 beats/cycles per 60 seconds.
Therefore 1 cycle takes 1 second
a = 25
(¢ |b = 2T7T = 2
c = 95
5
y
A
2y=3x-16
B
—> X
A
L
/ 2~ 19x+2y+40 = 0

The straight line 2y = 3x—16 intersects the curve 2x> =19x+ 2y +40 = 0 at the points 4 and B.

Given that 4 lies below the x-axis and that the point P lies on AB such that AP : PB=3:1,

find the co-ordinates of P. [6]

L8
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SOLUTION

5 | 2y=3x-16 ino 2x* ~19x+2y+40=0
2%’ ~19x+3x-16+40=0

2x° —16x+24=0

(x-2)(x-6)=0

x=2,y=-5 A(2,-5)

x=6,y=1  B(6,])

P(x, y)

3 3
S Pl 2+—0f4,-5+=0f6
( 4 4 4 4 )
1 1
.'.P(2+3,—5+4—):3P(5,——)
2 2

6 A curve has the equation y = sin x—3cos2x.

(i)  Find the gradient of the curve when x = % [4]

(i)  Given that x is decreasing at a constant rate of 2+/3 units per second, find the rate of change
of y when x = % (2]
SOLUTION

T() y=smmx-3cos2x
()

d .
& cosx+6sm2x
d

dy_V3 [
&

2 2

7
2

Atxzz
6

or 6.06

b

6 dr dx dr
-25(2)

=—21units /s

OR y is decreasing at 21 units /s

2015 CHS PRELIM EXAM 3 ADDITIONAL MATHEMATICS (4047:1) Page 6



7 @)

(i)

dy _x(5x-2)

Given that y = x2+/2x—1, show that — = ———".
Y dx  2x-1

5x" =2x+1
Hence evaluate f X TAxXT] dx .

V2x-1

SOLUTION

7

y=x*v2x-1

M)

ji (m)(zx)uz[%(n—l)‘i(z))
=(2x-1)2 ( )[2(2x-1)+x]

x(5x—-2)

Vv2x-1

( Shown )

(i)

j \/Z_i_z) = 2x-1

f 5% ;2x+] _ [xzx/bc——ijr+f 1 .
N 2x

o 100

I

= [x2x/2x—]T +[\/2x—1:'5

= 714+2 =76

2015 CHS PRELIM EXAM 3 ADDITIONAL MATHEMATICS (4047/1)
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8 Find the coordinates of the stationary point on the curve »=2x"—6x> +6x—11 and determine
the nature of the stationary point. [7]

SOLUTION

8 = Dx* — x4 Bx—1]
Yy

d—y:6x2-12x+6
dx

At turning point,
6x> —12x+6=0=> (x-1)> =0

x=1]

X 1 r

d_y +ve 0 +ve
dx

Shape / - /
At x=1, y=-9

.. Point of inflexion at (1,-9)

9 (a)  Show that the roots of the equation 6x° +5(m—1) = 3(x + m)are real if m <2 % . [3]

(b)  Find the range of values of  for which (k +3)x” + 4x+ k is always negative for
all real values of x. [4]

SOLUTION

9 | 6x’+S5(m—1)=3(x+m)

(@) | 6x* —3x+2m-5=0

| B —4ac=9-4(6)(2m—5)=129— 48m
For real roots, 129—48m > 0

48m <129

_ m<2£.
16

For function to be negative, b’ —4ac <0 and (k+3)<0
(®) 16—-4k(k+3)<0

—4k* =12k +16 <0

~dk+4)k-1)<0

k<-4 or k>1(reject)
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10 A particle P moves in a straight line so that 7 seconds after leaving a fixed point O,
its velocity v ms™' is given by v = (21 - 3)2 -9.
(a) -Sketch the v-¢ graph of the particle P for 0<7<5. [2]

(b) Hence or otherwise,
(i)  find the range of values of 7 for which the acceleration of P is less than 4 m/s>. 2]

(ii) find the distance travelled by P in the first 5 seconds. [3]

SOLUTION

10 | v=(20-3)" -9.

(a) v
A
404
: + >l
ON_3 5
(1.5,-9)
b(i) | av '
— =4(2t-3
— =4(20-3)
§<4 =4(21-3)<4 =1<2 2051<2
1

3

Distance traveled = [ (20 ~3)' =9 dr+ [ (21-3) -9 di

6 0 6 3

= ]8+16§+18

(i)

=52gm
3

5D
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: k . - .
11 In the expansion of (xz = —) , where k is a positive constant, the term independent

2x
of x 1s 15.
(i) Show that k =2. [4]
(i) With this value of k&, find the coefficient of x* in the expansion of
6
(XZ*LJ (8x+1). [3]
2x

SOLUTION

General Term

6 _2\0-r w_k‘ | _ 0 _ﬁ\y -2 NO=r LN
= LX) ( 2.\’) C,( 2J (x) (A)
)

Independent of x : (x*)"(x)
Therefore 12-3r = 0, r=4

4
Term = "C4(—§) = 15
ISX[—gj = 15
k4 = 24

() | (..—20x" +..)(8x+1)
x" term = -160x"

. Coefficient of x* = —160
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12 A circle, C, has equation x>+’ -10x+6y+9=0 .

i) Find the coordinates of the centre and radius of C. [3]
(ii)  Give areason why the y-axis is a tangent to C. [1]
The circle C crosses the x-axis at the point (1 , 0).
(iii) Show that the equation of the tangent to the circle Cat P1s 3y —4x=-4. [3]
@iv) Find the coordinates of the point where the circle C crosses the x-axis again. [1]
SOLUTION
12 | X+’ -10x+6y+9=0
) x*=10x+5" -5 +y* +6y+9=0
(x=5) +(y+3) =25
So, centre is (5, —3) and radius is 5
(1) | Since radius is 5, leftmost x-coordinate of circle Cis 5-5=0
Hence, the y-axis is a tangent to C.
d _0+3_ 3
(iii) grady ,.pe = .1_—5 - Z
. . 4
Equation of tangent is y = r x+c
O:§+c
At P(1,0),
(1,0) %
c=——
3
y=—x—-— or 3y-4x=-4
(iv) | X -10x+5" -5 +y" +6y+9=0
suby=0, x*-10x+9=0
(x=1)(x-9)=0
Coordinates = (9, 0)
5
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13 Ina Science experiment, a container of liquid was heated to a temperature of K °C.
It was then left to cool in a chiller such that its temperature, 7 °C,  minutes after removing
the heat, is given by 7 = Ke *, where ¢ is a constant.

Measured values of 7 and T are given in the following table.

¢ (minutes) 2 4 7 10 12
T°C 72.8 60.2 45.2 34.0 28.1
(i)  On graph paper, plot In7" against r and draw a straight line graph. [3]
(i)  Use the graph to estimate the value of K and of g. , (4]
(iii)  Estimate the temperature of the liquid 5 minutes after it was left to cool. [2]
SOLUTION
13 | T=Ke™

(i) | Labelling of axes of graph
correct plots
straight line almost passing all points

() | 7=Ke™
In7=-qgt+Ink

42-372
3-8
g =0.096

=-0.096

InK =4.48
K =¢""®~882

(iii) | 7 =88.2¢700%)

~ 54.6°C
Alternatively from graph,
t=5mT =4
T =e"~54.6°C
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the quadratic equation ax” + bx + ¢ =0

_ —btb —4dac

X e
2a
Binomial Expansion

( B n n-] n n-232 n n-ryr n
a+b) =a"+ LA b+ 5 |a b'+...+| @b +...+b",
,.

n! _n(n—])...(n—r+1)

r!(n—r)!_ r!

; —n n
where » is a positive integer and ( j:
5

2. TRIGONOMETRY
Identities
sin’A4 + cos’A = 1
sec’A = ] + tanzA
cosec’ A = ] + cot’ A

sin (4 + B) = sin A cos B+ cos A sin B

cos (A + B)=cos AcosB Fsin A4 sin B

tan (A + B)= tan A+1tan B
l1+tan Atan B

sin 24 =2sinA4 cos A

c052A=coszA—sin2A=2coszA— 1=1-2sin’ 4

tan 24 = 2‘anf4
1-tan” A
Formulae for A ABC
a b c

sind sinB sinC

a2 =p%+ - 2bc cos A

A= JabsinC

L ——
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1 The roots of the quadratic equation 4x” —33x+16=0 are a’ and #°. Find the
quadratic equation whose roots are « and 3, given that  + >0 and af3>0. [6]
2 (a) Solve the equation sin’ y+2cos2y =2cosy for 0° < y <360". (3]

B Povetnt ed BB B) [4]

sin(4+ B)—sin(A - B)

The diagram shows a triangle ABC in which angle CMB is % radians, angle B 1s a right angle,

M is the mid-point of 4B and the length of CB 1s 4 m.

Without using a calculator, find the value of the integer k such that

ZACM =sinl[£j. [6]
26 :

Bl |TURN OVER

R ——————————
e e e e e
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¢ N
N
D
A E
The diagram shows a quadrilateral ABCD whose vertices lie on the circumference of the circle.
The point £ lies on the extended line CB such that AE is a tangent to the circle.
CE and AD are parallel lines.
(i) Explain why angle BAE = angle CAD. [2]
(ii) Show that triangles BAE and DAC are similar. [2]
(iii) Given that 4B = BE, explain why the line AC bisects the angle BCD. [2]
5

The diagram shows the plan of a rectangular desk, PORS, in a comer of a room.

Given that the desk has length 1.5 m and width 0.8 m, and that ZPOS = ZSTR = 90°

and ZOPS =0.
(i)  Show the length of O7, L can be expressed as L = 1.5sin@+ 0.8 cos 6. (3]
(i) Express L in the form Rsin(6+ a) where 0" <a <90°and R > 0. [3]

Hence, find the value of @ for which
(iii) L has a maximum length, [2]

(iv) L=12m. 2]
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16™" + 48(4™)

6 ~ Simphi 4
(a) ]mp ]fy 2.\'+3 % 8_r+2 [ ]
(b) Solve the equation 5™ = 8 + 4(57"). [5]
7
y
A
C(4, 6)
D
B
42, 0) E S X
The diagram shows a thombus 4ABCD with vertices 4 and C at the points (2, 0) and (4, 6)
respectively. D lies on the y-axis and the line CB produced intersects the x-axis at E.
(i)  Show that the y-coordinate of D is 4. (3]
(i) Explain why the rhombus ABCD is also a square. (2]
(iii) Find the coordinates of E. (2]
(iv) Calculate the area of the quadrilateral AECD. [2]
[TURN OVER
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S s

The diagram shows a solid body which consists of a cone fixed to the top of a right circular cylinder

of radius » cm and height 2 cm. The slant edge of the cone is 3r cm.

(1)
(i1)
(iii)

10

Given that the volume of the cylinder is 1087 cm”®, express A in terms of 7. [1]
Show that the total surface area, 4 cm?” of the solid is givenby A= 47r(-5rj +r’ J [3]
Given that » and & can vary,

(a) find the value of r for which A has a stationary value, [3]
(b) determine whether this stationary value is a maximum or minimum. [2]

(i)  Find the range of values of m for which the curve y=(x—1)(x—4)and the line
v =mx +3 do not intersect . [3]

(i)  Sketch the graph of y = I(A —1)(x—4)|, showing the coordinates of the turning point

and the points where the curve meets the x-axis. [3]
(iii) Find the number of solutions of the equation I(A —-1)(x- 4)[ =-x+1. (2]
log, Sxlog. 4
(a) Without using a calculator, show that 08, O%10Bs % _ 4. (3]
log,, 5
. 2x
(b) Giventhat y=In,[—— , x>0 and x<-4,
x+4
(i) find d—y [4]
dx

(ii) Hence show that y has no stationary value. [2]
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12

The polynomial P(x)=2x"+ax’ +bx+8, where a and b are constants, leaves a remainder

of 10 when divided by 2x—1. Given that x+2 isa factor of P(x),

(i) find the value of a and of b. [5]

(ii)  Explain why the equation P(x) =0 has only 1 real root. Hence find this root. [4]

1
The diagram shows part of the curve y =4- e? which cuts the axes at 4 and at B.
y 2

(i)  Find the coordinates of 4 and of B. (4]
The tangent to the curve at 4 meets the x-axis at C.
(ii) Find the coordinates of C. [4]

(iii) Find the area of the shaded region. [4]

~ End of Paper ~

L4

M
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the quadratic equation ax” +bx+c=0,
‘- - b+ b - 4ac
2a

Binomial Expansion
. n) ny .
(a+b) =a"+(])a" 'b+(2Ja" b’ +.‘.+[n)a"“’b' +...4+b"
s

-1)..(n—-r
where n is a positive integer and (njz n = i ) (7= +1)
r) ri(n-r)! r!

2. TRIGONOMETRY
Identities
sin4 + cos’ A4 = 1
sec?A4 =1+ tan? A
cosec’ A = 1 + cot’ 4

sin (A + B) =sin 4 cos B + cos A4 sin B

cos(A+B)=cosAcosB Fsin A4sin B

tan (A+B)= tan A+*tan B
1+tan Atan B

sin 24 =2 sin A cos A

cos2A=coszA—sin2A=2coszA— 1=1-2sin’4

tan 24 = 2131134
1-tan~ 4

Formulae for A ABC
a b ¢
smA sinB sinC

al=pr+ ¢ - 2bc cos A

A= labsinC

E
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1 The roots of the quadratic equation 4x* —=33x+16=0 are o’ and #°. Find the
quadratic equation whose roots are « and 3, giventhat  + >0 and aff >0. [6]
SOLUTION

1 4x* —-33x+16=0
a B =4
aff =2 or —2(reject)
e o 99
a’ +f =7
(a+,8)2=a2+,6'2+2a,3
33 49

=—+4=—
4 4

a+f =—;— or —%(reject bec a+>0)

~. Equation: x’ —%x+2=0:> 2x’ - Tx+4=0

2 (a) Solve the equation sin’ y+2cos2y =2cosy for 0° <y <360". [3]

cos(A+ B)+ cos(A - B)

(b) Prove that — :
sin(A+ B) —sin(A4— B)

=cotB. (4]

SOLUTION:

2 | sin’ y+2cos2y=2cosy

(a) | 1-cos’ y+4cos’y—2-2cosy=0
3cos’ y—2cosy—1=0
(3cosy+1)(cosy—-1)=0

1
cosy=——  Or cosy =1
Basic Angle = 70.53 y=0°,360°
y=109.5,250.5°
(b) _
LHS = cos(A+ B)+cos(A—B)

sin(A+ B)—sin(A— B)
cos Acos B + SinAsin B + cos Acos B—sin Asin B

sin Acos B + cos Asin B —sin Acos B+ cos Asin B

2cos Acos B

2cos Asin B
cos B

sin B
cot B

e —————
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R )
>\ — radian
6

N
N
(@)

4 m

=

A . M

B

The diagram shows a triangle 4ABC in which angle CMB is % radians, angle B is a right angle,

M is the mid-point of 4B and the length of CB is 4 m.

Without using a calculator, find the value of the integer & such that ZACM =sin™ (—2%} . [6]

SOLUTION
4
tan — = —
6 MB

L )R . B

. S
sin LZACM B T_é_
43 413
]
. ) NE)
sim ZLACM = x4\/§ = —
413 213
BN
2413 /13
ZACM = sin"[?)

Therefore k& = 39
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A E

The diagram shows a quadrilateral ABCD whose vertices lie on the circumference of the circle.
The point E lies on the extended line CB such that AE is a tangent to the circle.
CE and AD are parallel lines.

(i) Explain why angle BAE = angle CAD. [2]
(ii) Show that triangles BAE and DAC are similar. [2]
(iii) Given that 4B = BE , explain why the line AC bisects the angle BCD. [2]
SOLUTION:
4

(i) | ZBAE = ZACB (tangent chord theorem)
= /CAD (alternate angles)

8} { 1. iriamgles BAE and DAC,

/BAE = ZCAD (part (1))

Z/CDA=180°—- ZABC (opposite angles of cyclic quadri]atera])
= /ABE (angles on straight line)

ZACD = ZAEB (angle sum of triangle)
Hence, triangles BAE and DAC are similar.

AB = BE , implying that triangles BAE and DAC are similar isosceles triangles.
ZACD = LCAD

So,
= /BCA (alternate angles)

Hence, the line AC bisects the angle BCD.

d
é
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16" + 48(47")

5 (a) Simp]]f)] 2X+3 x 8,\'+2 [4]
(b) Solve the equation 5™ = 8 + 4(5“). [5]
SOLUTION:

5 | 167"+ 48(47)
(a) 2,\‘+3 x 8.\'+2
B 24(x+l) +48(24Y)

2x+3 % 23(.r+2)

~ 24x+4 +48(24.\)

24x+9
B 292" +48)
24.\‘(29)
2° 1
D

'(b) 5" = 8 + 4(5' )

5(5‘):8+4(5"')

Let ii=9%5"
Su= 8+il
u
S5u’ =8u+4
(5u+ 2)(14—2)20

u= —% (rejected) or u=2

5 =2
-~ x=0.4306~0.431 (3 5.f)

g
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The diagram shows the plan of a rectangular desk, PORS, in a corner of a room.

Given that the desk has length 1.5 m and width 0.8 m, and that ZPOS = ZSTR =90

and ZOPS =0.
(i) Show the length of O7, L can be expressed as L = 1.5sin#+0.8cos 6. [3]
(i) Express L in the form Rsin(60+ a)where 0" <a<90°and R > 0. [3]

Hence, find the value of # for which

(iii) L has a maximum length, [2]

(v) L=12m. 2]

SOLUTION:

6

; LTISR =8, c:059=E = ST =0.8cosl
(i) 0.8

os

sinf@ = = 0S=1.5sin6

OT =0S§+ST

L =1.5sin6+0.8cosé
(i) L=15sin60+0.8cos@ = Rsin(0+a)

where R =+/1.57 +0.8° =1.7
tana = %,3 a=28.07
1.5
L=1.7sin(6+28.07")
(iii) L has maximum length when sin (0 +28.07) =1

6+28.07° =90°
0 =619 (1dp)

Lo

w
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(iv) 1.7sin(6+28.07" ) =1.2
| sin(¢9+28.07°)=%%
Basic Angle =44.90°
0+28.07 = 44.9°
6 =16.8"(1dp)

»
:

2 N A
The diagram shows a rhombus ABCD with vertices 4 and C at the points (2 , 0) and (4 , 6)

respectively. D lies on the y-axis and the line BC produced intersects the x-axis at E.

(i)  Show that the y-coordinate of D is 4. (3]
(i) Explain why the thombus ABCD is also a square. [2]
(iii) Find the coordinates of E. [2]
(iv) Calculate the area of the quadrilateral AECD. [2]

SOLUTION:

7

i

@ Midpoint of ACz(E,wj

2 2
=(3. 3)
6-0
m,. :;_—2 =3
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Equation of perpendicular bisector of AC is y =— % x+c

At(3,3),
1
J=—=={3)+¢
L)
c=4
.. y-coordinate of D is 4.
(ii) 0-4
gradAD =*2——O:"‘2
6-4 1
rad., =——=—
=370 2

—2x % =-1 = AD and CD are perpendicular, hence

ABCD is a square.
Equation of BC isy =-2x+c

(iii) AL(4. 6), 6=-2(4)+c
c=14
Ly=-2x+14

Along x-axis, y=0.

0=-2x+14
x="7
E(7.0)
(i) 12 7 40 2
Area = —|
20 0 6 40
=1p8—ﬂ
2
=25

6!

w
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The diagram shows a solid body which consists of a cone fixed to the top of a right circular cylinder

of radius » cm and height # cm. The slant edge of the cone is 37 cm.

(1) Given that the volume of the cylinder is 1087 cm®, express 4 in terms of r . [1]
(i)  Show that the total surface area, 4 cm’ of the solid is givenby A= 471(g + rz). [3]
r

(1)  Given that r and & can vary,

(a) find the value of r for which A4 has a stationary value, [3]

(b) determine whether this stationary value 1s a maximum or minimum. [2]

SOLUTION:
5 —
m’h=1087
(i)
b= 108

2

r

Total surface area = area of cylinder + area of cone
(ii) =2nrh+7r’ +nrl

=2arh+7r® +3nr’

= 2711{ 1 078) +47xr’
;2

= 47r(—5ﬁ +7? j (shown)

7

dA4 _ —2167

— = — +87r
dr re

(iii)
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(2) —216x

7

+87r=0

2167
S
216 =8r°

r=3

2
Subr=3intod—f,

8r

d’4 _ 4327

a2 A
4327
e
=24rn

+ 87

+ 87

2
Since 3 is positive, A is a minimum. (shown)
r

C2

M
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9 (1) Find the range of values of m for which the curve y = (x - 1)(x - 4) and the
line y = mx+3 do not intersect .
(i1)  Sketch the graph of y = |(x -1)(x- 4)‘ , showing the coordinates of the turning

point and the point where the curve meets the x-axis.

(iii)  Find the number of solutions of the equation }(x -1)(x- 4)| =-x+1.

SOLUTION:

9 y:(x—l)(x—4)

@ | (x-1)(x-4)=mx+3
X =5x+4-mx-3=0
x'=(m+5)x+1=0
b’ —dac <0

(m+5) -4<0
(m+7)(m+3)<0

—T7T<m<-3

(ii) v
A

v

(1ii)

(a) 1 solution
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log, 5xlog. 4
10 (a) Without using a calculator, show that —£2>-—Ss7 4. [3]
log,s 5
. 2x
(b) Given that y =1In , x>0 and x<-4,
x+4
(i) find a (4]
dx
(ii) Hence show that y has no stationary value. [2]
SOLUTION:
10 log, 5xlog, 4
log,, 5
@ | jog, 5520827
log, 5 T, & log, 5
Jog, 5 " log,25
log, 25
5
2log, 2+ DB
2log, 5
2+l = 2%2 = 4
2
In e
v:
(b)y |~ x+4
0 !
2x )2 1 2x
= In = —In
x+4 2 x+4
= %[ln2x—]n(x+4)]
a_1[2 1]
dx 21 2x x+4]
1 (x+ 4)—x~ 3 2
2 x(x+4) | x(x+4)
= =0
(ii) x(x+4)
) dy ) .
since d—;tO = there is no stationary value
x

3

W
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11 The polynomial P(x)=2x"+ax’ +bx+8, where a and b are constants, leaves a remainder

of 10 when divided by 2x—1. Given that x+2 is a factor of P(x) ,

(i) find the value of a and of &.

(ii) Explain why the equation P(x) =0 has only 1 real root. Hence find this root.

SOLUTION:

11 | P(x)=2x"+ax’ +bx+8

(i) P(l)=2[l) +a[l) +b(l)+8=]0
2 2 2 2
la+lb:z

4 2

4
a+2b=7

P(-2)=2(-2) +a(-2) +b(-2)+8=0
4a-2b=8
2a-b=4

2(7-2b)-b=4 = -5b=-10

Il

Q o

=2
7

;2(2):3
() | P(x)=2x"+3x"+2x+8

= (x+2)(2x" +bx +4)
term in x° :

3x? =bx’ +4x%, b=-1
]3’()«’):2,\’3 +3x*+ 2%+ 8

:()c+2)(2x2 —x+4)

for 2x* —x+4,
b’ —dac=1-4(2)(4)
=-31<0

Hence, the equation 2x° — x+4 = 0 has no roots.
So P(x)=0 has only 1 real root.

Therootis x+2 = 0 1e x=-2
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1
12 The diagram shows part of the curve y =4—e’ which cuts the axes at 4 and at B.

yoro

(i) Find the coordinates of A and of B. (4]
The tangent to the curve at 4 meets the x-axis at C.
(i) Find the coordinates of C. (4]

(iii) Find the area of the shaded region [4]

SOLUTION:

1

12 y:4—ef

(i) -
Whenx=0, y=4-¢> =3 = A(0,3)
|
When y=0,0:4—e2‘
].
el =4

lx=ln4
2

x=2In4 or 4n2= B(2In4,0) or B(4In2,0)

oo 1
(“) dy _ _—l_ezx

dx

]
(0
5 )

e

2
I
2
L)
2

. . S
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Equation of tangent: y = —%x +3

When y =0, O:—%x+3
x=6 = C((6,0)

(iii) | Shaded area

1
:lx6x3—rm4—e2'dx
2

0

B ] 4In2
=9—14x—- 2e2XJ

0

'am2)
=9-14(4In2) - 2¢? —(—2):'

=3.9096

~ 3.91 units?

~ End of Paper ~

m
2015 CHS PRELIM 3 ADDITIONAL MATHEMATICS (4047/2)



€d

CHIJ St Joserh’s Convent/Prelim Exam 2016/P1 (

Answer all questions.

4

Express D in partial fractions. (5]
x—
(i) Prove that cosec (60°—6)= - (3]
cosé (ﬁ —tan @) '
(i) Hence find, in surd form, the value of cosec15°. 4]
(a) Find the term independent of x in the expansion of (2x _71_;)10 : 3]
x
(b) It is given that in the expansion of (5+ px)", the coefficients of % and x*are the same,
Express n in terms of p. [4]
() The equation of acurve is y =(a+2)x’ —3x+(a-1).
In the case where a = 3, show that y =7x-3is a tangent to the curve. (3]
(b) Given that (m— 4)x2 <3x-m, show that m cannot be positive. (4]
(a) Sketch y= |x(1 - 4x)} , indicating the coordinates of the maximum point and intercepts.

(b)

!

Hence, state the range of values of & such that = k gives more than 2 solutions. [4]

P
2

The diagram shows the graph of y =1—|x— 5| where the x-intercepts are 4 and 6.

//////\\\\\\;\y=lﬂx—ﬂ
> X
0 4 6\
If aline y=mx+c isto be added to the diagram above, dctcrmhe a possible value for m

and ¢ if
(i) there is 1 intersection between the 2 graphs, Ry
(i) thercare infinite intersections between the 2 graphs. [2]

65
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.

(a) A curve has the equation y =ex In(3x), where x > 0. Find an expression for %
5In(3x)+2
Hence find | ——=— dx. 4

j 12 [4]
(b) Itis given that y =6e"*"'. Find, in terms of e, the rate of change of x at the instant when

x =5 if y is decreasing at the rate of -;-e units per second at this instant. [4]

It is known that x and y are related by the equation my = n(2™), where m and » are constants.

X 1 < 3 4 5

y 0.566 0.80 .13 1.60 2.26
(i) Plotlgy against x and draw a straight line graph. - [2]
(i) Use your graph to estimate the values of m and n. (4]
(liiy By drawing a suitable straight line, solve the equation y =0.9", (2]

A cylinder of radius » cm and height 4 is inscribed in a cone of base radius 5 cm and height 20
cm. The cross section of the solid is shown in the diagram.

r 20 cm

I

B ——
5cm

(i) Show that the volume within the cone but not occupied by the cylinder, V, is given by
500 hy
IO )

(if) Find the stationary value of ¥ and determine whether it is maximum or minimum,  [6]




9

10

¥d

(a) The equation of acurveis y = fbs?HOx’ . Given that its normal at x = 2 will never meet

the y-axis, find the value of & (3]

(b) A curve has the equation y=2cos?3x for 0< x S 7. Find

@ the equation of the normal at x = {-ri, _ (4]

(i)  the x-values on the curve whose tangents are parallel to the normal at x = 1—’;— . [4]

D (0, 8)

A C(15,0) o

In the diagram, ADC is a sector of the circle with centre C and BDCE is a straight line. The line
AB is parallel to the y-axis and points C and D are (15, 0) and (0, 8) respectively.

(i)  Show that coordinates of 4 is (~2,0). [2]
(ii) Find the equation of the line that passes through A and perpendicular to the line BC. [2]
(iii) Find the coordinates of E if the ratio of area A BC: area ACE is given to be 2:1. [5]
(iv) Given that ABFE is a kite, find the area of ABFE, [2]

~ End of Paper ~

p
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cosec (60° -6) =
( ) cose(\/i-tanH)

LHS
_ 1
" sin (60°~6)
_ 1
" sin 60°cos @ —cos 60°sin 8
1
5

(-?3) cos? - (-;—)sin 6

_ 2 +C0s &
- \Ecosa—sinﬂ +cos @
_ 2

" cos6 (3 —tan6)

o

=RHS  (shown)

a Qn ‘.lu)etnil(-:d Workmg R Mark Distribution
4
] 8x” +1 =4x* +2x+1+ x+1 M1 (for correct
x(2x-1) x(2x~1) quotient from long
division)
x+1 A B
==+
x(2x-1) x 2x-1 M1
x+1=A(2x-1)+Bx
Letx=0
o] M1, M1
(for A and B)
Letx=0.5
0.5B=1.5
B=3
4
- PR T NPL R I Al
x(2x-1) x 2x-1
2(3i) 2

M1 (for applying
Addition formula)

M1

Al




T o ="

n(n=1)(n-2)(n-3) c\n-a 4__n(n—1)(n~2) w3 3
I1x2x3x4 OF"p = 1x2x3 P

zl'4—_3"(5)""11‘ =6y

n-3
—_— =5
3 p

n=£)-+3
p

2(ii) cosec15°
= cOsec (60°2— 45°) M1 (for 8=-45°)
- cos45° («/5 —tan45°)
_ 2
c0s45° (+/3 — tan 45°)
2
=1 = M1 (for special £s)
3-1
B (+f3-1)
__22 (B M1 (for rationalising)
B-1) (3+))
=\/§(J§+l) or V6 ++2 Al
3@ | @x'- 1 )
Jx
Tnl :
=10C, @)™ (-x%Y’ Ml
- lOC, (z)lﬂ-r (_l)r (x)lﬂ-lr—o.ir
=10 C, (2)1o-r =1y( x)!O—-J.Sr
9
an
20-2.5» =0 M1
r=38
~. T, =10G,27 (1) =180 Al
3w | G+px)

M1 (for specific term
or correct expansion)

M1, M1 (for applying
"C, formula to both
sides)

Al




;

4(a) y=(a+2)x* -3x+(a-1)
Leta=3,
y=5x"-3x+2
55 =3x+2="Tx-3 M1
" M1
5x* -10x+5=0
D =(-10)* —4(5)(5) =0 B1
Therefore y = 7x—3 is a tangent (shown).
a@m) | (m=-ax <3x-m
(m-4)x* -3x+m<0 .
(=3)% = 4(m - 4)(m) <0 M1 (for D<0)
9-4m(m-4)<0
4m* -16m-9>0
@m+1)2m=9)>0 M1
m< -l, m> 4l M1
2 2
) 1 B1
Since m—4 <0, thusm < —-—2-.
. m cannot be positive (shown)
S(a)
' shape -Bl1
turning pt &

x-intercepts - Bl

68




li—sz =k
2
-I-Ix— 4x*|=
2
Bx(1-4x)| =2k M1
1
0<2ks—
16
0<k 1
sy | =0 ¢=1 Al
OR any other relevant answers
5(b)(ii) (5, 1) and (4, 0)
e 1-0 M1
=7
y=0=1(x-4)
=x-4
5 y=x Al
' Alternative answer;
OR '
(5, 1) and (6, 0)
P o M1
5-6
y-0=-l(x-6)
y=-x+6 Al
6(a) y=ex/; In(3x)
1
AL  In(3x) + - evx M1
dx 2 X
_eln(3x) b8
2-7x b
_eln(3x)+2e
20/x
_e[In(3x)+2] Al
W




[ aG)+2] oBx)+2] 4 (eF O

eV "

sIn(3x)+2
dr
J 2Jx
=[x InG3x)J}
=+/5In15-In3
=4.96 | "
6b) | y=6e"

L 4 M1
_.=6 x Cong 1 o
= e 2(" 7 |
1, 3" a& .
2 V-1 ar

T M1
—e =X —
2 2 d
%=_%eunits/s "

L M1

5 r
207 =100-5k
_100-54

20

5L
o] M1

1 g P
V=—-7r(5) (20)"”(5—_’1) .
_50071’ (5= h)zﬂh (shown) Al




8(ii) V=§9'9£'—(5-lh)17th
3 4
=-5£0-71--?.57rh+271'hz—-—1—7rhJ
3 2 16
dv 3,
-C-E=—257r+57rh—-1—6-7rh M1
3
—h* —5h+25=0
16 M1
. )
h=20 (rej), h=6—3—cm Al
dv
= =57—-—nmh M1
AT
= Sr—2r(62)>0 (min) Al
16" 3
5007 1 .2, .2
V = (5§ ——% 6 2)? (6 =) = 291cm’ Al
3~ Omgx83/ 7y =2lem
(=) =—§;+10x’ =202
ox k
dy -10 2
L et 30
Fota M1
j—?—+30x2= M1
~10+30kx®
>R
10 =30k(2%)
1
k=oc Al

96




;

9(b)(i) | ¥=2c0s'3x
%=—120083xsin3x M1
B o o T
] 7 ysin3(Z) =6
m, Zcos3(12)sm (12)
1
m"_G Ml
n n
=—,y=2cos’ (=) =1
% uy cos (]2)
1 7
J’-l-g(x 7 M1
y=-1-x+72-” Al
6 72
9(b) (i) | - ey |
(b)(ii) | -12cos3xsindx= M1
-6(2sin3xcos3x) =}6-
sin6x=—L M1
3
o =0.02778
6x=3.1694,6.2554,9.4526,12.5386,15.7358,18.8218 Al
x =0.528,1.04,1.58,2.09, 2.62,3.14 Al
100) | U5—-0)*+(0—8)’ =17 units M1
A=(15-17,0)=(-2,0) Al
10(ii) _8-0__8
e =015 15
15
8
Equation of line L. BC:
y—0=%(x+2)
1515 Al
by

70




Equation of line BC:

10(iii)
8
—8=—=—(x+0
¥ 15(x )
y=——8-x+8 M1
15
Let B(-2,y)
8 136 1
=——(-2)+8=——=9—
G TR AR TaT:
1
B(—2,9E) Mi
ABC & ACE share the same base AC,
Hence, L height of E to x-axis should be %of AB.
1,1 68 8
L height of E to x-axis = —(9—) = — = 4 —
eight of E to x-axis 2( 15) Tk T M1
8
Let E(x,~4—
et E( 15)
-4]i=-i(x)+8 M1
o 5 1 15
2
E=(3%,-43, Al
2 15
lo(iv) Area of ABFE = Area of Z(ABE)
(2 -2 127- =3 M1
T3l 136 68 x2
0 — -— 0
15 15
=231.2 units? Al
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The curve for which %= (ZxﬁS)’ —1, where & is a constant, is such that the tangent
to the curve at (-2, 0) is perpendicular to the line 5y = x—1. Find

(i) the value of k, (2]
(it) the equation of the curve. 3]

The roots of the equation x* =mx—2m® are @ and £ . Find, in terms of m, an

equation whose roots are i, and 73,— i (6]
a

(r) Without wusing a calculator, find the value of ¢ given that

34+34128 =(76-2-—c)2. 31

(b) The volume of a cylinder is (9 ++/50)7 cm’. Given that the cylinder has a radius
of (2 +~/5) cm, find, without using a calculator, the height of the cylinder in the

form "*:"5. [4]

An object is heated in an oven until it reaches the temperature of 90 °C, It is then
allowed to cool, Its temperature, 7' °C, when it has been cooling for time ¢ minutes, is

f
given by the equation T'=k+he ', where k and / are constants,

Given that the temperature of the object is 40 °C when it has been cooling for exactly

(10In3) minutes, show that k=15 and A=75. 3]
(i) Calculate the value of Twhen ¢ =10. 1]
(if) Determine the rate at which T is decreasing when ¢=25. [2]
(iii) Find, to the nearest minute, the time taken for the temperature of the object to

drop below 35°C. (2]

H




6d

8

(8) Express yin terms of x, log, x*y =3+ log, x -

1
— g

y

(b) Solve the equation log,(x + 5) - log ;(x—-1)=1log,2. 4]

A cubic polynomial f(x) is such that the coefficient of x’is 6, It is given that one of
the roots of the cquation f(x)=0 is —;1 and [2x? +(2k +1)x—3] is a quadratic factor of
f(x). Given further that f(x) leaves a remainder of 30 when divided by (x—2), find

() thevalue of k and hence, factorise f(x) completely, [4]

(i) by using the result from part (i), the number of real roots of the equation
f(x)=15(1-2x), justifying your answer. 4]

The diagram shows a circle 4BCD and the tangent ST of the circle at point C. B and C
biscct AT and ST respectively. Prove that

(i) AABC is similarto ASDC, [4]
(i) AS =£Cf"cﬁg. (4]
A
B
D
S c T

(i) A circle passes through the origin O and cuts the x- and y-axes at 3 and 4
respectivcly. Find the equation of the circle in the general form. [4]

(i) Given that OP is the diameter of the circle, find the equation of the tangent at P.[3]

(i) Another tangent at O, which is parallel to the y-axis, meets the tangent found in
part (ii). Find the points of intersections between the two tangents (3]




e

(

9 () Giventhat y=x'Inx’, show that % =3x(1+2Inx). 3]

(i) The diagram shows part of the curve y =xInx cutting the x-axis at point P. The
line x = e intersects the curve at point Q.

(a) Find the x-coordinate of P, (2]
(b) By using the result from part (i), show that the area of the shaded region
bounded by the x-axis, the line x = ¢ and the curve is %(e’ +1). (4]

Y

A

10 (i) Express 3cos24+4sin24 inthe form Rcos(24 — ), where 0°Sa <90°, (2]

(i) Hence solve 3cos24+4sin24 =4 for 0°< 4 <180°, (3]
(lii) On the same axes sketch, for 0° < x < 60°, the graphs of [3]

Yy =2sin6x and y=2—%cos6x.

(iv) Explain how the solutions of the equation in part (ii) could be used to find the x-
_ coordinates of the points of intersection of the graphs of part (iii). 2]

12




oLd

11 A particle moves in a straight line such that ¢ seconds after passing through a fixed
point O, its velocity, v m/s, is given by v = 24 cos(2¢). When ¢ =0, its displacement

12

from O is —6 metres. Find
(i) the magnitude of the acceleration when ¢ =1,
(ii) the value of f when the particle first reaches the fixed point O,

(iff) the distance travelled by the particle up to the second instantaneous rest.

A curve has the equation y = (x—2)(x +1)°.
dy

(i) Find an expression for Fos

(ii) Find the x-coordinates of the stationary points.

(2]

(2]

(i) Without determining the nature of the stationary points, show that y decreases as

x increases between the stationary points.

(iv) Determine the nature of the stationary points.

(3]
[4]
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L o [
(Sm) dxx-—l
k
Dy
k=4 Al
(®) &y 4 1
& (2x+5)°
-4
- -1
y=] (2x +5)
“axesy C M1
Sub (=2,0), 0=1-(-2)+¢
c=-3 Ml
Gy "
2 x! —mx+2m* =0
a+f=m ' Bl Either sum or
af =2m’ product
@’ + B’ = (a+ p)[(a+p) ~3ap] Ml
=m[m* - 3(2m*)]
=-5m’ Al
1 1 2+p
;5'+'ﬂ_3= 25
-5m’
@2m*y Ml
e
8m’
1.1
a! ﬂ.‘! (aﬂ)l
1
=(2m2)’ Ml
2t
8m®
2 5 ) 1
—_—] —— +——-=0
* ( g ) " Bt
8m’x* +5m’x+1=0 Al

33




(

On |y g e g Wi T s T VR 2
U N e e Mg DO L P arded ] g
331) 6 2
34+ 3128 =(————c)
2
3442442 = (342 - ¢)? M
34+ 2442 =18-6¢v2 + ¢! M1
344242 =184+ ¢ - 6¢/2
24 =—6¢
c= -—4 A]
() | 72 +v2)h=(9++50)7 Ml
(6+4+2)h =9 ++/50
_ 9+5/2 y 3-242 M1
23+242) 3-2V2
_27- 3J2-20 -
2(9-8)
_7-3\2
2 Al
v 4 1t
-t T=k+he ™
-1 (=0, 90=k+h Ml
t=10In3, 4o'=k+§ M1
50=2p
3
h=175 k=15 Al
D |r=10, T=15+75¢"
=42.6° BI
i i
(t) T=15475 "
f
d—T = 75(~L)e g
dr 10
__15 Ml
2 .
ar| __1s -§
s 2 : Al
=-0.616 °C/min




x=-—;-(NA), x=3

R S 1 S Markds - 0 .
(iif) - Accept working
157-756 ok which is in the
e 0 2 equation form
15
t 4
—-_—<Iln—
10 15 il
t> lOIn—4-= 13.2
15
t=14 Al
5(a) 1
logsx*y =3 +log,x—2logy5
1
2 = -
logs x“y =3 +log, x > log y Ml Chargeofbase
2log,x’y =6 +2log, x~log, y
2
log, (x?y)* = 6 + log, =
< Y
2.2 %
logs(x"y)* ~ logs—=6 Evidence of using
Y Ml Power / Product /
log (x* J’ Y 6 Quotient law
x
nyJ = 56 )
- Ml Index form
J= e
25 2
b 4 - o.c Al Accept x?
®) | log,(x +5)—log 5(x—1)=log,2
log,(x +5) - _gg,ix__]l =log, 2 M1 Change of base
log, 32
log,(x +5) - 2log,(x~1) = log, 2
log, : +l) =log,2 Ml Quotient rule
x+5=2(x*-2x+1) Ml Index form
2%’ —5x~3=0
Qx+1)(x-3)=0
Al No Al if invalid

ans is not rejected

T4




Que| L Markingpoint o] i | o Remarks -
6) | f(x)= (3x-4)[2x* + 2k +1)x-3] M1
f(2)=130 Ml
2[8+(2k +1)2-3]=30
542(2k+1)=15
2(2k+1)=10
k=2 Al
f(x) = (3x—4)(2x* +5x=3)
=(3x-4)(2x - 1)(x+3) Al |NoAlif givenas
f(x)=0
(i) | f(x)=1501-2x)
(3x-4)(2x-1)(x+3) =-15(2x 1)
Bx-4)2x-1)(x+3)+152x-1)=0 "
2x-D[(Bx—-4)(x+3)+15]=0
QRx-1)(3x* +5x+3)=0 Ml
2x-1=0 3x? +5x+3=0
D=5"-4(3)(3)<0 Ml Use of D or quad
formula
No of real roots = 1 Al
)
7(i) | BC//AD (mid-point thm) Bl
LSCD = LCAD (alt segment thm) Ml
= ZACB  (altZ)
ZABC =180°—- £ADC (£ in opp segment) Ml
= LSDC
ZABC is similar to ZSDC Al
(i) | AC _BC ;
; T e art
SC CD (part () Ml
ACXCD = —;—AS «SC  (mid-pt theorem) M
2ACxDC = ASxTC (C bisects ST) Ml
2ACxDC
AS =—r—
TC Al
8()
4=(3,0), B=(0,4) M1
=> centre lieson L bisectorof O4 & OB
.C =(-3-,2)
2
2
Radius= [%) +2 Ml

1
N,




CQm| i Marking eint e L
3} C 25 -
—— | —22=—-
(3] +0-2
x’—3x+-3—+y’—4y+4—%=0 Al
x?+y?=3x-4y=0
@ (J:r_q u_q)(_s_ 2)
2 " 2 2 Ml
(xrs yr) =’(3’4)
4 3
mor='3‘9 ’”r"z Ml
3
—4==Z(x-3
Y ria )
4y—-16=-3x+9
4y=—3x+25 Al
(ii1) | Since tangent / to y-axis = x = ¢ from centre of circle
SE . 3.3,
2 2 2 Ml
e 13
(I,y)—(“lﬂ)'. 4)7 Al,Al
D | yoing
=3x'Inx
:x—y=3[x’[é)+2xlnx) MI, Ml
=3x(1+21nx) Al
(ii)(e) | xlnx=0 Ml
x=0(NA), Inx=0
x=e'=1 Al
®) J':Bx(1+21nx)dx=[x’lnx’]: Ml
e - k}
I‘3x+6xlnxdx-e’lne Forfitepeating
3 . ; 2 3x
(2] + [ 6rinxdr=2e ML For substituting
, limits
[6xlnz dr =3¢ -%(e’ ~1) M1
[(6xinxdr=2(e+1)
/7
\ 15




PR M L T T A o "-'.':-"."f:Mﬂl.'k‘ o T S B
o P |3 g Mankiagpolat | Awardeq .| Remarks:::
. 1
J‘lxlnxdx=z(e’+l) Al
100) Rcos(2A-a)
=y3t 442 cos[2A—-tan" (i)) Ml Either R or &
3
=5cos(2,4_53.1°) Al No Alif0 not
in 1d.p.
(ii) 3cos24+4sin24=4
5cos(24-53.13°) =4
cos(24-53.13°) = -‘} Ml Do not penalise
for d.p. if this w
24-53.13° =~36.87, 36.87°, 323.13° S 1o v ?i) o
24=1626° 90.0°
A~ B.13° 45,0° Al Al
(i) y B1 for sine graph
q ’ B1 (amplitude),
W) 2 B1 (shape) for
. cosine graph
b 4
0 15 3 45
-1
-2
) 2sin6x =2 — %cos 6x
4sin6x =4 —3c0s6x
3cos6x +4sin6x =4 Ml
Let A=3x
3c0s24+4sin24 =4 Al
11() | v=24cos(2!)
a =~48sin(2() M1
t=1, a =—48sin(2)
=-43.6
|a] = 43.6 mvs? Al
i | 5= I24 cos(2¢)dt
=12sin(2t) +c¢ Ml




od

10(tif)

Equation of line BC:

8
Y 15(x )

8
=——x+8
Y= 15

Let B(-2,y)

8 136 1
=B )= 89t
Y=g D=1 =97

1
B(-2,9—
2933

ABC & ACE share the same base AC.

Hence, L height of E to x-axis should be -l-of AB.

1 .1 68
..Lh ight fEtO 'a)d =—(9— =—=4—
eight o x-axis 2( ]5) T

8
Let E(x,4—
et E( 15)

LI
15 15

1
x-—-235

1 8
E=(3=,-4—
SO

M1

M1

M1

M1

Al

10(iv)

Arca of ABFE = Area of 2(ABE)

|2 -2 A,
=720 136 268 e
0 =2 2
15 15

=231.2 units?

M1

Al

16




F e I T
el Lo S S v i Awarded |
t=0,5=-6 =>¢c=-6
5 =12sin(2f) - 6 Ml
When P first reaches fixed point, s =0.
125in(2t)~6=0
sin(2) = 0.5 Ml
b4
a=—
6
T bt
t=—, —(NA
20 120 Al
(iii) | Atinstrest, v=0 .
24cos(2t) =0 M1
u=F 3z
2 2
oz,
PA Al
§ =12sin(2r) -6
t=0,5=-6
” B
t=—,5=6
4 y M1 Either for /=2
n 4
{:——-, s=—18 371'
4 or {=—
t=5, s=-6 4
Dist =6+12+18=36m Al
n
t=0 Y13
sm-f y=0
a4 P Previrne,
¥4 . fixed
L ' 33“"“‘}*' Pa
0-21‘- 5n n
n g 28 o -~
s=-18 :-(;2 I"g
120) | y=(x-2)(x+1)°
L e (5= D0+ (1P M
=(x+1)?3x~6+x+1)
=(x+1)?*(4x-5) ’ Al
(i)
Y 1) (dx—5) =0 Ml
dx
x:—l, x=_5_ Al
4




id

For -1<x< —5- ,
4
(x+1)*>0  4x-5<0 M1, M1
dy _ 204,
E_(x+1) (4x—5)<0 Al
OR
. : S-
. .X 3 'fl*'. '4_ '
onof 2 | - | -
Sign ofAd,x .
Since gradient is negative between 2 stat points, y
decreases as x increases between the two stat points.
@iv)
X <=1 1 -1 |>-1
E-}i -ve 0 -ve M1
dx
\ - \
x=-1 is a point of inflexion Al
% <= 2 > 2
4 4 4
dy
= | wve | 0 | +ve Ml
dx
\ - /
3 . . . Al
x= 2 1s a min point
i
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation

For the equation ax” +bx+c =0,

. —-b++b* —4ac

2a

Binomial Expansion

( n_ _n n n-1 n n-2 3.2 n n-r gr ‘ n
a+b)'=a" + R N L A e I A
< v

n! :n(n—l)...(n—r+l)
r!(n—r)! r!

: e n
where n is a positive integer and ( ):
#

2. TRIGONOMETRY

Identities

sinA+cos A=1
sec A=1+1an" A

cosec A=1+cot’ A

sin (A4 + B):sin Acos B+ cos Asin B
cos (A4 + B) = cos Acos B F sin Asin B
tan A4+ tan B

]+ tan Atan B
sin2A = 2sin Acos A

cos2A=cos " A-sin"A=2cos’ A—-1=1-2sin"A4
2tan A
l1-tan’4

tan(4+ B)=

tan2A4 =

Formulae for AABC
a b c

sind sinB sinC
a’=b"+c’ = 2bc cos A

1
area of AABC = 5 ab sin C
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1. (1) Sketch the graph of y =8x~' for x > 0. [1]

(11) On the same diagram, sketch the graph of y = %xz for x>0. 1

(1)  Calculate the exact coordinates of the point of intersection of the graphs.
(2]
(iv)  Determine with explanation, whether the normal to the graphs at the point

of intersection are perpendicular. [2]

2. The cubic polynomial f(x) is such that the coefficient of x’ is 1 and the roots of
f(x) = 0 are -1, m and 2m, where m is an integer. It is given that f(x) has a
remainder of 6 when divided by x—1.

(1) Find an expression for f(x) in descending powers of x. [4]
(ii)  Hence or otherwise, solve the equation y° —5y" +2y° +8=0. [3]
3. A cuboid has a square base of side (2 + a\/—j) cm, where a 1s an integer. The

height of the cuboid is (1 + x/?:) cm and 1ts volume 1s (\/E -35) cm’.

(1) Find the value of a. (3]

(11) With the value of a in (1), find the total surface area of the cuboid in the

form (p+ qx/g) cm’, where p and g are integers. [2]
4. The equation of a curve is y = x” +3x. A straight line has equation y = mx—-9.
(1) Explain why the straight line is a tangent to the curve when m =9 . [2]

(i)  Find the other value of m for which the line v = mx—-9 is a tangent to the
curve. (3]

(1i1)  State the set of values of m for which the straight line does not intersect

the curve. (1]
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5. The diagram shows part of the graph of y = |2x— l| -2.

4 3/

/"
o

v

>~

(1) Find the coordinates of 4 and of B. [2]

(11) Explain why the lowest point, C, on the graph has coordinates (% , —2).
(2]

(111)  In each of the following cases, determine the number of intersections of
the line y=mx+c¢ with y = |2x ~ ]| — 2, justifying your answer.

(@) m=-2 and ¢ > -1 [2]
(b) m=1and c<-3 [2]
6. In a simplified prey-predator model, some wolves were deliberately introduced to

an island to curb the population of wild rabbits. The population of rabbits, R, was

given by R =400+ 6000e ™" | where 7 is the number of days since the

introduction of wolves.
(1) Find the initial population of wild rabbits on the island. [1]

(11) After how many days would the population of wild rabbits first drop by
40%? (2]

(11)  Explain why the rabbits would never extinct on the island in the long run.

(1]
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Solutions to this question by accurate drawing will not be accepted.

7.
v 4@
D(-2,1)
B(8,4)
> X
0
E
C
The diagram shows a trapezium ABCD in which AD is parallel to BC. The points
A, Band D are (2,7), (8, 4) and (-2, 1) respectively. The point £ is on BC and DE
passes through O.
(1) Show that ABED is a parallelogram. 2]
(11) Find the coordinates of E. [2]
Given that CD = CE,
(1)  find the coordinates of C. 4]
(iv)  find the ratio of the area of triangle CDE to the area of ABED. [2]
: . . . cot A+1
8. (a) (1) Without using a calculator, prove that cot(45° — 4) = .
cot A—1
(3]
(11) Hence find the exact value of cot15°. [2]
(b) Find an expression for f(x) such that
. o 2 T 2 2 1
f'(x)= 3sm'(5x—-—‘—1—)+cos‘x——lan'Ex. (3]
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10.

1l

1) Express L as the sum of 3 partial fractions. [4]
x (1-x)

(i)  Hence find j &—S——dx [2]
x"(1-x)

X

The equation of a curveis y =xe " .

@) Find the set of values of x for which y is an increasing function of x.

(2]

(i)  Find the coordinates of the turning point and determine whether the
turning point is a maximum or minimum. [2]

The diagram shows a solid container consisting of a cylinder with a hemisphere
dug out. The radius and height of the cylinder are » cm and /4 cm respectively.

rcm

hcm
(1) Express / in terms of 7 given that the external curved surface area of the
cylindrical part of the solid is 12007 cm’. 2]
(i)  Express the volume, ¥ em’, of the container in terms of r. [2]

(iii)  The solid is heated and it expands at a rate of 0.81 cm’/s. Find the rate at
which its radius increases when the height is 60 cm. [3]
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Answer the whole of this question on a piece of graph paper.

12.  The table shows experimental values of the two variables, x and y.

x 0.5 1.5 3 4.5 5.5 6

y 443 | 529 | 744 | 114 15.7 18.7

It is known that x and y are related by an equation of the form y =ab”™ +e, where
a and b are constants.

1) Explain how a straight line graph may be drawn to represent the given
data. [2]

(i)  Draw this graph for the given data and use it to estimate the value of a and
of b. (4]

(iii) By inserting another suitable line on your graph, solve the equation

X%

ab* =5e 2. [3]

END OF PAPER
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation

For the equation ax’ +bx+c =0,

‘o —-b++b’ —4ac

2a

Binomial Expansion

(a+b)"=a" +(’]1) a™’ b+(’27) a” b +...+(n) a”" b +.+b"
r

n! =n(n—])...(n—r+1)
ri(n—-r) r!

: s n
where 7 is a positive integer and ( )=
¥

2. TRIGONOMETRY

Identities

sin*A+cos*A=1
sec A=1+1an’A

cosec A=1+cot’ A

sin (4% B) = sin Acos B + cos Asin B
cos(AiB): cos Acos B+ sin Asin B
tan4+tan B
l¥tanAtan B
sin2A4 = 2sin Acos A

cos2A=cos *A—sin "4 =2cos’ A—1=1-2sin"4

2tan 4
1-tan’4

tan(4 + B) =

tan2A4 =

Formulae for AABC
a b ¢

sind sinB sinC
a’=b’> + ¢’ —2bc cos A

1
area of AABC = > absin C
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1. (1) Sketch the graph of y =8x~" for x> 0. [1]
] 2
(11) On the same diagram, sketch the graph of y = le for x>0. 1]
(iii)  Calculate the exact coordinates of the point of intersection of the graphs.
(2]
(iv)  Determine with explanation, whether the normal to the graphs at the point
of intersection are perpendicular. 2]
Ans: y A
1 2
.
) Y= 4x
1 mark for each graph
(i) y=8"
> X
(i)  y=8x"'
1
=%
8x~' = L] X
4
2
x? =32
= 32§
T e M1]
= (25)‘5 =22 =4
y=84")=2
The coordinates are (4, 2). ------ [Al]
. o dy 2
(iv =8 By
) Yy e
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3 ]

y:lxz’ﬂzéxz
4 “dx 8

When x = 4,
L =8x =-8(47%)=——, gradi f 1=2
== = =~ gradient of norma

1
%: 2 =£=—,gradientofnormal= ——

3

==X

8 8
4

8
p P S [ M1
3 3 (M1

------ [Al]
OR
@=8x 2 =-8(4 e
dx 2
& 35 W43 '
dx 8 8 4
et e — [M1]

Since the tangents to the curves at the point of intersection are not perpendicular,
the normals at that point are also not perpendicular. ------ [Al]

2. The cubic polynomial f(x) is such that the coefficient of x* is 1 and the roots of
f(x) =0 are -1, m and 2m, where m is an integer. It is given that f(x) has a
remainder of 6 when divided by x—1.

(1) Find an expression for f(x) in descending powers of x. [4]
(i1)  Hence or otherwise, solve the equation ° —5y* +2y° +8=0. [3]
Ans: ‘
(1) Let f(x) = k(x+1)(x—m)(x—2m).

Since the coefficient of x> is 1, k=1. ------ [M1]
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fo) = (x+1D(x —m)(x—2m)
f1)=6

A+1)A=m)(1—=2m) =6 - [M1]
(A-m)(1-2m) =3

2m’ =3m+1=3

2m* =3m-2=0
(m-2)2m+1)=0

fx)= (x+D(x-2)(x—-4)

(x+1)(x* —6x+8)

x> =5x +2x+8 -—— [Al]

(i) Let x = y?
") =5(°)* +2(y*) +8=0 - (M1]
X =55 +2x+8=0
(x+D)(x-2)(x—-4)=0
x=—l,x=2o0rx=4

y'=-1(¢j), y* =2 0r y’ =4 - [M1]

3. A cuboid has a square base of side (2 + a3 ) cm, where a is an integer. The
height of the cuboid is (1+ \/3) cm and its volume is ( J27-5 ) em’.

(1) Find the value of a. 3]

(i1)  With the value of a in (i), find the total surface area of the cuboid in the

form ( p+ \/—3-) cm’, where p and g are integers. [2]
q

CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E) pg5of7

8



Ans:
() C+aVv3)’a+3)=27-5

3/3-5
1443

_33-50-3)
A+3)1-3)

_8/3-14

-2
=7-43

4+3a> +4a3=7-43 - [M1]

2+aV3)’ =

[(M1]

4433 =7,a* =l,a=+1
4da=-4,a0a=-1
fa==1 - [Al]
(ii) Total surface area = 2(2—+/3)* + 4(2 = /3)(1 + +/3) -—-- [M1]
= 27-4J3)+4(3-1)
=14-8/3+443-4

=(10-43) em? - [A1]

4. The equation of a curve is y = x” + 3x . A straight line has equation y=mx—9.

(1) Explain why the straight line is a tangent to the curve when m =9 . [2]

(11) Find the other value of m for which the line y = mx—9 is a tangent to the
curve. (3]

(iii)  State the set of values of m for which the straight line does not intersect
the curve. (1]
Ans:
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(i) y=x*+3x
y=9x-9
x* +3x=9x-9
x?—6x+9=0
Discriminant = (—6)* —4(1)(9) = 0 ------ [M1]

Therefore, the straight line is a tangent to the curve, since they intersect at only
one point. ------ [Al]

(i) x* +3x=mx—-9
XX +3-mx+9=0
B=m)* —4()(©) =0 —— [M1]
(3-m)* =36
3—-m=16
m=-3 or m=9(rej) ------ [M1]
The other value of m is -3. ------ [A1]
(ii)—3<m<9 - [B1]

5. The diagram shows part of the graph of y = |2x = ]| -2.

h

5/

Y
~

Y

A
4
Y

(1) Find the coordinates of 4 and of B. [2]

&

. 1
(11) Explain why the lowest point, C, on the graph has coordinates (E , —2).

(2]
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(111)  In each of the following cases, determine the number of intersections of
the line y = mx+c with y = |2x - 1| — 2, justifying your answer.

(@) m=-2 and ¢ > -1 [2]
(b) m=1and c<-3 [2]
Ans:
(1) |2x—]l—2=0
|2x—]|=2

2x—=1=2 or 2x—1=-2 - [M1]

2x=3 or 2x=-1

1 1
A(_E,O)’B(IE,O) ______ [Al]

(i) 2x-1|20, 2x-1|-2> -2

Since C is the lowest point on the graph, y = -2 . ------ [M1]

|2x—l|=0, le
2

Therefore the coordinates of C are ( % y =2). === [A1]
OR
At the point where the lines turns, |2x - 1| =0, x= % -—--—- [M1]

y=0-2=-2
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Therefore the coordinates of C are (% , =2). ---—-- [A1]

(ili) (a) For m=-2 and ¢ > -1, the line y = mx+ ¢ is above the left arm and

parallel to it. Therefore the line y = mx + ¢ intersects the right arm at one

(b) For m=1 and ¢ <-3, the line y = mx+c¢ is below C and the gradient

is gentler than the right arm. Therefore the line y = mx+ ¢ does not

intersect the right arm. ------ [M1]
Number of intersection = 0 ------ [A1]
6. In a simplified prey-predator model, some wolves were deliberately introduced to

an island to curb the population of wild rabbits. The population of rabbits, R, was

given by R =400+ 6000e™°°” , where 1 is the number of days since the

introduction of wolves.
(1) Find the initial population of wild rabbits on the island. M

(i)  After how many days would the population of wild rabbits first drop by

40%? [2]
(iii)  Explain why the rabbits would never extinct on the island in the long run.
(1]
Ans:
(1) Whent=0,

R =400+ 6000’ = 6400 ------ [A1]
(11) 6400x60% = 3840

3840 = 400 + 6000e "
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3440 = 6000e %

0~00% _ 3440
6000

3440
—0.021 = In(r) oeem- Ml
n(6000) [M1]

1=278=28

It takes 28 days for the population of wild rabbits to first drop by 40%. ------ [A1]
(ili)As 1 > o, e 50

As aresult, R — 400+ 6000(0) = 400 ------ [Al]

Therefore, the rabbits would not become extinct in the long run.

Solutions to this question by accurate drawing will not be accepted.

7.
Ya 42,7

D(-2,1)
B (8, 4)

»

» X

C
The diagram shows a trapezium ABCD in which AD is parallel to BC. The point A

is (2, 7), the point B is (8, 4) and the point D is (-2, 1). The point E is on BC such

that DE passes through O.
(1) Show that ABED is a parallelogram. [2]
(11)  Find the coordinates of E. [2]

Given that CD = CE,
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(i)  find the coordinates of C. [4]
(iv)  find the ratio of the area of triangle CDE to the area of ABED. [2]
Ans:
(i) AD// BE (given)
Gradient of 4B = et = 2
8§-2 2
Gradient of DE = 0-1 = .
0-(-2) 2
AB// DE ------ [M1]
With two pairs of parallel opposite sides, ABED is a parallelogram. ------ [Al]
(11) Let the coordinates of E be (x, y)
x+2 y+7 -2+8 4+1
) = . Ml
( 5 " o y=q 5 " ) (M1]
X+2=6,3+%7=5
x=4y=-2
E(4,-2) --—--- [A1]
(i11)Since CD = CE, C lies on the perpendicular bisector of DE.
Gradient of DE = —]5
Gradient of perpendicular bisector= = =2 - [(M1]
(—5)
Let the equation of the perpendicular bisector be y =2x+¢
Midpoint of DE s {—— 11Xy oy 1y
2 2 2
—1 =2><]+C,c=—é
2 2
CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E) pg 11 of 7
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The equationis y =2x ——;— ------ [M1]

4-(-2)_3
8§-4 2

Gradient of BE =
Let the equation of BEbe y = %x +c
3
At (4,-2), -2= 5(4) +c,c=-8
- 3
The equationis y = Ex -8 - [M1]

5
=2x——
# 2

5 ]
=2(-11)-==-24~
y=2 )2 5

C(—l],—24—;-) ------ [A1]

OR

Gradient of BE = 4-(2) - é
8-4 2

Let the equation of BE be y = %x +c

At 4,-2), -2 :3(4)+c,c=—8
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The equation is y=—;—x——8 ------ [M1]

Let the coordinates of C be (x, »).

Since CD = CE,

VE+2? +(=1)7 =(x=4) +(r+2)* - [M1]
X +4x+4+y° -2y+1=x>-8x+16+)y’ +4y+4

12x-6y =15
3
]2x—6(5x—8) =15 -—-- [M1]

3x=-33
x=-11

3 1
==(-11)-8=-24—
y 2( ) 5

=] 1,—24% s A ]

_ 114 -2 —11 4
(1v)Area of CDE = — 1
20-21 —245—2

Il

%[4 +49 +22-4—(-11)— (-98)]

90 units’

2—-2 4 82
AreaofABED=l
217 1 =247

%[2+4+16+56—(—14)—4—(—16)—8]

Area of CDE : Area of ABED=90:48=15:8 - [Al]

CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E) pg 130of 7

88



cotA+1

8. (a) (1) Without using a calculator, prove that cot(45° — 4) = :
cot 4—1
(3]
(1) Hence find the exact value of cot15° : [2]
(b)  Find an expression for f(x) such that
. -2 T 2 2 ]

f’(x)= 3sin (5x—z)+cos'x—tan —2-x. [3]

Ans:

. 1
(a) (1) LHS =

tan(45° — A)

_ 1+ tan45°tan 4
tan45° —tan 4

=1+tanA

------[M1
1—tan A4 (M1]

sin A
1+
- cos A4

l_sinA

cos A

cos A+sin 4

- cos A
cos A—sin A4

cos A

_cosA+sinA

cos A—sin A

cos A+sm A4

=__smd [M1]
cos A—sin A
sin A4
CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E) pg 14 of 7



cot A+1

= = RHS (proven) ------ [Al]

cot A—1

(ii) cot15° = cot(45° —30°)

cot30°+1
cot30°—1

V341
J3-1

WB+DH3+1)

1
(3 -DH3 +1) (M1}

_ 4423

= Pl e [Al]

(b) f'(x)= 3sin2(5x—%)+C032x_tanz_;_x

Il

flx) =

Il

CCHY Preliminary Ex

3 . 3 T 1 3 5.1
—=[-2sin"(5x——)]+—[2cos” x]—(sec” —x—1
2[ m”(5x 4)] 2[ }={ ) )

) 5 1 >
—E[l—25in‘(5x—£)]+§+—1-[2cos’x—1]+——sec'lx+1
2 4 2 2 2 2

—icos(IOx—£)+lc052x‘— sec’ —]-x+3
2 27 2 2

I(3sin2 (5x — %) +cos’x —tan’ %x)dx

03 . 1 , 1
——cos(10x——)+—cos2x—sec” —x+3
Ji=Seosi0x=y+= X3

—icos(]0x—£)+lsin2x—2tan—1—x+3x+c
20 27 4 2

am (2015) Additional Mathematics (Sec 4E)

pg 150f 7

a



9. (1) Express ?x——S as the sum of 3 partial fractions. [4]

x(1-x

(i)  Hence find [—~—> . 2]
x*(1-x)

Ans:

() _fg’t;szﬁ+_l;;+i e [M1]
x(l-x) x x 1-x

8x—5= Ax(1—x)+ B(1 - x) + Cx?

Letx=1,3=C

Letx=0,-5=B - [M1]

Let x=2,11 =24+ (-5)(-1) + 3(2%), 4 =3 - [M1]

85 35,3

x*(d-x) x x* 1-x

8x — 5 3 5 3
S e e A

:jzdx—j—s;dx+ —dx3
x x” 1-x
= 3Inx—(-5x") +[-3In(1=x)]+ C - [M1]

= 3lnx+§—3ln(l—x)+C
x

= nx—In(l—x)]+ > +C
X

= 3In +—+C - [Al]
- x
10.  The equation of a curve is y = xe™
(1) Find the set of values of x for which y is an increasing function of x.

(2]
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(ii)  Find the coordinates of the turning point and determine whether the

turning point is a maximum or minimum.

For increasing function, gy— >0
X

e"1-x)>0

Since e >0,1-x>0

x<]1 —mmmm [Al]
.. dy
1) —=0
(i1) I
e"(1-x)=0
1-x=0
x=1
y=1e"=1
e
Coordinates of turning point is (1, l) ------ [A1]
e

Use 1*' derivative test:

(2]

b 1- 1+
dy +ve -ve
dx

Gradient /

The point is a maximum point. ------ [Al]

CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E)
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11. The diagram shows a solid container consisting of a cylinder with a hemisphere
dug out. The radius and height of the cylinder are » cm and 4 cm respectively.

rcm

hcm
6) Express /4 in terms of 7 given that the external curved surface area of the
cylindrical part of the solid is 12007 cm?’. 2]
(11) Express the volume, ¥ cm’, of the container in terms of 7. [2]

(i) The solid is heated and it expands at a rate of 0.81 cm’/s. Find the rate at *
which its radius increases when the height is 60 cm.

Ans:

(i) 2mh=12007 -—m [M1]

rh =600
Bt o [Al]
r

(ii) V:ﬂr:h—§7zr3 ...... [M1]

600 _2
r 3
2
= 600717‘—5717" ------ [A1]
CCHY Preliminary Exam (2015) Additional Mathematics (Sec 4E)
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v dv dr
L L A Mi
W) = (M1]

V= 6007:7‘——?—717‘3

av ,
S 60071' —2mr° —e——- 1
; r (M1]

When 2 =60,r=10

L 600 —27(10)* = 4007

dr

0.81= 400nxi
di

1

ar = RS =0.000645 ------ [A1]
dt 400z

Answer the whole of this question on a piece of graph paper.

12.  The table shows experimental values of the two variables, x and y.

x 0.5 1.5 3 4.5 55 6

y 4.43 529 | 744 11.4 15.7 18.7

It is known that x and y are related by an equation of the form y =ab" +e, where
a and b are constants.

(1) Explain how a straight line graph may be drawn to represent the given
data. [2]

(i)  Draw this graph for the given data and us it to estimate the values of a and
of b. (4]

(iii) By inserting another suitable line on your graph, solve the equation

x

ab® =5e 2. [3]
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Ans:
(1) y=ab" -e
y—e=ab”
In(y—€) = In(ab") —-- [M1]
*In(y—e)=lna+xInb
Let Y=In(y—e) and X =x
Y=Ina+XInb
If In(y—e) is plotted against x, a straight line graph can be obtained. ------ [Al]
(i1) From the graph
Ina=035, a=e*** =142 —- [A1] (Answer range: 0.3352+0.02)

235-0.75

Inb =0.4(20.02), b=€"* =149 - [A1]

IJ[-(

(iii) ab* = Se

Inab” =InSe 2

lna+xlnb=ln5—E
2
x
ln(y—e)z]nS—E ------ [M1]

Equation of line to be inserted: ¥ =In5— % X

At the point of intersection, x=1.40 +0.02 ----- [Al]

END OF PAPER
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1. ALGEBRA
Quadratic Equation

For the equation ax® +bx+c=0,

—b++/b* -4ac

2a

X =

Binomial expansion

(@+b) =a"+ (’;)a”"b + (;)a’"zb2 ot (n

r

)a""b’ +...4+0",

o n ! =-D..(n-r+1
where » is a positive integer and ( ) " _nn=D..(n-r+) .

r _(n-—r)!r!— r!

2. TRIGONOMETRY

Identities
sin® 4 + cos ‘4 = 1
sec’4 = 1 + tan® 4
cosec’A = 1 + cot’ 4

sin(4 = B) = sin Acos B = cosAsin B
cos(A = B) =cosAcosBFsin Asin B
tan 4 = tan B

1¥tan Atan B
sin2A4 =2sin Acos A

c0s2A4=cos? A—sin> A=2cos> A-1=1-2sin’ 4

tan(A = B) =

24
tan24 = 1A

l1-tan” A4
a b c

Formulae for A ABC = =
snd4 sinB sinC

a =b’+c’-2bccos A

A=%absinc



. (a) Solve the equation log, 4 —log,(x* +4x+4)=log, x. (4]

(b) Sketch the graph of y =¢™. In order to solve the equation In ( \/_]_) = %x ,
x-3
a graph of a suitable straight line is drawn on the same set of axes as the graph
of y=e™". Find the equation of the straight line. [3]

. The roots of the equation 2x* — px —g =0, where p and g are constants, are @ and .

The roots of the equation 4x” +gx—3x=p-1 are a-1 and B-1.
(i) Find the value of p and of g. [5]
_ (ii) Find a quadratic equation whose roots are o’ and B°. [3]

8
. (i) Given that the coefficient of x™ in the expansion of (l+ px) is 448, find the
X

value of the positive constant p. (3]
(ii) Using the value of p in part (i), find the term independent of x in the expansion of

b 4

(l + px) (5x* -4).

.. [4]
. A curve has the equation y = ln(22x) for x> 0.
X
(i) Find an expression for Q (3]
dx
2
(ii) Hence find [ L X dx. (4]
X
. The equation of a circle C) is given as .x* + v' —16x+ 8y +64 = 0.
(i) Find the coordinates of the centre and radius of the circle C;. (3]
(if) The line y =k is a tangent to the circle at A, where k = 0. Find the value
of k. (2]
(iii)The tangent to the circle at B(4, — 4) intersects 1y =k at point C. Find
equation of this tangent. (1]
- (iv)Explain why a circle C, can be drawn through the points 4, B and C with
AB being the diameter. (1]
(v) Find the equation of the circle C,. (3]
(vi) Determine, with working, whether (3% ,—6) lies within the 2 circles. [2]

1



The height of a blade on the windmill (measured from the ground) can be modelled by the
equation & =15-7coskt where k is a constant and ¢ is the time in seconds after the windmill
starts moving. The windmill starts rotating from the lowest point, 4, when t =0. The
windmill rotates at a rate of 12 revolutions per minute.

(i) Explain why this model suggests that the highest point of the windmill, B, is 22 m

above the ground level. [1]
(ii) Find the value of k. (1]
(ili)For how long over the course of one complete revolution will the point 4 be at least

17 m above ground level? [2]

(iv)Explain how the solution in part (iii) could be used to find the duration of the
point 4 being at least 17 m above ground level over the course of two complete

revolutions. (2]
(v) Suggest a possible equation of how the height of a blade varies against time if the
windmill starts rotating from the highest point at B. 1

The diagram shows a solid machine part that is made up of a closed cylinder joined to an
inverted right circular cone. The height of the cylinder is # m and the slant height

T . .
of the cone makes an angle of — radians to its base radius, r m.
J

(i) Given that the volume of the machine part is 50 m’, express / in terms of r. [2]
(i1) Show that the total surface area of the machine part is given by [4]
A= 55y 3008
3 r
(iii)Given that r can vary, find the value of r for which the total surface area of the
machine part is stationary. (3]

(iv)By comparing gradients, explain why this value of r gives the least total surface
area possible. (2]



8.

10.

The equation of two curves are y=cos2x—2sin’x and y=sin2x.
(i) Show that the x-coordinate of the points of intersection of the two curves satisfy

2cos2x-sin2x=1. [1]
(ii) On the same axes sketch, for -7 < x < 7z, the graphs of y = cos2x-2sin’x

and y=sin2x. 4]
(iii)Express the equation 2cos2x-sin2x =1 in the form cos(2x + a) = k, where a

and k are constants to be found. (4]
(iv)Hence find, in radians, the x-coordinates of the points of intersection for

—M<X<T. 3]

A particle travels in a straight line from a fixed point O with acceleration a m/s’,
given by a =87k where 7 is the time in seconds after passing O, and kis a
constant. The velocity of the particle is 5 m/s when it passes O, and at 1 =2, its
velocity is—21m/s.

(1) Find the value of k. [3]
(i) Find the value(s) of 7 when the particle is instantaneously at rest. [2]
(iii)Calculate the average speed of the particle during the first six seconds. [3]
(iv)Describe completely the motion of the particle in the first six seconds. [2]

Wiy

V *

P Qo

In the diagram, two circles touch each other at T and PTQ is their common
tangent. 4B is a tangent to the.smaller circle at E. AT and BT cut the smaller circle
at D and C respectively. ET and CD intersect at F. Prove that

(i) AB//DC, (2]
(ii) LATE = /BTE. (3]
(ili) ET* =CT x DT + EF x ET. (3]

B



11. (i)Differentiate (x+2)v4x-3 with respect to x. [2]
(i)

A
~~ = 3x+2
B J4x-—3
0 > x

3x+2 : . 2
The diagram shows part of the curve y = \/——_ . A line with gradient —= intersects
4x - 3

the curve at A(1,5) and B.
(a) Verify that the y-coordinate of B is —]3—1 [5]

(b) Determine the area of the region bounded by the curve and the line AB. [4]
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1. ALGEBRA
Quadratic Equation

For the equation ax’ +bx+c=0,

-b++b* -4ac

2a

Binomial expansion

(a + b)" =a"+ (’]1)a""b + (Z)a"‘zbz +.o.+ (n

)a”"b’ +...+0",
.

n!  nn=1)..(n-r+1)

. .. . n
where n is a positive integer and = =
r (n —r)!r! r!

2. TRIGONOMETRY

Identities
sin® 4 + cos 4 = 1
sec’4 = 1 + tan’ 4
cosec’4A = 1 + cot’A
sin(A4 = B) = sin Acos B = cos Asin B
cos(A = B) = cos Acos BF sin Asin B
A=
tan(A4 = B) = M
l1¥tan Atan B
sin2A4 =2sin Acos A
cos2A4=cos’ A-sin? A=2cos? A-1=1-2sin’> 4
2
tan2A4 = —t?—l4
l1-tan” 4
Formulae for A ABC a 2 ¢

sind sinB sinC
a’=b>+c*-2bccos A

A= absinc



1. (a) Solve the equation log, 4 - logg(x2 +4x+4)=log x.

3

log,4-log (x* +4x+4)=log, x
3

2log,(x+2) log,x

log.4 M1l

& log.9 log 1

’3
log,4-log,(x+2)=-log, x M
-
x+2 x Ml
3x=2
2
=3 Al
(b) Sketch the graph of y =e™. In order to solve the equation In (—]——) = %x ,
x-3

a graph of a suitable straight line is drawn on the same set of axes as the graph
of y=e™. Find the equation of the straight line.

\
Bl

0 > x

In =_x
x=34 £

1 1
Inl——In(x-3)=—x
2 ( ) 2

ID(X—-3)=—-X M1l
x-3=¢7"
Draw y=x-3. Al

€

(3]



2. The roots of the equation 2x” — px — g =0, where p and g are constants, are @ and B

The roots of the equation 4x” +gx—3x=p—-1 are a—1 and f-1.

(i) Find the value of p and of g. [5]
a+f= P___ ¢))
2 Mi
q
. 2
af 5 (2)

a+,B=3TTq+2—-—(3)

(@-1(B-1=2L---(4) M

Sub (1) into (4)

11
ap-(a+p)+1 =Z_Z(2)(a+ﬂ)

aﬁ—%(a+ﬂ)+%=0———(5)
Sub (2) and (3) into (5)

_i_l(ﬂ+2)+%=0 M1

g=-1= ; Al

Sub g = —Iéinto 3)
3_(—2) 1
atf=————~42=3"_
p 4

1) 1
=2[3=]=6=
reafag)e;

p=6%,q=-l§ Al



(i) Find a quadratic equation whose roots are &’ and B°.

5 125
aff) =—— Ml
(aB) 16 ,

2
at s f31] 23] 20
6 6/ 36

a3+ﬂs=3l(30]__5_)_5]49

6\36 6) 216 Ml
, 5149 125
X' ——x+——=
216 216
216x*-5149x+125=0 Al

19



8
3. (i) Given that the coefficient of x™ in the expansion of (l+ px) is 448, find the
x

value of the positive constant p. [3]

I 8-r ;
ra-l H L] (o)

r

(=]

- xr—sprxr

~

N o0

prx27—8 M 1

2r-8=-2

r=3

J

=56p’x

56p° =448 M1
p'=38

p=2 Al

(i) Using the value of p in part (i), find the term independent of x in the expansion of

(l+px) (5x% - 4).
* [4]
2r-8=0

r=4

7;:( i )2‘=1120 MI

R
(l+ 2.\') (5x> -4)
X,

=(...+448x‘2+1]20+..‘)(5x2—4) Mil
Term independent of x
=448(5)+1120(-4)

=-2240 Al

M1



In(2x)’

4. A curve has the equation y = ———~ for x> 0.
(i) Find an expression for % [3]
dy 3x-6xIn2x
e —— M2
dx x*

3 6
=—=- —;]n 2x
£ X Al
iV H G In2x e
(ii) Hence find f = . (4]
3
f(%_ﬂnfx}b: @2’ .
x x x
6In2x 3 In(2x)’
Il S =dex— e
f'“z"‘dx=1f3x-3dx-1“2"+c M1
x 6 25*
=1 3x _]n23r+C M1
6\ -2 2x°
-1 _Im2x e Al
e 2t

38



5. The equation of a circle C is given as x* + y* —16x+8y +64 = 0.
(1) Find the coordinates of the centre and radius of the circle C;. [3]
(x=8)"=(-8)"+(y+4) - (4)’ =64 Ml
(x=8) = (y+4)* =42
Centre of circle= (8, -4) Al
Radius= 4 units Al

(i) The line y =k is a tangent to the circle at 4, where k = 0. Find the value

of k. (2]
The 2 tangents to circle are y=0 andy=-8. Bl
Since k=0 k=-8. Bl

(iii) The tangent to the circle at B(4, - 4 ) intersects v = k at point C. Find
equation of this tangent. [1]
x=4 Bl

(iv)Explain why a circle C; can be drawn through the points 4, B and C with
AB being the diameter. [1]
A(8.-8),B(4,-4),C(4,-8)
Since AC 1 BC, /BCA =90°

~. A circle C; can be drawn through the points 4, B and C with 4B being the diameter.
( Angle in a semicircle)  R]

(v) Find the equation of the circle C,. (3]
Midpoint of 4B

2 2
=(63_6)
Radius
- VB4 (8-

=2\/_2- units
(x=6) " +(y+6)° =8

M1

Mi
Al



(vi) Determine, with working, whether (3% ,—6) lies within the 2 circles.

Length of (3.6,—6) to centre of C,

=J(8-3.6)* +(=4+6)?
=4.83 units

Length of (3.6,-—6) to centre of C,

= J(6-3.6)" +(~6-(-6))’

=2.4 units

Since length of (3.6,-6) to centre of C,>4 units, (3.6, -6) is outside C|.

Since length of (3.6,—6) to centre of C, <2J§ units, (3.6, -6) is within C,.

R1

R1

(2]



The height of a blade on the windmill (measured from the ground) can be modelled by the
equation /1 =15-7coskr where k is a constant and 7 is the time in seconds after the windmill
starts moving. The windmill starts rotating from the lowest point, 4, when 7 =0. The
windmill rotates at a rate of 12 revolutions per minute.

(i) Explain why this model suggests that the highest point of the windmill, B, is 22 m
above the ground level. [1]
—l=coskt =<1

~7<-Tcoskt <7
15-7<15-T7coskt <15+7
8<15-7coskr <22 Bl

. The highest point of the windmill is 22 m above the ground level.

(ii) Find the value of k. (1]
Period = 5 seconds
gl

5 Bl

(iii)For how long over the course of one complete revolution will the point 4 be at least
17 m above ground level? [2] .
]5—7c052—5n41 =17

2 2
COS—1=——
5

Basic angle= 1.281044625
2—5751 =1.860548028,4.422637279

1 =1.480577078,3.519422922 Mi

Length of time= 3.519422922-1.480577078
=2.04 seconds Al



(iv)Explain how the solution in part (iii) could be used to find the duration of the
point 4 being at least 17 m above ground level over the course of two complete
revolutions. [2]
In the first revolution, point A is at least 17 m above the ground level for 2.04 seconds.
Since the second revolution is identical to the first, the total time for point A to be at least
17 m above the ground = 2( 3.519422922 -1.480577078)= 4.08 seconds. R

Bl

(v) Suggest a possible equation of how the height of a blade varies against time if the
windmill starts rotating from the highest point at B. (1]

h=]5+7cos-2?nt Bl

1 &0



v
The diagram shows a solid machine part that is made up of a closed cylinder joined to an
inverted right circular cone. The height of the cylinder is # m and the slant height
of the cone makes an angle of Z 3 radians to its base radius, » m.
(i) Given that the volume of the machine part is 50z m’, express 4 in terms of r. [2]

Let the height of the cone be a metre.

JT a
tan—=—

a=3r

507 =.7U‘:]1+—]~.7[I‘2(\/§r) M o

50 3

h-~——~r

Al

Al



(i) Show that the total surface area of the machine part is given by [4]
2
-2 0-23)+ 1007

r

Let the slant height of the cone be p metre.

x r
coOS—=—
P
p=2r
A=nr’+2arh+nr(2r) M1
=r? +2nr[2—£r]+ 2zr’ M1
¥
s 100n 25 -

3
1007

.
2
WL N P Al
5 r

(iii)Given that » can vary, find the value of r for which the total surface area of the
machine part is stationary. 3]

ié=&r_"(9_2\/§)_102” M1

dr 3 r
when o 0
v

2 (9-245)- 2

3 r

r = _ 300 Ml

209-23)
r=3.00m (3 s.f) Al
(iv)By comparing gradients, explain why this value of r gives the least total surface

area possible. (2]
r 2.99 3.00 3.01
Sketch ™, X p— <

. dA < . e . :
Since d_ changes sign from negative to positive as r increases through the stationary
r

point. The total surface area is the least when r = 3.00 m. Rl

(o}



8. The equation of two curves are y =cos2x —2sin’x and y =sin2x.

(1) Show that the x-coordinate of the points of intersection of the two curves satisfy
2cos2x-sin2x=1. 1]
cos2x —2sin’ x = sin 2x

cos2x+cos2x—1=sin2x BI
2cos2x—sin2x =1

(i1) On the same axes sketch, for -z < x < 7, the graphs of y = cos2x —2sin” x
and y =sin2x. [4]
b 4

CI: x,y-intercepts
C1: Maximum and Minimum
Points

C1: x,y-intercepts
C1: Maximum and Minimum
Points




(iii)Express the equation 2cos2x—sin2x =1 in the form cos(2x + &) = k, where a

and k are constants to be found.
2cos2x—-sin2x =1
2cos2x—-sin2x = Rcos(2x+a)

= Rcos2xcosa—Rsin2xsina

Rcosa=2,Rsina =1 M1
. % — o = 0463647609 | MI
R=s Mi
J5cos(2x+0.464) =1

Js Al

cos(2x+0.464) = =

(iv)Hence find, in radians, the x-coordinates of the points of intersection for
- T<X<IT.

V5

cos(2x+0.463647609) = =

Basic angle=1.107148718
2x+0.463647609 =1.107148718,5.176036589,-1.107148718,+5.176036589
x=0.322,2.36,-0.785,-2.82

(02

(4]

(3]

M1

A2
Minus 1
for each
error



9. A particle travels in a straight line from a fixed point O with acceleration a m/s?,
given by a =8¢ -k where ¢ is the time in seconds after passing O, and kis a
constant. The velocity of the particle is 5 m/s when it passes O, and at 1 =2, its
velocity 1s—21m/s.

(i) Find the value of k. [3]
a=8t-k

v=[(81-k)dt

=4’ —kt+c . Ml

When 1=0,v=5,c=5. Ml

When 1=2,v=-21,
“21=4(2) -2k +5

k=21 Al
(i1) Find the value(s) of 7 when the particle is instantaneously at rest. 2]
When v=0,
47 -211+5=0
(41-1)(1-5)=0 M1
t=0.250r’=5 Al
(ii1)Calculate the average speed of the particle during the first six seconds. (3]
s= [(ar =211 +5)di
4

=:13-212+51+C1
J
When 1=0,5=0,C, =0,
s=—1 —2—l:+51 Ml
2

When t=0,s=0m,
When 1=0.25,5=0.164583333 m,

When 1=5,s5 = —70%m,

When 1 =6,5=-60 m,
Average speed during the first 6 seconds

0.6]4583333+(0.614583333+70§)+(70%—60) M1
B 5
~13.8 m/s Al

(iv)Describe completely the motion of the particle in the first six seconds. [2]

The particle starts at a fixed point O. At 1 =0.25, the particle stops and reverses its direction of
motion. At 7 =5, the particle stops again and reverses its direction of motion, moving toward O.
At 1 =6, the particle has a displacement of -60 m from O. R2 for 3 points

R1 for 2 points



10.

P T [,

In the diagram, two circles touch each other at T and PTQ is their common

tangent. 4B is a tangent to the smaller circle at E. AT and BT cut the smaller circle

at D and C respectively. ET and CD intersect at F. Prove that

(i) AB//DC, (2]
£ BTQ = / TAB (Alternate Segment Theorem)

R1
£ BTQ = £ TDC(Alternate Segment Theorem)

o LTAB=/.TDC,AB//DC ( Corr. Ls) * R1
(i) LATE = /BTE, (3]

L ATE = £ ECF (/s in same segment) R1

=/ BEC (alt. Zs, AB/DC) Rl

=/ BTE (alternate segment theorem) R1
(i) ET* =CT x DT + EF xET. (3]

LTDF = £TEC (/s in same segment)
LDTF = £LETC (part (i7))

ADFT and AECT are similar. ( 2 pairs of corr. Zs are equal) R
FT_DT
CT ET Rl

ETxFT =CT xDT
ET(ET-EF)=CTxDT
ET? =CT x DT + EF xET

103



11. (i)Differentiate (x +2)v4x-3 with respect to x. [2]

d . 2(x+2) [ Mi
—(x+2)V4x-3 = +vV4x-3
dx V4x-3

_2(x+2)+4x-3

4x-3
6x+1
= Al
V4x-3
(i)
A
e 3x42
y=
B 4x-3
0 > x

X +2 . . . .
The diagram shows part of the curve y = \/3}—+— . A line with gradient —% ntersects
4x-3

the curve at 4(1,5) and B.
(a) Verify that the y-coordinate of B is % [5]
Equation of 4B:
2
y-5=——(x-1
b = (x-1)

2 17

y=—=X+—

3x+2 2x+17 : Mi

-

Jax-3 3
Ox+6=(-2x+17)V4x-3
81x* +108x+36 =16x"—12x>—272x" +204x+1156x = 867

16x* —=365x" +1252x-903=0
M1



Let f(x)= 16x* —365x” +1252x-903

S()=0

(x-1) is a factor of f(x).

16x* -365x? +1252x-903 = (x-1)(16x* + Bx+903) M1
Comparing coefficient of x* :

-365=B-16

B=-349

(x=1)(16x* —349x+903) = 0

(x-1)(16x-301)(x-3)=0 Mi
x=1,3 or 18.8125(rejected)

3@)+2 1o

Ja3)-3 3 Al

whenx=3,v=

(b) Determine the area of the region bounded by the curve and the line 4B.

Area of region bounded by curve and line 4B

=lx(5+1})xz f

3 _>X+2

Vax—
_ f 6x+1- 3 Ml
3 2 \[4r 3 \ﬁlx 3

2 1 Y 3 -
=85—5[(.”2)\/4)(-J]I’-Efl 3(4x-3) 2dx

3

1
=8%—1[(x+2)~/4x—3]'3—1 3(4x-3)* Ml
3 2 2 1
4|2
2 1

R 3
=8§—%[(x+ 2)\/4x—3),3—i \/4x——3]

=8§—%—(5\/§—3\ﬁ)—%(\/§—\ﬁ) MI

= ]lunits2 Al
6

(4]
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation

For the equation ax” +bx+c¢ =0,

-b+Vb?* —4ac

2a

X =

Binomial expansion

(a+b)y =a” +(;’Ja""b+[;Ja"'zb2 +...+(n}a""b’ +..+D",
v

! - -
where 7 is a positive integer and g . ) e
r) ri(n—-r)! r!

2. TRIGONOMETRY
Identities
sin’ A+cos’ 4 =1
sec’ A=1+tan’ 4
cosec’A=1+cot? 4
sin(A* B) =sin Acos B * cos Asin B
cos(A=* B)=cos Acos B ¥ sin Asin B
tan 4 + tan B
1+tan Atan B
sin2A4 =2sin Acos 4

cos2A=cos’ A—sin’ A=2cos’ A—1=1-2sin’ 4

tan(4t B) =

l-tan” 4
Formulae for AABC
a b c

sind sinB sinC
a’ =b*+c? -2bccos A

A:labsinC
2

FMS(S) Sec 4 Exp / Sec 5 N(A) Preliminary Examination 2015



Name: ( ) Class:

1 Giventhaty= (1 —tan’ x)cos2 x , show that % = —2sin2x.

8—3x
(1-x)2(2x+3)

2 Express as a sum of 3 partial fractions.

3 The pressure, P, and volume, ¥, of a gas in a container are related by the formula

_ 2500
Nz

change of volume when the pressure of the gas is 50 units.

P . If the pressure increases at a rate of 2.8 units/second, find the rate of

2 9
4  Find the term independent of x in the expansion of (5 ~4x) [% + %) :
%
. . 5
5  The equation of a curve is y =In(5—2x), where x < 5

(i) Find the coordinates of the point on the curve at which the normal to the curve
1s parallel to 2y = x + 3.

(ii)  Show that as x increases, y is a decreasing function.

6 Ifsin (A4 + B) =3 sin (4 — B), show that tan 4 = 2 tan B.

Hence, solve the equation sin’ (x +60°) = 9sin’ (x — 60°) for 0° < x <360°.
7  Find all angles , leaving your answer in terms of 7, between 0 and 6 which satisfy

(i) 4sin>cos> =43
2 2

(i)  sin*x—cos*x—3cosx=2.

to

FMS(S) Sec 4 Exp / Sec 5 N(A) Preliminary Examination 2015
Additional Mathematics Paper 1
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Name: ( )

10

Class:

(a) Given that the curve, y=4x*+ px + p— 6, find the possible range or value(s)

of p for which
(i) the curve intersects the line y = — 3,
(i) the line y=-3is a tangent to the curve,

(iii) the curve has a positive y-intercept.

(b) Show that (m + 1)x* + (4m + 3)x+ 2m — 1 = 0 has real and distinct roots for all

real values of m.

(i)  Sketch the graph of y = [2x* — 3x — 14| for 0< x<5.

(i) Using your graph, find the range or value(s) of & for each of the number of
solutions for the equation [2x* — 3x — 14| = k.
(a) 3 solutions,
(b) 2 solutions,

(¢) 1 solution.

Answer the whole of this question on a graph paper.
The table below shows experimental values of the variables x and v which are

related by an equation of the form y=a®** . One value of ¥ has been recorded

incorrectly.
x 0.1 0.2 0.3 0.4 0.5
y 5.9 6.9 7.2 9.4 11.0

(i)  Plotlgy against x and draw a strai ght line graph.
(i)  Use your graph to estimate the value of a and of b.

(iif)  Determine which value of y is inaccurate and estimate the correct value of y.

FMS(S) Sec 4 Exp / Sec 5 N(A) Preliminary Examination 2015
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Name: ( ) Class:

11

%

'$3cm

—> Cardboard lid

Cardboard box

2x cm

The diagram shows an open cardboard box with a rectangular base and a close fitting
cardboard lid which slips over the top of the box.

The dimensions of the lid are 2x cm, x cm and 3 cm. The total area of cardboard used
in making the box and the lid is 2400 cm’.

(i) Obtain an expression for y in terms of x, and hence show that the volume,

3
¥ cm’ of the box is given by ¥ =800x — i‘;— —6x”.

(ii) Given that x can vary, find the value of x for which volume of the box is

stationary. Calculate this stationary value of V. (4]

(iii) Explain why this value of x gives the largest volume of the box. [1]

FMS(S) Sec 4 Exp / Sec 5 N(A) Preliminary Examination 2015 5
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Name: ( ) Class:

12 Solutions to this question by accurate drawing will not be accepted.

Va

g \4
N ) X

B

In the rectangle ABCD, the coordinates are A(3, 0), B (-2t—1,¢—2) and C(-5,1).

v

(i)  Show that the value of t =—-1. [3]
Find

(i) the coordinate of D, [2]
(ili) the equation of perpendicular bisector of AD, [2]
(iv) the area of ABCD. B 2]

~ End of Paper ~

FMS(S) Sec 4 Exp / Sec 5 N(A) Preliminary Examination 2015 6
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Answer Key
2 1 N 1 N 2 3 Rate of change of volume = - 0.507 units/sec
1-x (1-x)" 2x+3
4 1190 5(1) 2,0)
9
6 73.9°, 253.9°,40.9°, 220.9°
70) f’gf 70 = —2—7r, —7T Or X =7
3°3 ' 3
8(a)i) | p<0or p=12 8(a)(i) |p=120rp=4
8(a)(iii) | p> 6
0 0@ |44k st
1
9Gi)b) |0 <k<14 ork=15§
outi)c) |k=0or k> 15%
14
3.5 *
10(ii) | When x= 0.3, y = 7.2 (erroneous) 10Gii) | a=10"%=4.79 (3s.f)
The correct value of y = 10°°% Accept 4.68 to 4.82
=8.04 (3 s.f) 07 o
Accept 7.76 to 8.14 - 0.68 T
Accept 1.02 to 1.06
113Gi) | 6460 cm® (3 s.f) 12(Gi) | D(-3,4)
12(iii) 3 13(iv) | 26 units®
P ==
2
3
ory= —x+2
d 2
10§
FMS(S) Sec 4 Exp / Sec 5 N(A) Preliminary Examination 2015 7
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Preliminary Examination 2015

Markin

Scheme

No

Working

Description

1

y= (1 —tan’ x)cos2 x
_ 2 2 2
y=cos" x—tan” xcos” x

y =cos® x—sin® x

y = €O0S 2X

iy— =-2sin2x
dx

= LHS

M1 [expansion]

M1 [Substitute
identity]

AG1

8—-3x A B C
= + +
(1-x)2@2x+3) 1-x (1-x)> 2x+3

8—3x = A(1 —x)(2x + 3) + B(2x + 3) + C(1 — x)’
Whenx =1, 8 — 3 =B(5)

B=1
When x =-1.5, 8= 3(-1.5) = C(1 — (-1.5))’
12.5=6.25C
C=2
When x =0, 8= A(1)(3)+B(3)+C(1)
8=3A+3+2
i=3A
A=1
8—3x 1 1 2

= + +
1-x)°@2x+3) 1-x (-x)> 2x+3

B1 [correct partial
fraction formula]

M1 [Substitution /
comparing
coefficient method]

A1l for value of A/
B/C

A1 for all values
correct

B1




No Working Description
3
P 2500
’V3
_3
P =2500V 2
5
E:—éxZSOOxV 2 M1 [apply
dv 2 differentiation rule]
. . g
B -2 3750 Al [differentiation
==37501 * or _’\/;—T correctly]
When P = 50, \/V* =@9=50
B1 [find
s .
= 30 g(f)‘r\r;;spondmg value
dP dP dVv
— e e e
dt dV 4t
av._dp (ﬂ)
dt dt \dP

=28x— =-0.50669 = -0.507 units/sec

2 5
3750

Rate of change of volume = - 0.507 units/sec

M1 [apply chain rule
correctly]

Al

322 2
(5 =) S
2 3x
2 9 9 2 9~r r
General term for 3)L+i = i (i)
2 3x r 2 3x

For term independent of x, 18 =3r=0 2r=06

For term with coefficient of X, 18 = 3r=-1 =2 r B - there is no

o]
term with —.
¥

(5- 4x{3—;i ‘ 52;}9 =(5- 4x{...+ [3(%)9-,2 - J

—
]
=
=N
)
i=!
Q
3
o
o
=
o
=
=
Il
wh
X
N
=)
N————
|
|
I
o|3
=

M1 [find general
term] or Lexpansion
till the 6" and 7"
term]

M1 [correct
simplification of
index for x]

M1 [find the value
of r, must equate the
index to 0, if r is not
a whole number no
marks. ]

M1 [expansion]

Al




No

Description

5(1)

Gradient of normal = %

Gradient of tangent = -2
-2 ~

5-2x

5-2x=1

-2x=-4

x=2

Whenx=2,y=In(5-4)=0

The coordinates is (2, 0).

B1 [differentiation]

B1 [gradient of
tangent]

M1 [solve for x]

Al

5(ii)

d_y_ -2
dx 5-2x

Forx<—§—,(5—2x)>0€md 2<0

Therefore - < 0, which implies that dy/dx is <O
= ZX

Since dy/dx < 0, then y is decreasing.

Bl

Bl

sin (4 + B) =3 sin (4 — B), show that tan 4 = 2 tan B
sin(4+ B) =3sin(A4 — B)

sin Acos B + cos Asin B = 3sin Acos B—3cos Asin B
4cos Asin B = 2sin Acos B

2cos Asin B =sin Acos B

2cosAsinB _ sin Acos B

M1 [simplification]
M1 [to get tan

cosAcosB  cos AcosB function]
2tan B = tan 4 . a0l
sin” (x + 60°) = 9sin’ (x — 60°) for 0° < x < 360°
sin(x + 60°) = +3sin(x — 60°) Ml
Case 1: sin(x +60°) = 3sin(x — 60°)
Let A=xand B=60
Therefore, tan x = 2 tan 60°
tanx = 2+/3
Basic angle = 73.898
x =73.898, 180 + 73.898
=73.9°, 253.9° Al
Case 2: sin(x + 60°) = —3sin(x — 60°)
Let A=60and B=x
Therefore, 2 tan x = tan 60° MI
3 tHo

tanx = —
5




No Working Description
Basic angle =40.893
x =40.893, 180 + 40.893
=40.9°, 220.9° &l
7
@ 4sin>cos” = J3
2 2
. x__x B3
2sin —Ccos— = —
2 2 2
. M1 [Apply double
smx == angle identity]
- (VB) =
a=sin | —|=—
2 3
T T
X=—,T——
3 3
yu B 20 Al, Al
3°3
7(i1) sin® x —cos* x—3cosx =2 o
(sin® x — cos® x)(sin’ x + cos? X)—3 cosx =2 Bl [ Fact(.mzat'lon]
1-2cos’x -3 cosx =2 MI [Use identity
2cos’ x +3cosx +1=0 and simplify to a
quadratic function in
terms of cos x]
(2cosx + 1)(cosx +1)=0 o
cosx=-05 or cosx=-1 MI [Factorization]
ngﬂ,gﬂ or X =71 A],A]
8(a)(i) |y=4x"+px+p-6
J==3
4x2+px+p—6=-3
4x2+px+p—3 =0
For line intersect the curve, - 4éc >0
P —44)(p-3) 20 M1 [correct
P —16p+48 >0 discriminant value]
@-12)(p- 420 M1 [factorization]
p<d4or p>12 Al
8(a)(i) | For tangent line, b> — 4ac = 0
P = 44)(p-3)=0
p —16p+48=0
P-12)p- =0
p=12orp=4 Bl
8(a)(ii) | y=4x"+px+p—6
For y-intercept is positive, p—6 > 0
p> 6 Bl




No Working Description
8(b) | Show that (m + 1)x* + (4m + 3)x+ 2m — 1 = 0 has real and distinct
roots for all real values of m.
b’-dac = (4m + 3)" — 4(m+1)(2m — 1) M1 [Work out
=16m’+24m +9 - 42m’* +m—1) discriminant
= 16m’? +24m + 9 — 8m’? — 4m + 4 expression]
=8m” +20m + 13
= 8{m2 +£m]+13
2
2
= 8(m =+ é) + 1
4 2
2% M1 [Complete the
Since (m + Z) > 0, therefore, b” — 4ac > 0.5 square]
Therefore, the roots are real and distinct. Al [Explanation]
9G) |y=[2x"—3x—14|for 0<x<5.
y=2¢ —3x— 14
y-intercept coordinate is (0, - 14)
x-intercept, y=0,(2x- 7)(x+2)=0
x=350rx=-2
x-coordinate of minimum point = 3——5%(_2 = %
. . (3 1
Minimum point1s | —,—15—
4 8 .
x=5,y=21 Shape of graph [S1]
y (5, 2 l) (correct position of
Y 3] maximum point of
(_,] 5_) the graph with one
4 8 x-intercept
14 P1 [Points of the
graph, shows
maximum point, and
~ N end points]
3.5 * P1 [Show x-intercept
and y-intercept]
ii B1
2@ | 1y <15%
il ' B1, Bl
S0 O<k<14 orkr]S% ’
9(i1)(c) Bl

k=0or k >151
8




No Working Description
10(1)
x 0.1 0.2 0.3 0.4 0.5 0.6 P1 [Plot points]
lgy | 0.771 0.839 | 0.857 | 0.973 1.04 1.11 S1 [Straight line
graph
10Gi) |y=a"™
lgy=(b+x)lga=>blga+xlga B1 [convert to
straight line graph]
. 1.11-0.77
lg a = gradient= ——— = 0.68 M1
0.6-0.1
a=10"%=479 (3s.f) Al
Accept 4.68 to 4.82
b1g a = 0.7 which is the lg y-intercept
b=2" 103 Bl
0.68
Accept 1.02 to 1.06
10(ii1) | When x= 0.3, y = 7.2 (erroneous) B1
The correct value of y = 10°® = 8.04 (3 s.f) B1
Accept 7.76 to 8.14
11 (1) | Total surface area of cardboard, A = 2400
A =2x"+2(2xy) + 2(xy) + 2x> + 2(3x) + 2(6x) B1 [Form correct
A = 6xy + 4x* + 18x expression of for
surface area]
2400 = 6xy + 4x* + 18x
2400 - 4x2 —18x B1 [Form equation
y= o for surface area]
2
:@_E_y, Oryzw B1 [make y the
X 3 3x subject of formula]
Volume of box, V = 2x°y
V= 2x2(i99 A 3)
b 3
=800x—4%—6x2 AGI
11(11) av 5 B1 [Differentiate the
& 800—4x" —12x expression]
. dv
At stationary value of V, — =0
X

800—-4x* —12x=0
4x* +12x-800=0
x> +3x-200=0

I E: J9=4(3)(-200)

2
x=12.721 orx=-15.721
x=12.7(3s.f)

. 4
Stationary value of V = 800(12.721) - B (12.721)’ - 6(12.721)?

= 6461.108846
= 6460 (3 s.f)

B1 [equate dy/dx =
0]

B1 [solve for x]

B1




No Working Description
1131 2
) | 4 I: =-8x—12
dv
When x = 12.721, I =-8(12.721) -12 =-113.768
2 - .
Since < 0, therefore the volume is maximum. B,,% [explaqatlon with
2 2™ derivative]
12(1) gradient of AB x gradient of BC = -1
t-2-1 g f=2=0
—2t—145 -2-1-3 Mi
t—-3 t—2
X =-
-2t+4 -2t-4
t-3 « 1=2 M1 [simplification]
-2(t-2) -201t+2)
t-3=-4(t+2)
t-3=—-4t-8
5t=-5
AGI
t=-1
12(ii)) | Mid-point of AC = mid-point of BD
(3+(—5) 0+1) (l1+x -3+y
2 2 2 2 M1
x=-3, y=4
D(-3,4) Al
12(ii1) i _=3-0 3
Gradient of AB = 1-3 2 M1 [either midpoint
s or gradient of AB]
Midpoint of AD = (3 +; 3) 9;—4] =(0,2)
Equation of perpendicular bisector of AD: y -2 = % X Al
3
ory=—x+2
Y 2
12(iv) 131 -5-33 Mi
Area of rectangle ABCD = —| |
20-31 40
=05|(-9+1-20)—(15-3+12)| Al
. 2
= 26 units
Alternative method: use distance formula
Area of rectangle = length x breadth
2
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Mathematical Formulae
1. ALGEBRA
Quadratic Equation
For the equation ax” +bx+c¢=0,

_ —-b++b? —4ac

2a

X

Binomial expansion

n n n n-1 n n-272 n n-ryr n
(a+b) =a" + 1 ja b+ 5 2 b +..+| 1a""b +..+b",
r

where 7 is a positive integer and (n) - _nn=D.(n=r+1)
r) ri(n-r)! r!
2. TRIGONOMETRY
Identities
sin’ A+cos’ A=1
sec’ A=1+tan’ 4
cosec’A=1+cot’ 4
sin(A+ B) = sin Acos B + cos Asin B
cos(A* B) = cos Acos B ¥ sin Asin B
tan 4 + tan B
1+ tan Atan B
sin2A4 =2sin Acos A
cos2A=cos’ A—sin’ A=2cos’ A—1=1-2sin’ 4
2tan A
1-tan’ 4

tan(4+ B) =

tan2A4 =

Formulae for AABC
a b c

smA sinB sinC

a’ =b> +c? —2bccos A

A :labsinC
2
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1 The roots of the quadratic equation 3x* —kx+4 =0, where k> 0, are @ and /#, and
that of the equation 12x* —x+12=0 are % and 4 . Find the value of &. [7]
a
2 A weather satellite orbits planet P such that the equation of its path can be represented
by the equation

x'+y*=18x—14y+65=0
where x and y are the longitudinal and the ]afitudinal distances from the centre of P
respectively in kilometres, as shown on an astronomical map.
(i) State the coordinates of the centre and the radius of the orbit. [3]
A second satellite orbits another planet X in the same plane as the first satellite. The
diameter of its circular orbit has end points (10, 9) and (22, 3).
(i)  Find the equation of the path of this satellite. (4]

3 Without using a calculator,

3xr 2(r6-r )2 5

(i) find the value of  and of n, given that —-x =nx", [5]
r 27x
3442
(ii simpli in the form a+5/2 . 3
) plify ol 1 (3]
4 (i) Solve the equation log,(x+2) =3-log,(x—4). [4]
(i)  Given that log_y+log x-— : =0, express y in terms of x. [4]
' og.y
5 (i) Solve the equation 4cos2x+2sinx=-2for0<x<2rx. [6]
(i) On the same axes, sketch the graphs of
y =3cos2xand y = [sin x|
for the interval 0 <x <2x, labelling each graph clearly.
State the number of solutions in the interval 0 <x <27 of the equation
3cos2x = lsin x|. (4]
s
_FMS(S) Sec 4 Express Preliminary Examination 2015 3
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6 In the triangle POR, M is the mid-point of OR and PX bisects angle OPR.
The circle passing through P, X and M, cuts PQ and PR at 4 and B respectively.

P
A
0 X M R
i) Explain why ZPBM + ZPXM =180°. [1]
(ii) Show that ARBM is similar to ARXP . [3]

(iii)  Given that AQXAis also similar to AQPM and il = EQ, show that
RX QOX

RB=04. [4]

7 A metal ball is heated to a temperature of 225°C before being dropped into a liquid.
As the ball cools, its temperature, 7°C, 1 minutes after it enters the liquid is given by
T = P+190¢™ where P and k are constants.
(i) Explain why P = 35. [1]
When ¢ = 4, the temperature of the ball reaches 120°C.
(ii) Find the value of & correct to 3 significant figures. (3]
(iii)  Find the rate at which the temperature of the ball is decreasing at the instant

when 1 = 10. (3]

(iv)  From the equation of T given above, explain why the temperature of the ball

can never fall below 35°C. (2]

FMS(S) Sec 4 Express Preliminary Examination 2015 _ 4
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8 The diagram shows part of the curve x = y> =3y and the line x + y = 3. If the line

and the curve intersect at P and Q, find

(i) the coordinates of P and Q, [5]
(ii) the area of the shaded region. [5]
y
A
P
x=y’ -3y
x+y=3

" > X
W

9 f(x) = 6x’ +ax’ +bx—6 has a factor x+2 but leaves a remainder of —12 when
divided by x—1.
(i) Find the value of @ and of b. [5]

(ii) Factorise f(x) completely and hence solve the equation

48x’ +4ax’ = 6—2bx. [6]

5

FMS(S) Sec 4 Express Preliminary Examination 2015 5
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Name: ( ) Class:

10 An object at 4, with an initial displacement of 3m from a fixed point O, travels in a

straight line so that its velocity, vms ™, is given by v =1> — 5¢t + 6 where ¢ is the time

in seconds after leaving 4.

(i) Find the values of  when the object comes to an instantaneous rest. [2]
(ii)  Find the acceleration of the object at # =5s. [2]
(iii)  Obtain an expression, in terms of ¢, for the displacement of the object

from O after ¢ seconds. . [3]
(iv)  Find the average speed of the object in the first 5 seconds. [4]

11 The figure shows two circles C; and C, which touch each other and lie in the xy-plane
as shown below. C; has radius 4 units and touches the x-axis at D, C, has radius
3 units and touches the y-axis at E. The line AB, joining the centres of C; and C),
meets the x-axis at F and ZBFO=6°.

Y
A

C;

b

0 ‘ D F

> X

(i) Obtain expressions for OD and OF in terms of € and show that
ED*=74+56sin6 + 42 cosé. [4]

(ii) Express ED? in the form 74+ R cos(@ — ) where R >0and0° <a <90°. [4]

(iili) By considering the extreme positions in which both circles touch the x-axis

and both circles touch the y-axis, show that 8.2° <@ <81.8°, correct to one

decimal place. [3]

~ End of Paper ~

FMS(S) Sec 4 Express Preliminary Examination 2015 6
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FMSS A. Math Preliminary Examination 2015 Paper 2 Answer Key

2(i) | Centre (9, 7), radius = /65 or 8.06km | (i}) 10_32_ 1. T _352 s
() | (x-16)*+(y—6)*=45 or 9G) | a=5,b=-17
x?+y*-32x-12y+247=0
3G) | r=3,n=18 (i) | f(x)=(x+2)3x-1)(2x-3)
Hence, (2x+ 2)(3(2x)-1)(2(2x)-3)=0
x=—l,—l,§
6 4
G) | 1+42 10 [t=2o0r3
@)
4G) | x=-5(MN.A)or x=7 (i) |a=5ms
(") y=x2 or y:_x'2 ("l) S=£—5—t2+61+3
3 2
) | x= % (or1.57),3.99,5.44 ) | &mies
(i) % o = gyedieds @ :5;,:::;} 11 | OD=3 +7c?59
= / () | OE=4+7sin6
ED’ = OD’ + OE’ (By Pythagoras’ Theorem)
« i cer)
LB S o _
o welany £ wxss Lo
6(i) | £ PBMand Z PXM are angles in opposite | (1) | ED? =74+ 70cos(@ - 53.1°).
segments of the cyclic quadrilateral PXMB.
Therefore the sum of these two angles is
supplementary.
(i1) Z BRM = Z PRX (common angles of (ii1) YA
ARBM and ARXP)
Z XPR= Z BMR (ext. Z of cyclic quad.)
or ZRBM= /£ PXM (ext. Z of cyclic
quad.)
". ARBM is similar to ARXP (by AA
similarity test) /‘,Bo/
() | ince ARBM is similar to ARXP, X = RM F
RX PZB oM When both circles touch the x-axis,
Since AQXA imi PM e =
ince AQXA is also similar to AQ. Y0~ 04 sin6=% — 9 =82°(to] dec.pl.)
GiventhatpR:f—Q,.'.w=—QM~. Y A
RX QX' “RB 04
Since OM = MR as M is the mid - point of QR, E
“.RB = QA4 (Shown)
() | Atr=0, T=225°C.
5.225=P+190e™”
P=225-190 =35
(i) | k=0.201 o) > x
o) .
(i) | 5.11"C/min.
1 -0.201:
(V) | Ase 1 >0fort20, When both circles touch the y-axis,
]9064)_(”! > 0 0 ] 0 ]
N =—=>6=281.8°(to1dec.pl.
35+190e™ > 35, cosv=3 (to} dec.pl.)
o T >35. ~.8.2° <0 < 81.8°(Shown)

Hence the temperature of the ball can

never fall below 35° C.

ub




FMSS A. Math Preliminary Examination 2015 Paper 2 Marking Scheme

1.

3x’ —kx+4 =0 haverootsaand f3.

k
+p=k Bl
a+p s
4
=3 Bl
12x? —x+12=0haveroots£and£.
a
2o @ 1 Bl
p «a ap 12
(@+p) 2o 1 it
af 12
kY (4
2 -l =
(3) (3) 1 Mi
. 12
3 M1 (simplify eqn)
k’-24=1
k? =25
k =5 (sincek >0) Al
2(1) x2+y2—18x~14y+65=0
Centre of orbit (-g, -f) = (9, 7) Bl
Radius = /(<9) + (=7)? — 65 Mi
=/65 or8.06 km B
@ | Diameter of orbit =+/(10-22)" + (9 - 3)’ Mi
=180
Radius of orbit = —158—0 Al
Mid - point of orbit :(]0 +22 ,9—5’—)
2 2
=(16,6) BI
.. Equation of path of this satelliteis
2
(x-16)" + (y - 6) :(—’280}
(x=16)" +(y—6)’ =45 or Bl

X +y' =32x-12y+247=0




3(3i)

3xr 2(r6-r)2 X

X =

r’ 27x
2 P 2y M1 (Simplify powers of r
9 and x)
r—1=2 M1 (Equate powers of x)
r=3 Al
2 P2 _ M1 (Equate scalar)
9
Sub.r =3,
2 10-2(3)
n=—3
26)
=18 Al
@ | 342
22 -1
_ 3+ J2 8 22 +1
o2 -1 24241 ](;/11 (ra?iona]i)se .-
enominator
_6V2+3+4+2 M1 (simplify)
81
V247
7
=1+2

Al

4(1)

log,(x+2)=3-log,(x—4)
log,(x+2)(x-4)=3
x?—2x-8=3"

x? =2x-35=0
(x+5)(x-7)=0
x=-5(N.A)or x=7

M1 (Apply product law)

M1 (Change from log to
index form)

M1 (factorise)
Al




(i)

log, y+log, x - > =0
log, y

log.x 5

(log, ¥)* +1-5=0
(log, y)* =4
log, y=1%2

y=x* or y=x*
OR
=0

log,y
log, x

log, y

log, y+log, x -

log, y
log, x

0

+log x-35

b4

+log, x—5log, x=0
log, x :

4(log, x)* =1

1
log x=%—
g, >

1 1
x=y? or y?

y=x> or y=x~"

M1 ( Change of base)

M1 (Quadratic form)

Al, Al (y in terms of x)

OR

M1 ( Change of base)

M1 (Quadratic form)

Al, Al (y in terms of x)

53)

4cos2x+2sinx=-2for0<x<2x
4(1-2sin’ x)+2sinx+2 =0
4sin’x-sinx—-3=0
(4sinx+3)(sinx—1)=0

sinx =—— or

Basic £ =sin ](%) =0.84806

x=m+0.84806, 27 —0.84806
=3.99,5.44

smx =1

T
x=—(or1.57
2( )

M1 (Apply trigo. identity)

M1 (factorise/general
formula)
M1 ft (equations)

Al

Al, Al

u




(i1)

:V:"“ ase ’ . 3(’05 -‘.)7'\ (ﬂl —26"“0 r‘fl lﬂp
?[, ._;\\‘ )}\;‘— — ; /}& ) 2 w '}{ e ff"(’f"‘"fl' -I\,J{)
i ‘,?: ‘ \§ ’};
i ‘ } A f? velitren x ‘£ ,9 it é"w’l
o . _
¢ 1 4 4 b1 i
el I P :
P Vg
I R ¥

4 solutions Bl

6(i) Z PBM and £ PXM are angles in opposite segments of | B1
the cyclic quadrilateral PXMB.

Therefore the sum of these two angles is supplementary.

(i1) Z BRM = Z PRX (common angles of ARBM and Bl
ARXP) -
Z XPR= Z BMR (ext. £ of cyclic quad.) B1

or ZRBM = Z PXM (ext. Zof cyclic quad.)
- ARBM is similar to ARXP (by AA similarity test) | B

(ii1) | Since ARBM is similar to ARXP,

PR RM
EX‘ = _R§ Bl
Since AQXA is also similar to AOPM ,
PO  OM :
X0 04 Bl
Given that L3 = o ,
RX OXx
. RM _OM Bl
“RET oA
Since OM = MR as M is the mid - point of OR, B
“.RB =04 (Shown)
7() | Atr=0,T=225°C. Bl
5.225=P+190e7¥®
P=225-190

=35




(1)

When ¢ =4, T = 120,
120=35+190e™**

190

M1

M1 (change to In)

k=0.20109
~0.201 Al
(i) | 7=35+190e72"*™
(;_T =-0.20109(190e7°2%'%") M1ft from (ii) value of &
t
=-38.2077¢ """
Whent =10,
ar = —38.207 70201000 MI(ft if value of 7 and £
dt clearly shown )
=-5.1148
Temperature of the ball is decreasing at a rate of 5.11°C | A1l (positive value)
/ min.
(iv) Ase >0 for1>0, Bl
190" >0 .
35+190e°" > 35.
ST >35. B1 (must also include
Hegce the temperature of the ball can never fall below concluding statement)
357 C.
8(1) Sub.x =y’ -3y intox+y=3,

y'=3y+y=3

y>=2y-3=0

(y=3)y+1)=0

y=3 or -1

Sub. y =3and -linto x = y* — 3y,
x=32-3(3) and x=(-1)?-3(-1)
=0 =4

.. Pis(0,3)and Qis (4,-1)

M1

M1 (factorise/general
formula)

M1

Al, Al

9




(i)

Area of shaded region

3, 1 5
=07 =39 @@ - [ 07 -3 ay

M3 2P 3 270
P2 | P

| 3 2 | 3 Z 1a

3 2 13 1\
:.3__3_(3)_+8_ O_Q_.*.M

3 2 3 2
=4l+8—1é

2 6

=1 Og or10.7 or 2sq. units
3 3

or
1 1, 2
2 @@ -[307 -3p)dy
or
[36-ndyr-[ 30" -3p)dy
or

3.2 1 0. 2
1307 =392 333+ 2B+ 00 - 07 -39 dy

or

307 =39 -2 B8 + @0 - 00 - [ 7 ~3) dy

M1, M1, M1

M1 (integrate)

Al

9(i)

f(x)=6x" +ax? +bx—6=(x+2)P(x)
f(=2)=6(-2)" +a(-2)* +b(-2)-6=0
-48+4a—-2b-6=0
2a-b=27
f(®)=6x"+ax’ +bx—6=(x-1)0(x)—12
S =6+a+b-6=-12 "
a+b=-12---cee__ 2)
(1+(@2):3a=15
a=>5
Sub.a =51nto (2):
S+b=-12
b=-17

M1 (equate to zero)

M1 (equate to -12)

M1
Al

Al




(i)

F(x)=6x+5x2 =17x =6 =(x+2)(6x* + kx —3)

By comparingcoefficiert of x,

M1ft from (i) (compare
—-3+2k=-17 coeff./ long division/
s synthetic division)
S f(x) = (x+2)(6x* - Tk -3) Alft
=(x+2)(3x-1)(2x-3) Al
48x° +4ax’ +2bx—6=0
6(2x)’ + a(2x)*+b(2x)-6=0 Ml
Hence, (2x + 2)(3(2x) = 1)(2(2x) -3) =0 Al
[orletu =2x,
6u’ +au’ +bu—6=0
Hence,(u + 2)(3u +1)(2u —3) = 0]
u=2x=—2,—l,é
3°2
.‘.x=—],—1,§ Al
6 4
100) | v=1-5t+6 ..
When at instantaneous rest, v = 0.
2 -5t+6=0 M1 (equate to zero)
t-3)}t—2)=0
t=3 or 2 Al
(i1) dv
When 1 =5,
a=2(5-5=5ms Al
W) | 5= j(tz ~5t+6)dt
3 2
= %— +6t +¢ M1
Wiheq £ = 0.5 = & M1 (values of 7 and s
’ ’ indicated)
c=3,
P 5 Al

¥ =ea —apifyi= 3
3002

12 °



(iv) | Whent=2, B
3 2
s=—2———5—(—2—)—+6(2)+3=7g
3 2 3 L MI1ft from (iii)
When t =3,
3 2
_3_30) +6(3)+3=7l N
3 2 2
Whent=35,
3 2
=5__5(5) +6(5)+3=121 M1ft from (i11)
3 6
—
e
| | | L |
[ I 1 | I
0] t=0 t=3 t=2 =5
s=3 s=7l s=7g S=12l
2 3 6
Average speed in first 5 s
J- 2 1
(7?'—3)+(7~~—7¥)+(]21 -77) -
__3 3 2 6 2 MI1ft from (ii)
5
_95
5
=1.9m/s Al
11(1) y
X
H
a -
GB=7cos@=JD
~.OD=0J +JD=3+Tcosf Bl
AG =7sinf = FEH
S OFE=0H +HE =4+7sin# B1




.. By Pythagoras' Theorem,
ED’ = OD? + OE?
=(3+7cosO) +(4+7Tsin6)’ M1
=9+42cosf +49cos’ O +16 +56sin6 +49sin’ 0
=25+ 56sin 6 + 42 cos@ + 49( sin’ 6 + cos’ 6)
=25+56sin6 +42cosf + 49 (1)

=74+ 56sin @ + 42 cos @ (Shown) et

1(1) | ED*=74+56sin6 +42cosé
=74+ Rcos(6 - )

=74+ RcosfOcosa + Rsinfsina
By comparing coefficients,

Rsina =56-------- (1) M1

56
(1)+(2):tana:=4—2
a=53.130°
=53.1°(to1dec.pl.) B1
(1Y +(2)* : R* =56"+42°
R =+/4900
R=70 Bl
- ED? =74+70cos(6 - 53.1°). Bi

(iif) y

E
F ) > x
siné?—l M1) cos@—l (M1)
7 7
6 =8.2°(to1dec.pl.) 6 =81.8°(to1dec.pl

.82°<H#<81.8°(Shown) (AGI)
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Mathematical Formulae
1. ALGEBRA
Quadratic Equation

For the equation ax* +bx +¢c=0,

—-b+b? —4ac
2a

Binomial expansion

(a+b)" =a" + (:)a""b + (n]a"‘zb2 +...+ (n)a""b’ +..+b",

2 r
' - -
where 7 is a positive integer and ol PR S ool i .
r ri(n—r)! r!
2. TRIGONOMETRY
Identities

sin A+cos® A=1

sec’ A=1+tan’ 4

cosec’A=1+cot’ 4
sin(A4* B) =sin Acos B + cos Asin B
cos(A* B) = cos Acos B ¥ sin Asin B

tan A * tan B
tan(AiB)=u
1¥tan Atan B
sin 2A = 2sin Acos A

cos2A=cos” A—sin" A=2cos’A—-1=1-2sin 4

tan2A=ﬁa—I};4;
l-tan= A4

Formulae for AABC a _ b _ ¢
sin4d sinB sinC

a’ =b> +c¢? - 2bccos A

A= labsinC
2




Answer all the questions.

1 (i)  Find the set of values of k for which the equation 2x* +5x +k = 2kx +1
has no real roots. [4]

(i1) Hence state, with a reason, whether the line y = 4x +1 meets the curve

y=2x>+5x+2. [1]
- (d) Given that sec 200° = — k, where k > 0, find an expression, in terms of &, for
sin 200°. [2]
(1) Hence show that tan 110° = — 21 . [3]
k* -1
3 The equation of a curve is y = In(5 - 2x). Find the coordinates of the point on the
curve at which the normal to the curve is parallel to the line 2y = x + 3. [5]

4 The equation of a curve is y = cos’ x + sin 3x. Given that x is changing at a constant

rate of 0.56 radians per second, find the rate of change of y when x = % . [5]
. 2x—1 . . . .
5 (1) Express = in partial fractions. [3]
2x° =5x+3
.. 2x—1
(n) Hencefind | —— 3
) J- 2x’-5x+3 B]

2

6 A curve 1s such that Z; =16e™*". Given that d_y = 3 when x = 0 and that the curve

>,
A

passes through the point (2,6:'8 ), find the equation of the curve. [6]

123
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1-sin26 l(]_tane)z‘

7 (1) Prove that =—
l1+cos26 2

(4]

1-sin@
1+cos@

(i) Hence solve the equation =2, for 0°<6<180°. [3]

8 (1)  Write down the first three terms in the expansion, in ascending powers of x, of

3x)’ |
(a) |1+ S [2]
®) (2-x). 2]
3x? ’
(ii) Hence find the coefficient of ¥* in the expansion (2 +2x— 7) . [3]

9 (i) Calculate the coordinates of the point of intersection of the graph of
y=3- [Zx + 1| with the coordinate axes. [3]

(i)  Sketch the graph of y =3—[2x+1]. [2]

(ii1) On the same diagram in part (ii), sketch the graph of y =x2 for x > 0. [1]

]
(iv) State the number of solutions of the equation 3 —[2x +1| = x2 . [

Holy Innocents’ High School Preliminary Examination 2015
Secondary Four Express Additional Mathematics Paper 1



10

The diagram shows a time capsule consisting of a cylinder of radius » m and length / m,
with hemispheres of radius » m attached at each end. The volume of the time capsule is

T 3

—m.
6
(i)  Show that the surface area of the time capsule, 4 m’, is given by
a=3z07 [4]
3 3r
(i) Given that r can vary, find the minimum value of 4. [4]

last
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11

12

Solutions to this question by accurate drawing will not be accepted.

Yy A

)

FN
v

=

M(2, 0)"45°

0

The diagram shows an isosceles triangle POR in which PR = OR . M(2, 0) is the
midpoint of PO . OR meets the x-axis at 4 and angle AMQ = 45°.

(1)  Show that the equation of MR is y = x— 2.
(1)  Find the equation of PQ.
(i11) Find the coordinates of Q.

(iv) Given that the area of triangle POR is 20 units’, find the coordinates of R.

A rectangle of area y m” has sides of length x m and (4x + B) m, where 4 and B are
constants and x and y are variables. Values of x and y are given in the table below.

x 50 100 - 150 200 250
y | 3250 | 9000 | 17250 | 28000 | 41250

(1) Plot Ed against x and draw a straight line graph.
X

(i1)  Use your graph to estimate value of 4 and of B.

(111)  On the same diagram, draw the straight line representing the equation
y=x"and explain the significance of the value of x given by the point of
intersection of the two lines.

End of paper

Holy Innocents’ High School
Secondary Four Express
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(2]
[3]

(3]

(4]
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Answers
1 1
1 1 1—<k<5—
@ 2 2

(ii) The equations of the line and the curve are obtained when k = 2.
Since k& = 2 lies in the range, the line does not meet the curve.

2 (1) sec200°=-k

cos 200° = — l

k
A
200°
-k -1
k
2 -—
sin 200° = — £
[Or cos 200° = 2

Applying identity: sin” 200° + cos’ 200° =1

sin 200° = l—kl—2 (rej) or —-,fl—kl—z

sin110°

cos110°
sin(200° - 90°)
c0s(200° —-90°)

(i1) tanll0°=

sin 200°cos90° — cos 200° sin 90° . ..
= - - (applying addition formula)
c0s200°cos 90° + sin 200°sin 90°

)

r—)(l)

13K
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[OR tan 110° = - tan 70°
1

- tan20°
B 1
tan 200°

3 coordinates of the point = (2, 0)
4 — 0.63 radians/s

2x—1 B 4 _l
9% - %s+3 2x—3 =3-1

5 0
(1) 2In2x-3)-In(x-1)+c

6 y= e +7x-14

1-sin26

1+ cos28
_ 1-2sinf@cosé

1+2cos* 0 -1

7 (1)

_ 1-2sinf@cosd

2cos’ @
1 2sinf@cosf

" 2c0s’0  2cos’ O

sec’ @ —tan @

(] +tan’ 9)— tan &

(lthan2 9—2tan(9)

(1-tan@)

Il

N N = 0= o=

(i) 6=143.1°

Applying identity

Applying double angle formulas

Holy Innocents ™ High School
Secondary Four Express

Preliminary Examination 2015
Additional Mathematics Paper 1



8 () 1+1—5—x+£x2+....
2 2

(i) 32-80x+80x” +....
(iii Coefficient of x*> =200

9 (1) Intersects the y-axis at (0, 2)
Intersects the x-axis at (1,0) and (~2,0).

(i1) correct shape and passing through the coordinate axes
Coordinates of vertex

(111) correct shape passing through (1, 1)
AY

(iii)

(i)

(1v) Number of solutions = 1 B1

T 4
———Tr

F=8 ”3; 3 expressing / in terms of »
6r’

A=2Q2rr*)y+2xrl

= 4xr’ + 27”(61—2 - % r) substituting a correct expression for /
v

T4

Holy Innocents” High School Preliminary Examination 2015
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(i) 3.14 cm?

11 (1) ZRMA=90°-45°

= 45°
Gradient of MR = tan45°
=1
Equation of MR is y —0=1(x—-2)
y=x-2
(i) y=-x+2 (i11) Coordinates of O = (4, —2)

Coordinates of R = (7, 5)

@iv)

10
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x 50 100 150 200 250

y 3250 9000 17250 28000 41250
pd 65 90 115 140 165
x

160

140

120 ra

100

80

60

40

20

0 50 100 150 200 250 300

(i) 4 =05+02 B=40+1

(1) Plot 2 against x as a straight line accurately.
X

The x-value of the point of intersection represents the value where the
rectangle becomes a square.

»O;f'
11
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(i)

sin 200° = —

Marking Scheme
Additional Mathematics
Preliminary Examination 2015
Paper 1

2x +5x=2kx+k-1=0
No real roots = b —4ac <0
(5-2k) —4(2Xk-1)<0
25-20k +4k*> -8k +8<0

4k* -28k+33<0 correct quadratic
. g . . 1 1
Finding the solution of quadratic: k = 15 or 55

(2k -3)2k-11)<0

Aok
12V\<ﬂ52

ll<k<5l
2 2

The equations of the line and the curve are obtained when &k = 2
Since k£ = 2 lies in the range, the line does not meet the curve.

sec 200°=—-%

cos 200° = — l
k

200 °

N,

k% —1

M1

M1

DM1

Al

F o

M1

Al



[Or cos200°= —% M1

Applying identity: sin’ 200°+ cos” 200° =1

. . 1
sin200° = 1—;12— (rej) or — l—k—2 Al

Accept any equivalent form]

sin110°
.cos110°

sin(200° - 90°)

c0s(200° —-90°)

(1) tanl10°=

sin 200° cos 90° — cos 200°sin 90°

M1

= (applying addition formula) M1

c0s200°cos90° + sin 200°sin 90°

N e
L e
k
[OR tan 110° = — tan 70°
1 M1
tan 20°
__ 1 M1
tan 200°
1 1
— - Al]
VKT -1 VKk-1
-1
3 y=In(5-2x)
dy —2
= (M1 for -2 and M1 for )
dx 5-2x 5-2x

Gradient of line = l

5-2x

Gradient function of normal =

Al

M2

M1

M1



y=40

coordinates of the point = (2, 0) Al

4  y=cos’ x+sin3x
dy

Fo (3cos® x)(—sin x) +3cos3x M3
M1 M1 M1

v _d& o

dt dx dt
= (=3 cos’ zsin£+3cos-3£)x0.56 M1

6 6 6

= —0.63 radians/s Al
5 () 22l __ 4 ., 8 M1

2x* —5x+3 2x-3 x-1

2x—1= A(x-1)+B(2x-3)

Substitute x =1, ..
=—-B
B=-1 Al

Substitute x = %

2 lA
2
A=4 Al
) 2x -1 _ 4 1
C2x?-5x+3 2x-3 x-1
2x—1 4 1
11 = ——— |dx
) J‘2x —5x+3 j(2x~3 x—])
=2In2x-3)—-In(x-1)+c B3

—1 for each error
LY_) LY_J
B1 B1

B1

2]



B1
(for —4e™")

Substitute Q =3andx=0
dx

3=—4e0 4 ¢ (attempt to findc) M1

c=17

i}i=—4e“"‘ +7

dx

Al

= [(-4e™ +7)dx

=e " +Tx+c, for e™ +7x Bl

Substitute x=2 and y = e
et= e 172 +¢ (attempt to find ¢,) M1

c,=-14

y= e +7x-14 Al

1-sin26
1+ cos26

_ 1-2sinfcos® ¥ Mi .
e ] Applying double angle formulas
V\

_ 1-2sin@cosf
2cos’ @

M1 M2

_ 1 3 2siné@cosé
2c0s’@  2cos’ @

sec’ @ —tan @

(] +tan’ 9)— tan @ Applying identity M1

(]+'(an2 9—2tan(9)

(1-tan 9)2 Al



1-siné@ _
1+ cos@

2
l(l —tang) =2
2 2

(i1)

0°<@0<180°
0

0°<—<90°
2

]-—tang=20r -2
2

tan§= —1 (reject) or 3

§=7].56°
2

0=143.1°

oo (L)

15 45 ,
=T4+—x+—x +
2 2

Bt- Bl

® (-a) = @ + [} o0 S o ..

=32 -80x+80x” +....
\ﬂ"—l

B1 B1

(ii) [2 +2x- 3’2‘2 }5: [(1 ¥ 3—2"J(2 - x)}S

= (1+3—;J5 (2-x)

15 45
={14% —xt—x
2 2

2 4. )(32-80x+80x +....)

= ....+80x? —600x> + 720x* +....

= 200x° + ...
Coefficient of x? =200

M1

Mi
Al

B2

B2

M1

M1

Al

t30



(i) Intersects the y-axis at (0, 2)

3-[2x+1]=0

[2x+1=3

2x+1=3o0or2x+1= -3
x=lorx=-2

Intersects the x-axis at (1,0) and (~2,0).

B1 B1

(i1) correct shape and passing through the coordinate axes B1
Coordinates of vertex _ B1

(i11) correct shape passing through (1, 1)

(i1)

(iv) Number of solutions = 1

B1

B2

B2

B1

Bl



10 @) 2(37”’)“”21:2 M1
3 6

T 4
6 3 -

/ — expressing / in terms of » Ml
6r’ 3

A=2Qrr*)+2xrl

=4xr’ + 27rr(61—2 —-gr) substituting a correct expression for / M1
r

T 8
= 4nr* + — ——nr?

3r 3
= iﬂr2+£ (shown) Al
3 3r
.. d4 8 T
i1 — =—ar—— M1
(i) dr 3 3r?

For min value, gﬁ =0.

»
§7rr—i=0 Ml
3 3r?
8°-1=0
| Al
2
2
MinimumvalueofAzizz(l) +—2 cm?
3 \2 (1)
3l -
2
=3.14 cm’ Al

Y



11 @)

(i1)

(iii)

(iv)

ZRMA =90° - 45°
= 45°
Gradient of MR = tan45°
=1
Equation of MRis y—0=1(x—2)
y=x-2

Gradient of PO =-1
Equation of PQ1is y—0=-1(x-2)
y=—-x+2

Coordinates of P = (0, 2)
Applying mid point formula:
Coordinates of 0= (4, - 2)

Let the coordinates of R be (%, k —2)

Area= —
-2 k-2 2 -2

114 k& 0 4
=20
2

[4(k —2)+ 2k + 0]—[8 + 0— 2k) = 40
4k = 56
k=17

Coordinates of R = (7, 5)

[OR PO =/(4-0) +(-2-2)

RM = (k- 2) +(k-2-0)

-3

M1

—~

2(k - 2)

@—2%5' )

Area = %x 32x(k—2)\/§=20 M1

k=1

Coordinates of R = (7, 5) Al]

M1

Al

M1

Al

M1

Al

M1

Mi

Al



12

X 50 100 150 200 250
y 3250 9000 17250 28000 41250
Yy 65 90 115 140 165
x
B1
(1) Draw axes and plot all given points. P1
(inaccurate plot: P0)
Drawing a straight line through all plots |
Deduct 1 mark if a suitable scale is not used.
b4
180 %
160
140
120 7 =
100
80 =
60
40
20
0 \ x
0 50 100 150 200 250 300
(1) y=x(4x+ B)
Y- ax+B M1
X
A= 165 - 65
250-50
Ml
=0.51+0.2 Al
B=40+1 Bl
3%



y_,
x
Plot Y

against x as a straight line accurately.
x

The x-value of the point of intersection represents the value where the
rectangle becomes a square.

10

B1

Bl

Bl
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Answer all questions.

1 A beaker of water is heated until it reaches a temperature of X °C. It is then allowed to
cool. It’s temperature, € °C, when it was cooling for time # minutes is given by

6 =28+ 60e"* . Find

(1) the value of X, [1]
(1) the value of @ when =26, [1]
(iii) the value of # when 6 = %X ; , [2]
(iv) Explain, with working, if the water will cool to a temperature of 20 °C. [2]
2
E &
A 0 B

The figure shows a semi-circle centre O, with diameter AB. Points D and E lie on the
semi-circle. AC 1is a straight line passing through D. BC is tangent to the semi-circle
at B. The tangent to the semi-circle at B meets AD at C. The lines BE and AD intersect
at F.

Given that AE = BD, prove that

(1) triangle ABDis congruent to triangle BAE, [3]

(1) triangle ABC is similar to triangle BDC, [2]
(iiiy BC*=ACxDC. (2]

3 Given that log, (a3b): x,and log =y, express in terms of x and y,

4
Vb

(i) log,a and log, b, [5]
(i) 1ogb(%). 3]
ab
13L/~
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4  Inthe diagram, AB is parallel to EC.

)

Given that AE : ED = 1:~/2 and CE= (3+&/§) cm, find in the form a\/§+b,

Y

A

CE

(1) B’ (3]

Gy ZEao1LCDE 2]
area of ABDA’

(i11) the length of AB. [3]

. b
5 A curve has the equation y = ax’ + — » where a and b are constants.
x

(1)  Given that the curve has a stationary point at (2 , 5), find the value of a and of 4.

(4]

(11) Determine the nature of the stationary point. [2]

(1) Explain why the curve is a decreasing function for x < 0. [2]
6  Theroots of the equation x’ —4x—-8=0 are a’and #°.

(i)  Given that (a + ,B)3 =-5a-5p, find the valueof a + S . [5]

(11) Find the quadratic equation in x whose roots are %i and %2 ; [4]
7  The function f(x)=3x"+2x’ +ax+ b, where a and b are constants, has a

factor (xZ - 4).

(1) Showthata= —12 andb= -8. [4]

(i?) Factorise 3x’ +2x” —12x—8 completely. [3]

(iii) Hence solve the equation —3x" +2x’ +12x-8=0. [2]
Holy Innocents’ High School Preliminary Examination 2015
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5

8 (i) Find all the angles between 0° and 360° inclusive which satisfies the equation
2sinf—3co0s260—-1=0. [4]

(ii) On the same axes, sketch the graphs of y =2sin@-1 and y =3cos26 for
0°<6<360°. [4]

(i11)) Using your answers to part (i) and (ii), state the range of values of & for which
3¢c0s260>2sinf—1 for 0°<6 <360°. [2]

9 A particle moves in a straight line with a ve]odity, v /s, given by v=-3t> +12t-13.
The displacement of the particle from a fixed point O after 8 seconds is 400 meters.

Calculate
(i) (a) thedisplacement of the particle after 5 seconds, [4]
(b) the value of t when the acceleration is zero. [2]

(i) Explain why the particle will never come to rest. ,
Hence find the maximum velocity of the particle. [3]

(iii) 'Will the particle ever return to its starting point? Explain your answer. [2]

10 (i) Acircle C has an equation given by x* + y° —2kx+2y+1=0, where kis a
positive constant.
Given that C| has a radius of 2 units, find the value of k. [4]

(1)  The centre of a circle C, lies on the line y = 2x+2. Given that C, passes
through the points (3,2) and (0, - 1), find the equation of C, . [5]

(i11) Calculate the shortest distance from the centre of C, to the circumference
of C,. (3]

1 35
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. . 1
11 @ Find | ———dx. 1
® I ]
. ' d 3x+12
i) Show that —|(x —2N2x+14 |= ———. 3
() dx [( ] N2x+14 B3]
. 3x
The diagram shows part of the curve y = ———+1 intersecting the line y =1.75
¥ P Y= axria & g
and x=p.
(111) (a) Find the value of p. [2]
(b) Using your results from part (i) and part (ii), find the area bounded by the
curve, the line x = p, and the coordinate axes. [4]
(c) Find the area of the shaded region. [2]
y
2
y=175 33X
\ Y axt14
5 i=p > X
------------ End of Paper------------
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Secondary Four Express Additional Mathematics Paper 2



Class Register Number Name

\Zaad/
ML TFPER
NANYANG GIRLS' HIGH SCHOOL

End-of-Year Examination 2015

Secondary 4
INTEGRATED MATHEMATICS 2 2 hours 30 minutes
Thursday 8 October 2015 0800 — 1030

READ THESE INSTRUCTIONS FIRST

INSTRUCTIONS TO CANDIDATES

1. Answer all the questions.

2. Write your answers and working on the separate writing paper provided.

3. Write your name, register number and class on each separate sheet of paper that you use and
fasten the separate sheets together with the string provided. Do not staple your answer sheets
together.

Omission of essential steps will result in loss of marks.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the case
of angles in degrees, unless a different level of accuracy is specified in the question.

i

INFORMATION FOR CANDIDATES

The number of marks is given in brackets [ ] at the end of each question or part question.
The total number of marks for this paper is 100.

The use of an electronic calculator is expected, where appropriate.

You are reminded of the need for clear presentation in your answers.

P N =

13

This document consists of 7 printed pages.
Setter: NYGH/HCI NanvanG Gires' HigH ScrooL [ Turn over




2

Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax’ +bx+c=0,
_ -b++b? —4ac

2a

X

Binomial expansion

(a+b)"=a"+ (:)a"']b+ [;)a"'2b2+. oo ["Ja""b’+...+b",
r

' = —
where 7 is a positive integer and i S Wl i) .
r) rt(n-r)! r!

2. TRIGONOMETRY
Identities
sin"A4 +cos’ 4 =1
sec’ 4 =1+ tan’* 4
cosec’ 4 =1+ cot’ 4
sin (4 + B)=sin 4 cos B + cos 4 sin B

cos (4t B)=cos 4 cosB F sin 4 sin B
tanA4 +tanB
lFtanAtanB
sin 24 =2 sin 4 cos A4
cos 24 = cos"A —sin“A=2cos*A—1 =1 ~2sin’4
2tan A
1-tan’ 4

tan (4 + B) =

tan 24 =
sin 4 +smB = Zsin%(A+B)cos%(A—B)
sin4—sinB = 2005%(A+B)sin%(A—B)
cos A+cosB = 2003%(A+B)cos%(A—B)

cos A—cosB = —25in%(A+B)sin%(A—B)

Formulae for AABC

a b ¢
smA sinB sinC

a=b+c —2bc cos A

A= —absmC

P | —



It is given that f(x)=2x"+9x" —2x+2.
()  Find the remainder when f (x) is divided by x* +4x—3. [2]

(i)  Hence solve the equation f (x) —5=0, leaving your answers in exact form. [4]

2

5
Write down and simplify the first four terms in the expansion of (3x——p—) , In
x

descending powers of x, where p is a non-zero constant. * 3]

5
Given that the coefficient of L] in the expansion of (,’Zx3 —-1{3x—£2) is 90p°, find
x x

the value of p. [3]

(i) Solve the equation [10—5x| =10 +8x —2x". [4]

(i) Sketch, on a single diagram, the graphs of 2y = |]0—5x| and y=5+4x—x",
indicating clearly the x - and y -intercepts and the tuming points (if any). [4]

.o

(iii) Hence deduce the range of values of x if 10+8x—2x” < |] O—le. [2]

(a)  The function f isdefined by f: x> (x—1)(3x-2), xeR.
(i) Sketch the graph of y=1f (x), showing clearly the x- and y -intercepts
and the coordinates of the turning point. [4]
(ii) State the range of f. ‘ [1]
(iii) The function g is defined by g: x> (x-1)(3x-2)., x<k, keZ.
State the maximum value of k such that g~ exists. Hence find an
expression for g~ (x) [3]
(b)  The graphof y= h(x) undergoes 2 successive transformations
I A translation of % in the positive x -direction,

II A scaling with a scale factor of 2 along the y -axis.

The resulting graph is y = 6cosx. Find h(x). [2]

ts’«)‘



(a) Without using a calculator, evaluate 6, given that

32x+3 x 2x+5 = 3x+4 . [2]
(b) Solve the simultaneous equations
eZe.r = edy’
log, (x+2)=1+log, y. [6]

(i) Express 1n the form a+ , where a and b are integers. [2]
2x+1 2x+1

(i) Differentiate 2xIn(2x+1) with respect to x. [2]
(iti) Using the results in part (i) and part (ii), determine jln (2x+ ]) dx. [4]

y

A
2y=x
3 .
A
0

The diagram shows parts of the curve y =3—+/2x and the line 2y = x. The curve and
the line intersect at the point 4 .

(i)  Show that the area bounded by the curve y = 3~\/—£ , the x - axis and the lines
x=4.5 and x=9 can be expressed as (a 2 +b) square units, where a and b

are constants. [4]

(i)  Find the coordinates of point 4. (2]

(i) Find the area bounded by the straight line 2y = x, the curve y = 3-v2x and
the y - axis. [3]



A circle C, has equation given by (x—1)° +)* +6y—16=0.

(i) Find the radius and the coordinates of the centre of C,. [3]
(ii) Find the equation of the tangent to the circle at the point P(4, —7) . [3]
The point Q is such that PQ is the diameter of the circle.

(iii) Find the coordinates of Q. [2]

A new circle C, passes through P, O and R, where R is a point outside the circle
C, such that angle PRO=45°.

(iv) Explain briefly if it is possible for the centre of C, to lie on the circumference of
C,. (1]

Solutions to this question by accurate drawing will not be accepted.
y
* B(2a+4, 3a)

A(0,2)

C(b,0) -

D(2,-2)

The diagram, not drawn to scale, shows a trapezium ABCD in which 4B is parallel
to DC and angle BAD =90°. The vertices of the trapezium are at the points A (0, 2) ,

B(2a+4,3a), C(b,0) and D(2,-2).

(i) Given that the length of 4B is 4\/3 1‘mits, find the value of a, where a > 0. [3]
(ii) Find the equation of AB. 2]
(iii) Find the value of b . (2]

(iv) Find the perpendicular bisector of 4B.
Hence or otherwise, show that C lies on the perpendicular bisector of 4B.  [3]

(v) Find the area of trapezium ABCD. 2]



10

()

(b)

_ (cos@+sin6)’ |
(i) Show that ————=cos 4. [2]
sec” +2tan

(if) Hence find all values of &, where 0 <& <27, which satisfy the equation
sec’ @+ 2tanf

=2(2+tand). [4]
(cos@+sin 0)2 ( )
The diagram shows a rectangle MNOQ embedded in the triangle POR . It is
; - 25 5
given that PR=5 cm, ZQRP =6 and area of rectangle MNOQ is —;cos @,

where 0° <@ <90°.

‘ .. 5,4 . 25
(i) Show that the shaded area, 4, is givenby 4= 128—(2 sin 26 —cos 29)—? .

[3]

.. . . 25
(1) Hence, show that 4 can be expressed in the form 4 = Rsin (29—a)———
where R >0 and 0°<a <90°. [2]

(iif) State the exact maximum value of 4 . [1]
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The diagram below shows a solid toy which consists of a cone fixed to the end of a

right circular cylinder. The cone has a radius of 4xcm and a height of 3xcm. The

cylinder has a radius of 4xcm and a height of 4 cm. It is given that the total volume

of the toy is 9607 cm”.

)

(i)

(iii)

3xcm
hcm
~ -
Show that h= % —x. [2]

Show that the total surface area, 4 cm’, of the toy 1s given by
4807

X

A= +287x* cm’. [3]

Find, using differentiation, the values of # and x which give the minimum
surface area of this toy. You will need to justify that the surface area is a
minimum for the values of # and x obtained. . [5]

[The area of the curved surface area of a cone of radius r and slant height / 1s 77/ . ]

[The volume of a cone :éx base area x height. ]

End of Paper



2015 S4 IM2 Common Paper Solutions
No.
1(1) 2x+1

x? +4x—3)2x3 +9x? —2x+2
2x> +8x* —6x

x> +4x+2

x> +4x-3

Remainder=5

Alternatively
Let f(x)= (x2 +4x— 3)(ax+b)+ c

Remainder=5

1Gi

r'_g‘"—"'-—_—‘_"’l

|
|
{
By comparing coefficients, f(x)= (x2 +4x —3) (2x+1)+5 :
|
|
From (x* +4x-3)(2x+1)=0 i

1 -4 ,/42 —4(1)(-3)

X=——0r x=
2 2(1)
x:~4iJ2_8
2
x=—21\[7—

=(3x)’ +5(3x)"(—£2)+10(3x)3(—;"';~ 2 +10(3x)2(—-’—’2—)3 .

X X
2 .3
=243x5+5(81x")(——§-]+10(27x3) %}10(9#)( ;: )+

2 3
N 270p~ 90p N

X X4

=243x" — 405 px’

4

2 \ 2 2
(23‘3—1(3 —%) =(2x-‘—1)(243x5—405px2+310L-&'L+...)

X X X
2 _ 3
=..+(-1)x 270p +2x° x[ ? 4p J+
x %

B 270p° 3 180p° N
. .

Thus —270p° —180p* =90p°

=90p*(4+2p)=0=p=0(NA)or p=-2




3(i)

From 10+8x-2x" =[10—5x]|

:>]O+8x—2x2=—(10—5x) OR 10+8x—2x>=10-5x

=2x"-3x-20=0
3(2x+5)(x—4)= 0

OR 2x*-13x=0
OR x(2x—13)=0

=>x=-2.5,4 OR x=0,6.5
(Reject -2.5) (Reject 6.5)
3(ii)
3 The rangeis x<0 or x>4.
(iii)
4(a) 2
0) 21”
4 \_»\\ ) A x‘—
(a) 2/3 e 1 !
(ii) S
4 Maximum value of A =0. v
()
(iii) y=(x—1)(3x—2)=3x2—5x+2
=5 35 ——5x+(2-—y)=0
5+ 25412(y-2)
Xi=
6
Since x<0, g™ (x) = 5_+]2{
4 Before 11, y=3cosx
(b) n
Before 1, y =3cos(x + Z)
5 3% x3%x2"x2° =3" x3"
(a) 32.r x 2,\' B 34
3" 2% x3?
oo
32
3(b) | e =¢
2+x=4y
x=4y-2...(Q)

\9]



log, (x+2)=1+log, y

log, (x+2)

=log,2+lo
log, 4 g2 g,Y

%log2 (x+2)=1log,2y

(x+ 2)% =2y

Substitute (1) into (2),

4y—2+2=4y°

4y(y-1)=0

Since y #0 as it would make log, y undefined.
Thus y=1 .. x=2

6 4x  2(2x+1)-2 2
- — :2—
@ | 2x+1 2x +1 2x+1
6 —d—[2xln(2x+])]=2]n(2x+])+2x( 2 )
(1) | dx 2x+1
4x
=2In(2x+1
n(2x+ )+2x+1
6 Integrate both sides in (i1),
(iii) J'%[len(2x+l)]dx=J[21n(2x+1)+Z:ilex
2xIn(2x+1)+c=| 2In(2x+1) dx+j2:i] dx
2
:2jln(2x+1)dx+j2—2x+] dx
2xIn(2x+1)+c-[2- 2 dx=[2In(2x+1) dx
2x+1
2xIn(2x +1)=2x+In2x+1] +c=[2In(2x+1) dx
o [In(2x+1) dx=x1n|2x+]|-—x+%ln|2x+1| +c
7 . 9
Area of =| 0-(3-v2x)dx
(i) rea o1 region L_s ( \/_X)

'y



> : °
= —-(2x)2 —3x]
3 45

L= or-2)

{gost-mH <)

= _%(54\/5)—22%}

=18\/§—22-;-

(i)

Substitute 2y =x into :
§=3-\/§§
:>6—x=2\/—2;
=36-12x+x% =8x
=x2-20x+36=0
:>(x—2)(x—]8):0
=>x=2, 18 (N.4)
sy=1

A:(2,1)

(iii)

Area required =J:3—\/2x dx—%x2><1
1., 3T

=[3x—=(2x)2 | -1
[x 3! ‘)}

0

{2

1 3 2
:EX2XI+L 5(3—y) dy

8(i)

(x=1)"+)*+6y-16=0




(x=1) +(y+3)"-9-16=0
(x=1) +(y+3)" =25
Coordinates of the centre of the circle are (],—3)

and the radius is 5 units

8(ii -
o Gradient of CP = L JO
4-1 3
Gradient of tangent at P = -3—
PR S e i S Ve A WO S, S S P S W SN I
Equation of tangent at P is: : Alternatively, :
I Subx=4,y=-Tintoy=mx+c: |
3 I
y=(-7)=5(x-4) | 7=3+c=c=-10 !
3 I
: ionis y==x— [
y=3x—10 | Thus, equation is y 4x 10 |
4 meist s e e
8(iii) | If PQ is the diameter, then C is the midpoint of PQ.
Therefore i-+2—£ =1 and ke =-3
=>x=-2and y=1.
Thus coordinates of Q is (-2,1).

8(iv) | Let X be the centre of C,.If X lies on the circumference of C,,
then ZPXQ=90°. But ZPXQ=2/PRQ, thus ZPRO=45°.
Therefore, the centre of C, can lie on the circumference of C, .

9 i =) 3

@ \Rza+4—o)‘ +(3a-2) =45
4a’ +16a+16+9a” —12a+4=16(5)
132> +4a-60=0
(13a+30)(a-2)=0
a= =0 or a=2
13
(reject " a>0)

9(ii) ) 2_(_2) 1
Gradient of AD== 5 =-2. Hence gradient of AB= n
. Equationof 4B 1s: y = %x+ 2

93ii) | Given C = (b, 0)
0+2
2l l =>b=6
b-2 2

9(iv)

Midpoint of 4B, M (4,4)
Equation of perpendicular bisector of AB is: y—4=-2(x- 4)

= y=-2x+12
Subx=6, y=-2(6)+12=0

o



As the point satisfies the equation, point C lies on the
perpendicular bisector.

9(v)

Area of trapezium ABCD = —
2 -2 06 2

110 2 6 8 0
2

:%(36+16—(—12)—4)
1
—5(60)

=30 square units

10
(@)
(@)

(cos@ +sin @)
1+tan’ 0 +2tan @

B [cos 0(1+tan 9)]2
(1+tan0)?
= cos’@=RHS

LHS=

|
Alternatively

LHS=

]

i cos’ @ +sin’ @ + 2cosGsin &
| sin’@ _sin®

+2

-
|

I

I

]

|

|

1+— I
cos"@  cosé@ :
]

]

|

I

]

I

I

1

| _cos’@+sin’ @ +2cosOsiné
cos’ @ +sin’ @ + 2sin & cos &
, cos’ @

10
(@)
(ii)

sec’@ =2tanf +4

tan’ @ —2tanf—-3=0
(tan@—-3)(tanf+1)=0

tanf =3 or tanf=-1

a=1.249 or a:%

0=125.439 or @-= 37”, ’{Tﬂ (reject both ans)

10
(b)
0]

Area of shaded region, 4
1
=3 (5 cosO)(5 sinb) — ?cos2 2

25 25
=5 sin@cos @ =5 cos’ 0

25 . 20 25 (cos26+1
=7 sin20-7 —5

_ 50sin26-25c0s20 - 25
8

= 25(2 sin 26 —cos 26)

25

6



10 | Let 2sin26—cos26 =rsin(20-a)
83 =22 +P =45

tan =%:> a=26.5651°

A= 25‘/_ in (26-26.6°)— 23

Thus R = 252;/— and a =26.6°
10 ~
(b) Maximum 4 = M cm?
(iii)
11 1 , R
) 3 m(4x) (3x)+ m(4x)"h=9607x

1670°h = 9607 —16x°7

60
h=——x (proven)
g
:}) A=7(5x)(4x)+27(4x)h+7(4x)" (slant height of cone = 5x)
ii
=20mx” + wiali -8m? +16m¢?
x
= 480w +28m’  (proven)
X

11 dA4 4807
(iii) a =— x2 +56mx

— 4807 + 5670

— Q=0

x
P
7

x= s/% =2.05cm (2.0465)

h=12.3cm (12.28)

2
id-x?- = —96(3ﬂ + 567
X
2
df :———960”3+567r>0
x=2.0465 (2‘0465)

A1s a minimum.

th3
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2
Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax’ + bx + ¢ = 0,

=—binP—mw

2a

X

Binomial Expansion

n __ _n n n—l n n=232 . n n=ryr N n
(a+b)—a+]a b+2a b*+---+| |a""b" +---+b",
r

. . 1 ! =1)...(n—-
where 7 is a positive integer and - L = n(n ) (n T ])
r) ri(n-r) r!

2. TRIGONOMETRY

Identities
sinf A+cos’A=1 ..
sec’ A =1+ tan’ 4
cosec’ A =1+ cot’ 4
sin(4 + B) =sin 4 cos B+ cos 4 sin B
cos(4 = B) = cos A cos BF sin 4 sin B
sin 24 =2 sin A cos A
cos 24 =cos’ A —sin" A =2cos’ A — 1 =1 — 2sin> A
tan 24 = Sr—— ftthn?A
Formulae for AABC
a b c

sin A sinB sinC
@ = b+ —2becos A

A=lbcsinA
2



The acute angle 4 and obtuse angle B are such that tan 4 =% and 4 cos(A4+ B)=3sin(A4— B).

Without using a calculator, find the exact value of cos B.

(i)  Write down the first three terms in the expansion, in ascending powers of x, of (1+x)”,
where 7 is a positive integer greater than 2.

(ii) The coefficient of x* in the expansion, in ascending powers of x, of (1 +x)"(2—3x)4,
where 7 is a positive integer greater than 2, is 456. Find the coefficient of x.

The volume of a cube, ¥ cm’, is increasing at a constant rate of 5 cm’ per second.
Find the volume of the cube at the instant when the length of the side of the cube, x cm, is
increasing at 0.5 cm per second.

. 2x® =1 bx? + ¢ 3
Given that s 55 b g, where a, b and c are integers.
x’ —x x —x

(i)  Find the value of a, of b and of c.

2

(i)  Using the values of b and ¢ found in part (i), express b—j—j—% as the sum of 3 partial
x —-x

fractions.

W

(O, - 8)

The diagram shows part of a straight line graph drawn to represent the equation

y+ E = 5+/x, where k is a constant. Given that the line passes through the point (0, — 8) and

Jx

makes an angle 6 with the x-axis at point R, where 0° < # < 90°, find

(i)  the value of k and of 0,

(ii) the coordinates of R.

[Turn over

(h&

[3]

(1]

(4]

(3]

(2]



()

(i)

cot@ +1
cotfd—1

Prove that cot(% -0) =

Hence without using a calculator, show that cot ]—7% =2+4/3.

c(s,7)

A(-1,3) <]

The diagram shows a triangle ABC in which the coordinates of the points 4 and C are (-1, 3)
and (5, 7) respectively.

Given that AB = BC,

O

find the coordinates of B.

D is a point on the perpendicular bisector of AC.

(ii)  Find the equation of BD.
. d
(i)  Show that a;[ln(cos 4x)] =—4tandx.
d 4x d’y -
It is given that S & and { =ktan’ 4x.
dx 2 8 dx -
(ii))  Find the value of .

(iii)  Using the result in part (i), find y given that x =0 when y = 1.

The equation of a curve is y = (k—7)x” —8x + k , where k is a constant.

()
(i1)

Find the set of values of & for which the curve lies completely above the line y = 1.

In the case where k = 8, find the set of values of ¢ for which the line y = 2x — ¢ intersects
the curve at two distinct points.

(3]

(3]

(3]

[1]

(3]
(3]

(3]



10

11

12

o

xcm A

The diagram shows a rectangle OAPB inscribed in a quadrant of a circle of radius 5 cm.

The length of O4 is x cm.

1))
(ii)
(iii)

The equation of a curve is y = — In(3—ax), where a is a constant.

)
(ii)
(iii)

(@)

(i)

(iii)

Show that the area of the rectangle, 4 cm?, is given by 4 = x/25-x7.
Given that x can vary, find the value of x for which 4 has a stationary value.

Determine whether this stationary value of 4 is a maximum or a minimum. Hence find
this value of 4.

Find the value of a if the gradient of the curve at y=—1In 51s 2.
Find the value of a if the normal to the curve at x = 1 is parallel to the line 2x—y = 5.

In the case where a = 4, find the coordinates of the point on the curve where the
equation of the tangent to the curveis y = 4x — 2.

Find the turning point of the curve y = x* — 4x.

Sketch the graph of y =| x* - 4x I , indicating clearly the coordinates of the turning

point and of the points where the graph meets the x-axis.

Using your graph, find the number of solutions of the equation | x* —&x I =2—-mx

when

(b)

End of Paper

N | =

(2]
(4]

(2]

(4]
(2]

(2]

(2]

(3]

(4]



PLMGS (Secondary)

Additional Mathematics Preliminary Examination 2015
Secondary Four Express & Five Normal (Academic)
Additional Mathematics Paper 1 (4047/01) Worked Solutions

1. 4 cos(A+ B)=3sin(4—B)
4(cosAcos B — sin Asin B = 3(sinAcos B — cos Asin B)
2 1 1 2
4(—=) cos B—4(—=)sin B = 3(—=)cos B—3(—=)sin B
J5 J5 J5 J5
5cosB=—2sinB
tanB = 2
2
2
cosB=——
29
_ 2
29

OR

4 cos(A+ B)=3sin(4— B)
4( cosAcos B — sin Asin B = 3( sinAcos B — cos Asin B)
4 cosAcos B — 4sin AsinB  3sinAcos B — 3cos Asin B
cosAcos B - cosAcos B

4 —4tan Atan B= 3 tan4 —3tanB

1 1
4 —4(—)tanB =3(—) —3tanB
(2) (2)

tanB = —2
2
2
cosB = ———
V29
_ 2429
29



2.(i)

2.(ii)

(]+x)"=1+m+mx2+

2-3x)" =(2)* +42)° (=3x) + 6(2)*(-3x)* + ...
=16 —96x + 216x% +...

(+x)"(2-3%)" =[1 + nx+@x2 +..][16 = 96x + 216x% +...]

Coefficient of x*: 8n* —104n + 216 =456
n* —13n-30 =0
(n=15)(n+2) =0
n=15 or n=-2 (N.A)

Il

Coefficient of x = —96 + 16(15)

= 144

Volume of cube = [ ?)’

= 6.085806
=6.09 cm’ (3 s.f)

—96x +16mx + (8n% —104n +216)x2 + ...

N



. 2x? -1
4.(i1) ——3x——i—=£+£;+ &
X —-x x x x -1

Ax(x —1) + B(x — 1) + Cx?

Po® s’}

Letx =1, Cc=1

Letx =0, B=1

Coefficient of x*: A=1
-1 _ 1 1 1
x - x2 x x* x-1

5.0) yJx=5x—k

k=28
tan@ =5
6 =78.7°

5.(11) when y\/_ =0,
5x-8=0

148



6.(1) cot(%-@) = ]

T
tan(—-46
an(4 )

1+ tan%tané’

tanz—tane
4

1+ (1)tand
1—tan@
] +1
— tané
! -1
tan@
cot@ +1
cot@ —1

6.Gi) cot = =cot(Z - Z
12 4 6

T
cot— +1
6

cotz—l
6

/8
tan —

6
\/§+1‘\/§+]
\/5—1 \/§+]

34243 |
§=1

=2+3




7.G) Let Bbe (k, 0)
AB =BC
Jk+1)? + (=3)2 =(k=5)* + (=7
k*+ 2k+10=k*— 10k+ 74
16

k= —
3

1
B(5=,0
(5+0)

~

-3
+1

7.(1) Gradient of AC =

W N W

Gradient of BD = _%

Equation of BDis y-0= —%(X - %)

y=—%x+8 OR

2y=-3x+16

wn



8.(1) %[ln(co_s4x)] = ﬁ(—%m 4x)

=—4tandx
8.(11) El—2—})——1-—1(4sec24x)
' dx* 2 8
= l——1-(1+tan2 4x)
2. 2
1.,
= ——tan” 4x
2
k=t
2

8.(iii) [-4tandx dx = In(cos4x) + C

x tandx
yzj(E" 8 )dx

=1 +l-1j—4tan4xdx
47 '8 4

1 ., 1
= —x~ +—In(cosdx) + C
Y= gx tyyinleosdn)

Whenx=0,y=1,

1

iln(cosO) +C
32

C=1

| P |
= —x" +—In(cos4x) +1
= o o inieosiy)

6



9.) (k=T)x*-8x+k=1
(k=Tx? -8x+(k—1)=0

b?> —4ac <0

(-8)% — 4k - 7)(k —1) <0
64 — 4(k> -8k +7) <0
64 — 4k% +32k—28 <0
4k? —32k =36 >0

k? -8k—-9>0
(k-9k+1)>0

k <=1 OR k>9

And k—=7>0
k>17

Since k >7 AND k>9, .. k>09.

9.(11) y= x2 —8x+8
¥ ~8x+8 = Ix—e
x> =10x+8+¢=0

b* —4ac >0
(=102 =418 +¢) >0
c <17

1Y0)



10.(i) AP? = 5% —x?
AP = 25—xzcm
A= OAx AP

A=x25-x"

10.(ii) % = x -%(25 - x%) 2(=2x) + (25 - x¥)2 ()

1
= (25-x?) 2[-x? +25 - x7]
B 25 — 2x?

,[25 — 5

For stationary value of 4, % =0
_ 2
25 - 2x —0
V25 - x?
25-2x"=0
25
x=.[—
2
_ s 2
V2 2
_ W2
2

10.(111) For x < ﬂ, b >0
2 dx
For x> 32 U

. 2 : .. :
As x mcreases through é;— , the sign of % changes from positive to negative.

Stationary value of 4 is a maximum.

5v2
Stationary value of 4 = T\/_ 29 —[

)

2

:]21
2



11.4) y=-InB-ax)
g}i_ a
dx 3—-ax

Wheny=—In5, —In(3-ax) = —In5

3—ax =5

When x=—z,d—y=2,
a dx
a . PN
=E
a
a=10
11.(3i1) y=2x-5
Atx =1, Gradient of normal = —

_3—a
a
a
NG sena=4, Lot
dx 3-4x
4 —
3—-4x
1
x=—
2

From y =4x -2 ,y=4(%)—-2

=0

; . | .
Coordinates of point = ( 3 0)

3—a(l)




12.0) y=x(x-4)
For x-intercepts, y =0,
x=0orx=4

For minimum y, when x = 4+0
=2
y=2"-42)
= -4
Tuming point = (2, — 4)
12.(i1)
|t ax]
y=|x" —4x
(2,4)
o
e Shape

e Turning point
e x-intercepts

12.(111) (a) y=24+2x

2 solutions

12.Gi)) (b)  y=2 —é—x

3 solutions
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2
Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax® + bx + ¢ =0,

—b++b? —4ac

2a

x=

Binomial Expansion

(a+b)" =a" +(?Ja""b+[§)a"'2b2 +---+(n)a""b' o4 D",
r

nJ_ no n(n—l)...$n—r+l)

where n 1s a positive integer and = =
r) ri(n—=r) r!

2. TRIGONOMETRY

Identities
sin A +cos’ 4 =1
sec’ 4=1+tan’ 4
cosec’ 4 =1+ cot’ 4
sin(4 + B) =sin 4 cos B+ cos 4 sin B
cos(4 = B) =cos A cos B¥sin 4 sin B

A+t
fansk By SDATEN G
]+ tan Atan B

sin 24 =2 sin A4 cos 4
cos24 =cos’ A —sin* A=2cos’ 4 —1=1—2sin’ 4

2tan A4

tan24=———
l—tan” A4

Formulae for AABC

a b ¢

sin A sin B sinC

a = B+ —2bccos A

A=lbcsinA
2



In the cubic polynomial f(x), the coefficient of X is a, where O<a<1.

(i)  Given that the repeated root of the equation f(x)=0 is 1, write down an expression

for f(x).

(i) Find the value of a if f(x) has a remainder of 1 when divided by x and f(x) has a
remainder of —8 when divided by x + 3.

A triangle ABC in which AB = AC has its base BC of length (4\/_ - i) cm.

J3
(i)  In the case where the area of the triangle is (3\/5 23 ) cmz, find, without using a
calculator, the length of the height of the triangle in the form (a +b/6 ) cm.

(ii) In the case where angle BAC is a right angle, find, without using a calculator, the
square of the length of 4B in the form (c+ng) cm’.

(a) Giventhat In(p’q)=a and In( pg?)=b, express pq in terms of a and b.

(b)  Solve the equation log;(2x +1) +log; 3 = loge(x —2)* —log;(x —1).
3

A quadratic equation has roots @ and S, where a < f3.
(i) Giventhat aff=- % and o’ + ,32 = 5% , without solving for ¢ and £, find the
value of a — f3.

(i) Show that o’ — /3 :—11-;

(iii)  Find the quadratic equation whose roots are

153

[Turn over

(2]

(4]

[4]

[3]

(2]

(3]

(2]

[4]




4
A circle, centre C, has a diameter 4B where 4 is the point (-3, 2) and B is the point (5, 8).
(i)  Find the coordinates of C and the radius of the circle.
(i) Find the equation of the circle.
(iii) Show that the equation of the tangent to the circle at Bis 3y +4x=44.

(iv)  The highest point on the circle is D. Find the coordinates of the point at which the
tangents to the circle at B and D intersect.

P .o

The diagram shows a rod PQ which is hinged at P, and a rod QR, which is hinged at Q.
The rods can only move in the vertical plane as shown. The rod PQ can turn about P and is
inclined at an angle € to the vertical, where 0° <& <90°. The rod OR can turn about Q in
such a way that its inclination to the horizontal is also & . The lengths of PQ and OR are

3 m and 5 m respectively.

Given that R is x m from the vertical axis,

(i)  find the values of the integers ¢ and b for which x =acos@+ bsiné.

Using the values of @ and b found in part (i),

(i)  express x in the form Rcos(€ —«a), where R >0 and 0°<a < 90°.

(ili)  Hence state the maximum value of x and find the corresponding value of 6.

(iv)  Deduce, with explanation, the value of x when the rod PQ is inclined at 90° to the
vertical and the rod OR is inclined at 90° to the horizontal.

(4]
(1]
(3]

[2]

(2]

(4]
[3]



A curve is such that % =23x-2)(x-3).

(i)  Given that the curve passes through the point (0, 9), find the equation of the curve.

(i) The point (p, g) where p and g are integers, is a stationary point on the curve.
Find the value of p and of g.

(iii) Determine whether y is increasing or decreasing
(a) for values of x slightly less than p,
(b) for values of x slightly more than p.
(iv) What do the results of part (iii) imply about the stationary point (p, ) ?

2
(V) Find the value of icil-x% at the stationary point (p, g) and explain how this value

supports the conclusion that you have made in part (iv).

A particle travelling along a straight line is such that its displacement, s m, from a fixed

point O on the line is given by s= 1> —61> + 91 +18, where ¢ seconds is the time after
motion has begun.
(i)  Find the initial displacement of the particle from the fixed point O.

(ii)  Find the values of 7 for which the particle is instantaneously at rest. Show that the
particle returns to its starting position at one of the two instances of rest.

(iii) Find the total distance travelled by the particle during the first 4 seconds.

(iv) Find the minimum velocity of the paﬁicle.

¥y>

|Turn over

(2]

(3]

(1]

(1]
(1]

(2]

(1]

(4]
(3]
(3]



@

(ii)

On the same axes, sketch the graphs of y =2sin7+2 and y= %sini +2 for

0<t<4r. [4]

It is observed that the height, y m, above sea-level, reached by ocean waves on two
particular days during a time interval of 47 minutes can be modelled by
trigonometric functions. The function y = 2sinz +2 models the height of waves on

Day 1, and the function y = -;—sin-;- + 2 models the height of waves on Day 2.

With reference to the graphs that you have sketched in part (i),

(a) state the number of instances when the waves on the two days reached the
same height during the time interval 0 <7 <4 . Justify your answer. [2]

(b)  Which of the two days would have provided surfers with a more thrilling
experience of riding the waves at sea? Explain your answer. [3]



Begin y

10

E D F G

In the diagram, 4, B, C and D are points on the circumference of the circle with centre O.
EDFG is a tangent to the circle at D.

Given that AB = BG and DF = FG , prove that

(i) ABD is an isosceles triangle,
(i) DB*-DF?= %ADZ,
(iii) tnangle ADF is similar to triangle DCF,

(iv) GF? = AF xCF .

155
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d X 3x—-4
11 (a) Show that —( ): .
dx\ V3x-2 2\/(3)(_2)3 [3]

(b)

_ 8(3x-4)

The diagram shows part of the curve y =

J3x-2)}

The curve intersects the x-axis at the point 4. The line through 4 with gradient 3

intersects the curve again at the point B. The line BC is parallel to the x-axis.

(i)  Verify that the y-coordinate of B is 2. [5]

(i)  Determine the area of the shaded region bounded by the curve, the x-axis, the
y-axis and the line BC. (4]

End of Paper
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Worked Solutions
Qn | Working Marks Total Remarks
1 [() f(x)=(ax+k)(x- 1)2 where k is a constant Accept
21 | f(x) = (ax-k)(x-1)?
where k is a constant
(ii) By the Remainder Theorem,
f(0) =1
k(-1)2 =1
k=1
By the Remainder Theorem,
f(-3) = -8
(-3a+1)(-4)> = -8
-3a+l1= - 1
2
3a= 3 :
2
1
a= —
2
[4]
(6 m)

14
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Qn | Working Marks | Total Remarks
Alternative Solution:
1 |G) f(x)= a(x+k)(x—])2 where k is a constant
[2]
G fO) =1
a(k) (=12 = 1
ak =1 —memeeee- 1
@) f(-3) = -8
a(-3+k)(-4)? = -8
1
a(-3+k)= == -
( ) 5
1.
Subst. k=-— into (2):
a
a (— 3+ l) =- 1
.o a 2
1
-3a+1= ——
2
3a= 3
2
1
a= —
2
[4]

(6 m)

o
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Qn | Working Marks | Total Remarks
2 | (i) Let the height of the triangle be A cm.
l(4«/’—1)(11) =3J2-23
2 V3
3
2= ) =33 =28
( ﬁj( .
(2v2=3)(h) = 3W2-243
o 842 ~2J3
272 -3
_ 3J2-23 y 22 +43
WD =nf3  BJTaal3
_12+3J6-46-6
(2V2)? - (+/3)?
_ 6-6
83
_8_1p
55
. Height of triangle = é—l 6 cm
e £ 55
[4]
(i) By the Pythagoras Theorem,
AB? + AC? = BC?
AB? + AB?> = BC? (- AC = AB)
2AB? = BC?
2
1 6
AB? = - 4f——)
(-
] 3\]°
=2 |2 9.0 -
12225
= 2(242-+/3)?
= 2(8-4/6 +3)
= 2(11-4V6)
= 22-8J6 cm®
[3]
(7 m)

(5]
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Mathematics Department

Working

Marks

Total

Remarks

Alternative Solution:

(i) In nt—Zd AABC,

sinAACB=£
BC
smdsrm 28
42 - -
J3
1
AB= ——x(42-243
5 ( )
=4-6
AB? = (4-+/6)?
=16-2(4)(6)+6
= 22—8\/8 cm’




Paya Lebar Methodist Girls’ School (Secondary)

Mathematics Department

Qn | Working Marks Total Remarks
3 (@  I(pPg)=a - (1)
In(pg*) = b --eeeeee )
(1)+Q2):  In(p°q)+In(pg®) = a+b
n(p’¢) = a+b
In( pq)3 =a+b
3In(pg) = a+b
a+b
In(pg) = —
3
akb
pg=ce?
[2]

Alternative Solution:

In(p’q) =a = p’g=e€"

]n(pqz) =b = pq2 =

(P’q)(pg*)=e" xe

b
(pq)3 =ea+b
a+b
pg=e?




Paya Lebar Methodist Girls” School (Secondary)

Mathematics Department

Qn | Working Marks Total Remarks
3 | (b) logs(2x+1)+log; 3 = logg(x—2)* —logs(x—1)
3
_ ¢
logs(2x +1) + 2833 _ ]°gl3(x 92) ~log;(x—1)
10g3§ 0g3
logs(2x +1)—logs 3 = logs(x —2)* —logy(x—1)
_7\2
log3(2x+]) = Jop (x=2)
3 x—1
2x+1 _ (x-2)
3 x—1
QCx+D(x-1) = 3(x-2)?
232 —x—1=3(x’—4x+4)
x> =11x+13 =0
(=1 =112 —4(1)(13)
2
MERIES)
2
x =135 or 9.65 (03 s.f.)
(reject, as x > 2)
~x = 9.65
[5]
(7 m)




L Lgl

v —
o -
C
[~ =
z ) 8
()i
go
(g-0)-(g-20)
go
F-g+o-p
go 0 g

g-Dg+- 0w Zg’—l+[—zv

I . ()
f————  IS1001I MapN (T
[l
7 =

4 v (e
(712
[go+(, g+ 0))g-v) =
((F+go+ o) g-0) = -0 W)

[e]
(0>g-»0 ..) g—=g’-—v
¥ _
ST
(A
[ 2
gor-(,g+ 0)=
g +got— 0= (g-0)
14
Ezzg’+zp
%—=gv M| ¥
SJIBWY [®ioL SYIBIA] : Sunjrops | ud) |

yuaunreda(g sanewayIB A (Arepuodag) [00YdS ,SHID) ISIPOYISJA Teqa| eAed
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Mathematics Department

Qn | Working Marks Total Remarks
2 _ _p2 2 _ 2 _ 2
‘ l© (a 1)(1 B Jz & -Pp -1+
B @ of
_ (@ +H-(ap)* -1
aff
2
5-]-—(—1) -1
-4 \2)
2
2
=-8
X . ... 2 15
". The required quadratic equation is x —7x~8=0.
(4]

(8 m)




Paya Lebar Methodist Girls’ School (Secondary) Mathematics Department

Qn | Working Marks Total Remarks
5 | (i) Diameter of circle is AB
where A=(-3,2) and B=(5,8)
Centre of circle, C = (_3+5 ,wj
> 2
= (1,5)
. . 1 2 2
Radius of circle = = [5-(3)])+@8-2)
= %,/64 +36
1
= —(10
2( )
= 5 units
(4]
Alternatively,
Radius of circle = /(5—1)? + (8—5)°
= 5 units
(ii) Equation of the circleis (x—1)? +(y—5)% =5
ie. x* +y2—2x—10y+1 =0
]
(iii) Gradient of AB = ——2
: 5-(-3)
=2
4
. 4
. Gradient of the tangentat B = — —
Equation of the tangent to the circle at B is given by
4
-8 =——(x-5
) 3 )
3y —8) = —4(x-5)
3y—-24 = -4x+20
3y+4x=44
[3]

160 9




Paya Lebar Methodist Girls’ School (Secondary)

Mathematics Department

Qn | Working Marks Total Remarks
5 | (iv) Highest point on the circle is D =(1,10)
Equation of the tangent at Dis y =10 -
At the point of intersection of the tangents,
3(10)+4x = 44
4x =14
x =3=
2
.. The tangents intersect at the point (3%, ]0)
(2]
(10 m)
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Mathematics Department

Qn

Working

Marks

Total

Remarks

() Inrt—zd APOT),
oT

sinf@ ==—

QT =3sin@

In t—-Zd AQRS,
oS

cosfd =—
5

0S8 =5cos @
x=08S+0T
=5cos@+3sinf

=acos@+bsin@

a=5 and b=3

(ii)) x=5cos@+3sind

= Rcos(d—a) where R>0 and 0°< a <90°

R=+5"+3?
=34
~5.83 (103 )

3
tana = —
p

a =30.96°
a=31.0°

. x=5.83cos(6—-31.0°)

[2]

[4]

Accept
x=+/34 cos(@-31.0°)

(41 1
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Mathematics Department

Qn | Working Marks Total Remarks
6 | (ili) Maximum value of x = NEY
~5.83
Maximum value is attained when
cos(8—-30.96°) =1
where —30.96° <8 -30.96° <59.04°
0-30.96°=0°
6 =30.96°
*@=31.0°
[3]
(iv) When €=90°,
x =5¢0s90° + 3sin 90°
=5(0)+3(1)
=3
[2]
Alternatively,
When 6=90°,
x =+/34 cos(90° —30.96°)
=+/34 c0s59.04°
=3.00
[2]
(11 m)

12




Paya Lebar Methodist Girls’ School (Secondary) Mathematics Department

Qn | Working Marks Total Remarks

7 | ® % =2(3x-2)(x-3)

=2(3x* -11x+6) -

y=IZ(3x2—]1x+6)dx

2
=2[x3—1—12"—+6x]+c

=23 -11x2 +12x+C
Since the curve passes through the point (0, 9),
9=0+C
C=9

Ly=2x-11x%2 +12x+9

[2]
- . . dy
(ii) At stationary points, a =0
2(3x-2)(x-3)=0
x= 2 or x=3
3
Since p is an integer, p=3
When x=3, y=23)>-11(3)2 +12(3)+9
=54-99+36+9
=0
~qg=0
[3]

1 §>




Paya Lebar Methodist Girls” School (Secondary)

Mathematics Department

Qn | Working Marks Total Remarks
7 | (iii) (a) For values of x slightly less than p,
let x=29
v 2[3(2 9)—2‘](2 9-3)
o 3 :
<0
. yis decreasing for x=p~ [11
(b) For values of x slightly greater than p,
let x=3.1
d—),—2[3(3 D-213.1-3)
o . ;
>0
-. yisincreasing for x = p* 11
(iv)
Value of x P p
Sign of ] — 0
dx
Slope \ /
-. The stationary point (3, 0) is a minimum point [1]
d2y
V) —5=2A3(x-3)+(Bx-2)]
dx
=2(6x-11)
dz_\'
When x =3, &?—=216(3)—]]]
=2(7)
=14
ince 9250 at x=3. hi
Since EX—Q >0 at x=3. this supports the
conclusion made in part (iv) that (3.0) isa
minimum point
[2]
(10 m)




Paya Lebar Methodist Girls” School (Secondary)

Mathematics Department

Qn | Working Marks Total Remarks
8 | (i) Displacement, s= 2 —6t2+9r+18
When =0, s=18
.. The initial displacement of the particle from O is
18 m ]
d
(ii) Velocity, v=—
dt
=32-121+9
When the particle is instantaneously at rest,
v=0
32 -121+9=0
2 —41+3=0
(t-D(-3)=0
t=1 or t=3
When 1=3,
s=(3)>-6(3)> +9(3)+18
=18
-. The particle will return to its starting position
when 1=3
(4]
(iti) When 1=0, s5s=18
When r=1, s=1-6+9+18
=22
When 1=3, s=18
When 1=4, s=(4)>-6(4)> +9(4)+18
=22
". The total distance travelled by the particle
during the first 4 seconds
=3x4
=12m
(3]




Paya Lebar Methodist Girls’ School (Secondary)

Mathematics Department

Qn | Working Marks Total Remarks
8 | (iv) For stationary value of velocity,
dv
b dr
6r—12=0
1—-2=0
=2
42
=6 (>0
dr
= vis minimum when 1 =2
Minimum velocity = 3(2)2 -12(2)+9
=-3 m/s
[3]
(11 m)
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Working

Marks

Total

Remarks

@

= <

W

-

D

W

()

; Zsini +

W

N

"G

S

Lo
)

0(.25; D.:

1.7

@) (a) Inthe interval 0 <t <4rx, the two graphs have

(b)

3 points of intersection, showing that there
were 3 instances when the waves on the two
days reached the same height.

Day 1 would have provided surfers with a
more thrilling experience of riding the waves
at sea.

Period of the waves in Day 1 is half of the
period of the waves in Day 2, showing that
for Day 1 there is an additional cycle between
the greatest height and the least height of the
waves within the same time interval.

In addition, the amplitude of the waves in
Day 1 is greater than the amplitude of the
waves in Day 2. showing that the rise and
drop in height of the waves in Day 1 is
greater.

[2]

[3]
(9 m)

164
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Mathematics Department

Working

Marks Total Remarks

Qn
10

E

(i) ZADG =90° (tan L rad)
OB /I DG (Midpoint Theorem)
ZLAOB = ZADG =90° (comr. ZLs, OB/IDG)

Since OB is the perpendicular bisector of AD,

AB=DB
= ABD is an isosceles triangle

(ii) In rt—2d AADG,
AG? -DG? = AD? (Pythagoras Theorem)
(2AB)? —(2DF)? = AD? (given AB=BG and DF = FG)

4(AB? - DF?)= AD?
4(DB* - DF?)= AD? (from (i), AB=DB)

. DB* - DF? :%ADZ

@iii) In AADF and ADCF ,
ZDAF = ZCDF (Tangent-Chord Theorem)

ZAFD = ZDFC (Common angle)
.. AADF issimilarto ADCF .

(Two pairs of corresponding angles are equal)

(iv) Since AADF and ADCF are similar.
DF _ AF
CF  DF
DF? = AF xCF
- GF? = AFXCF (given, GF = DF )

[3]

[2]

[2]

(2] (9 m)

18
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Qn | Working Marks Total Remarks

11 | (a) i( al )
dx\ +v3x-2

-

1 1
(3x—2)2(1)—x‘%(3x—2) 2(3)

(V=2 )’

1
%(3)(—2) 212(3x-2)-3x]

3x-2

6x—4-3x
3
2(3x-2)2

B 3x-4

B 2J(3x-2)

3]

(L5




Paya Lebar Methodist Girls” School (Secondary)

Mathematics Department
Qn | Working Marks Total Remarks
11 | (b) (i) AtA, y=0,
8(3x—4) _0
J3x-2)°
3x-4=0
4
xX=-
3
Equation of the line AB is given by
4
-0=3| x——
g ( 3)
y=3x-4
At the points of intersection of the curve and the line AB,
8Bx—4d 3.4
(3x-2)°
B ) . oo
J(3x—2)
(Bx—-4) ——8— -1 (=0
J3x-2)3
3x—4=0 or 2 -1=0
(3x-2)°
8 -1
(3x-2)°
(3x-2)° =8
(3x-2)° =64
3x-2=4
x=2
AtB, x=2.
When x=2, y=3(2)-4
¥=d
The y-coordinate of B is 2
[5]

20



Paya Lebar Methodist Girls” School (Secondary)

Mathematics Department

Qn | Working Marks Total Remarks
11 y
_ 8(3x—4)
! J3x-2)}
)
]
I
]
I
- > x
2,0)
(b) (ii)) Area of the shaded region
2
8(3x-4)
= 2)() - j —dx
5 J3x-2)?
2
(Bx-4)
=4 - 16“‘ — = dx
4 3
3 24(3x—~2)
- x 2
=4 -16
_\I3x—2]‘_‘
3
.
=Aie J322 2
R
4 }
= 4 — 16| § — —=
| 32
= 3.0849
= 3.08 sq.units (to 3s.f)
[4]
(12 m)

LL 2]
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2
Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax’ +bx+c¢ =0,

_ —b*/b* -4ac

X
2a
Binomial Theorem
n n
(@a+b)"=a"+| |a"'b+| |a" B +...+| |a"b +
1 2 r
n ! -1)....... -
where 7 is a positive integer and = - n(n ]) (n T ])
r (n — r)r! r!

2. TRIGONOMETRY

Identities
sin” A+ cos’ 4=1
sec’ A=1+tan’ 4
cosec’A=1+cot’ 4
sin(4 + B)=sin 4 cos B+ cos Asin B
cos(4+ B)= cos Acos BF sin Asin B
tan A*tan B

1+ tan Atan B
sin2A4=2sin Acos A

cos2A=cos’ A—sin’ A=2cos’ A-1=1-2sin’ 4

tan(4 + B)=

I-tan” 4
Formulae for AABC
a b c

sind sinB sinC
a’> =b? +¢?-2bccos A

A= %bcsin A

..+ b"



3

Answer all the questions.

The acute angles 4 and B are such that sin(4+ B)= 0 and sinB = % .

Without using a calculator, find the exact value of tan 4. [3]
. 2x+16 .. o
It is given that y = , where both x and y are positive and vary with time.
¥—
Find the value of y when the rate of increase of y is twice the rate of decrease of x. (4]

+1

x
Express —————— in partial fractions. 4
3 (x+2)(x2 +4) r 4]
(i) Find the range of values of k for which the line y = x—k intersects the curve
y = ho(x+ 3) at two distinct points. [4]

(i)  Hence or otherwise, find the range of values of k for which kx(x + 3) >x—k forall

real values of x. (2]

Given that the first two non-zero terms of the expansion of (I —kx{l + g) are 1 and — gxz,

where n is a positive integer, find the value of k and of n. [6]

2 s P
. cos" x—sm° x l-tanx
(i) Prove that =

(3]

1+2smxcosx 1+tanx

2 a2
(ii) Find all the angles between 0° and 360° which satisfy M—x = 2 tan x. [3]
1+2smmxcosx 3

Itis given that f(x) is such that f’(x)=sin2x+ cos3x.

Given also that f(%) =0, show that f”(x)+ 9f(x): —% —%cos 2x. (6]

(48



4

Variables x and y are connected by the equation y =10""", where n and k are constants.
When a graph of 1g y is plotted against x, a straight line passing through the points (1, 2) and
(4,-7) is obtained.

Find
§)) the value of n and of %, * [4]
(i)  the coordinates of the point on the line at which y=10". (3]

The tangent to the curve y = xIn3x at point P(1,1n 3) cuts the x-axis at 0.
i) Find the angle that PQ makes with the x-axis. [5]
The normal to the curve y = xIn3x at R is parallel to the line y =5-2x.

(i)  Find the x-coordinate of R. [3]

The diagram shows a rectangular poster of area 825 cm’ with side margins of 2 cm and top
and bottom margins of 1.5 cm. The length and breadth of the printing area are x cm and

y cm respectively.

b 1.5 cm
N
xcm
<—> ycm <
2 cm 2 cm
v
1.5cm
(i) Show that the printing area, 4 cm?, is given by A= 825: -3x. [3]
X+

(ii) Given that x can vary, find the value of x for which the printing area is stationary. [4]

@(iii)  Explain why this value of x gives the poster the largest printing area possible. [1]

(i) Sketch the graph of y = ‘7)(— 2|, for —-1<x<2. [2]

(ii) Hence, find the range of values of x for which [14x - 4| >3x. [4]
(iii)  Using your graph, determine the number of intersections of the line y = mx +c¢ with

y= |7x— 2|, justifying your answer in each of the following cases.

(a) m=-7 and ¢ > 2, [2]
(b) m=7 and c<-2. (2]



12

Solutions to this question by accurate drawing will not be accepted.

y
A

C(-2,6)

o A(5,0)

In the trapezium OABC, the point 4 has coordinates (5,0) and the point C has coordinates

(=2, 6). The sides OC and AB are parallel, and BC is perpendicular to OC.

(i)

(ii)

(iii)
(iv)

1 1
Show that the coordinates of B are (25 R 75) ) [5]
OC is produced to D such that O4ABD is a parallelogram.
Find the coordinates of D. 2]
Find the equation of the perpendicular bisector of OC. [2]

E 1s a point which lies on the perpendicular bisector of OC such that the area of
quadrilateral OAEC is 15 units’. Given that the x-coordinate of E is positive, find the

coordinates of E. . [3]

END OF PAPER



Preliminary Examination 2015 Solution

Additional Mathematics Paper 1 (80 marks)

tan 4 =—

1
V15

Level:

Sec 4E

2 y=38

3 x+6 1
8(x* +4) 8(x+2)

yE
! k<% or k>1

i
! l<k<]
5

5 . n=6, k=2

61 S - cos? x —sin® x
1+ 2sinxcosx
B (cosx —sin xXCOSx+ sin x)‘

sin® x +cos’ x+2sin xcosx
_ (cosx—sin xXcosx +sin x)

(cosx+sin x)2
_ (cosx—sinx)
- (cosx +sinx)
cosx sinx

COSX COSX
cosSx Ssinx

COSX COSX
1-tanx

l+tanx
= RHS (shown)

611 S x=26.6°108.4°206.6°, 288.4°

7 f'(x)=sin2x+cos3x
f(x) = I(sin 2x+cos 3x) dx

=—lcos2x+lsin3x+c
2 3




Preliminary Examination 2015 Solution Level: Sec4E

fx)= —%c052x+§sin3x—%
1"(x)=2ces2x—3sin3x

f”(x)+ 9f(x)= 2cos2x—3sin3x+9(—%c032x+%sin 3x—é)
. 9 . 3
= 2c052x—3sm3x—50052x+3sm3x—z

=—g—écos2x (shown)
4 2

8i

k=5

8i1

Coordinates are (1.25,1 .25)

9%

0 =64.5°

91i

x=0.202

101

[x+@x2)]x[y+(1.5x2)]=825
(x+4)y+3)=825
_ 825

x+4
_ 825
x+4
825
A= -3
(x+4 )(x)
825x

A=——-3x (shown)
x+4

y+3

-3

1011

x=292 or -372 (N.A)

10 1m

d’4  -2(3300)
dx’ - (x+4)3
When x=29.2,
d’A_ —6600

dx*  (29.2+4)
=-0.181

2

Since - <0, this value of x gives the poster the largest printing area

dx
possible.

11

A (2,12)
)

(1,9

N

2

v
=

NEN)




Preliminary Examination 2015 Solution Level:

§517

Sec 4E

11 11a

1 intersection,;
- . &
Line parallel to L.H. arm cuts R.H. arm at only one point.

11 0 intersection;
11ib Line parallel to R.H. arm; for intersection, ¢ > -2.
12i mup = Moc
y=9_58
x—5 -2
y=-3x+15 -—--—-(1)
1
My =———
Moc
y-6_1
x+2 3
1 2
=—x+6—- ---- 2
y=3 3 )
; 1 2
Sub (1) into (2): =3x+15= §x+6§
3lx=8l
3 3
x=2l
2
1. 1
Sub x=2—mto(1): y=-32-[+15
2 2)
1
. = 7__
Y 2
Coordinates of B are (2%, 7—12—) (shown)
12 1
D(— 2 71)
22
12 111 1 1
=—x+3-
737773
12iv | Possible coordinates of E are (0.8,3.6).




Preliminary Examination 2015 Solution Level: Sec4E

Additional Mathematics Paper 1 (80 marks)

1 | sin(4+B)=0
sin Acos B+cosAsinB =0 ® M1: Addition

Formula
sin A(-\/l——s) +cos A(l) =0
4 4 M1: Find cosB

\[I_S_SinA+cosA=0

«/l_gsinA =—cos A
smA 1

cos A B \/G

tanAz—L

V15

2 2x+16
y:
x—1
dy _ (x-1)2)-(2x+16)1)
dx (x-—])Z
_ 2x—-2-2x-16

(x-1f

=“(x_])z M1

Al

18, M1

x=4 or -2 (N.A) ' M1

T y=8 Al




Preliminary Examination 2015 Solution

3 x+1 A Bx+C
Let = = Jra
(x+2)(x"+4) (x+2) (x"+4)

x+1=A(x* +4)+(Bx + C)x+2)

Sub x=-2: —2+1= d|(-2) +4

Level:

Sec 4E

M1

-1=84
a=-1
_ 5 ; M2
Comparing coefficients of x*: 0= 4+ B
B:l >_AnylZ correct
8 1 mark
Sub x=0:1=44+2C
2C=1—4(—1)
8
e N
4
1 +3
x+1 _ 1 +éx 4
(x+2)(x*+4)  8(x+2) (x*+4)
_ x+6 1 ]
8(x* +4) 8(x+2) A
4 | kx(x+3)=x—k
Joc? + 3k =1)x+k =0 Ml
2
(3]"’]) _4(k)(k)>0 Ml: b? —4ac >0
9k* —6k+1-4k* >0
5k —6k+1>0 M1: Factorise
Sk—=1Ak-1)>0
( ])( ) N
k<— or k>1
5
4 | (3k-1) -4k Xk)<0 MI: b* -4ac <0
(Sk-1)k-1)<0
<k<l Al




Preliminary Examination 2015 Solution Level:

=l4—x+———2x? —fx——x
18 3
=]+(_n__k)x+ E_(n_—l.)__ﬁl_(_ x2+
3 18 3

18 3 3
Sub (1) into (2):
3k(3k-1) 3k* _ 7

18 3 3
9k? -3k —18k* +42=0
9k -3k+42=0
3k +k-14=0
(Bk+7)k-2)=0

k:—21 or k=2
3
1. 1
Sub k=-2— nto (1): n=3(—2—)
3 3

n=-7 (N.A) .. Reject k =—2%

Sub k =2 into (1): n=3(2)
=6
~n=6,k=2

Sec 4E

M1

M1

M1

Ml

Al
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cos’ x—sin’ x

Level: Sec4E

1 1 .
:—*cos2x+§sm3x+c

f(z): -lc052(£)+1sin3(£)+c
6 2 6) 3 6

LHS = -
1+ 2sinxcosx M1: Factorise
(cosx —sin x)(cosx +sin x)
=== 3 - numerator
sm’ x+cos” x+2sinxcosx
(cosx—sin x)(cosx +sin x) .
= Y M1: Factorise
(cosx + sin x)
~ (cos JUSr. S x) denominator
(cosx +sin x)
cosx _sinx
_ COSX _CcOSx
cosx sin x
COSX COSXx Al: Divide by
_I-tanx oS x
I+tanx
= RHS (shown)
6ii | cos?x—sinx 2
—— <= AN X
1+2sinxcosx 3
I-tanx 2tanx
I+tanx 3
3-3tanx=2tanx+2tan’ x
2tan’ x+5Stanx—3=0
(2tanx—1)(tanx+3)=0 Ml
tanx = —
2
Basic £ =26.565
x=26.565,180+26.565 M- Find basic
OR angle (both
tan x = -3 correct)
Basic £=71.565
x=180-71.565,360-71.565
. x=26.6°108.4°206.6° 288.4°
Al
7 | f(x)=sin2x+cos3x
f(x) = _[(sin 2x +cos3x)dx
Ml




Preliminary Examination 2015 Solution

f(x)= —%coszx+l3sin3x_l

Level:

Sec 4E

12
7"(x)=2cos2x—3sin3x M1
f’(x)+9f(x)=2c032x—3sin3x+9(—%c052x+%sin3x—%
. 9 . 3 M1
:2c052x—33m3x~50052x+3sm3x—z
35
=—=——cos2x (shown
3y ( ) Al
8i ),':]()l"_"I
lgy:(k—nx)lglO
lgy=—-nx+k
_2-(=7) M1
1-4
=-3
-n=-3
n=3 Al
At (1,2), 2=(-3)1)+c Mi
c=5
k =5 A]
8il yp= 105—3‘( _____ (])
y=10" -—--(2)
Sub (1) into (2): 10°7* =107 M1
x=5-3x
4x=5
x=]-I—
1 3
Sub x=1- 1into (2): y=10"*
1 M1
y=17.783
lgy=1g17.783
=125
.. Coordinates are (].25,].25) Al




Preliminary Examination 2015 Solution

Level: Sec4E

i | y=xIn3x
? = x(-l-) +(In 3x)(1)
X x Ml
=1+In3x
At P(1,1n3), Q=1+1n3(1)
dx
=1+In3
At P(1,In3), y-1n3=(+In3)x-1) M1
y=(+In3)x-1
When y=0, (]+]n3)x:1
. 1
(1+1n3)
x=0477 Mi
Coordinates of Q are (0.477, O)
In3-0
tanf = ———
. 1-0.477 Mi
=2.0986
6 =64.5° Al
% Gradient of normal = - !
1+In3x
1
I+In3x M
]-Hn3)c-——l
2
]n3.7(:—1
2
1
3x=e? Ml
] R
x=—¢?
3
=0.202 Al
10i | [x+(2x2)]x[y +(1.5%2)]=825 M
(x+4)y+3)=825
p43= 825
' x+4
- 825 3 Mi
x+4




Preliminary Examination 2015 Solution

y :( 825 .

Level:

Sec 4E

x+4 Al
A= B2 _ 3x (shown)
x+4
10 | d4 (x+4)825)-(825x)1)
. | = ' 3 Mi
no dx (x+4)
_ 33»002 3
(x+ 4)
3300
———-3=0
(x+ 4)2 Ml
2
(x+4) =1100 M
x+4=%4J1100
x=292 or =372 (N.A) Al
10 1 274 -2(3300)
N P ey,
When x=29.2,
d*4  —6600
x> (292+4)
—ty B1: Show
2 d*A
Since - <0, this value of x gives the poster the largest dx’ <0
dx %
printing area possible.
11i y (2,12)
4 B1: V-shape graph
(-1,9) B1: Correct x- and
y- intercepts and
end-points labelled
2
> X
11| 14x-4|=3x
1
27x-2|=3x
3
]7.r—2|—§x MI
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Level:

Sec 4E

7x—2=—;—x or 7x—2=—%x M1
5—x=2 8§—x=2
. . 4 MI
11 17
. xsi or x=2—
17 11 | Al
11 | 1 intersection; B1
inia | Line parallel to L.H. arm cuts R.H. arm at only one point. B1
11 | O intersection; B1
i1ib | Line parallel to R.H. arm; for intersection, ¢ > —2 . Bl
121 | mp =mg.
y-0 6
= Mi
x-5 =2
y=-3x+15 - (1
1
Mye =——
Moc
y-6_1
x+2 3 Mi
1 2
=—x+6— ---- 2
¥=z > (2)
Sub (1) into (2): -3x+15=%x+6§ Mi
31.\':8~
3 3
X 2l
5 Ml
. 1
Sub x=2— mto (1): _v=-3(2—)+15
2 2
_v=7l
2
) 1 1
Coordinates of B are (25,75) Al
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Level:

Sec 4E

12 ox E 0+(-2) 0+6
;i | Midpoint of OC-——(———:(Z—), —2—-) M1
=(-1, 3)
Gradient of perpendicular bisector of OC = ————( 13)
1
3
At (-1, 3), y=3==(x+1)
1 1
=—x+3—~ Al
d 3
12010 5 x -2 0_ .
V2o y 6 0 M1
|5y +6x—(-2y) =30
7y +6x=30
7y +6x=30 ----- (1) or 7y+6x=-30 ----- (2)
3y=x+10 - (3)
From(3): x=3y-10 ----- (4)
Sub (4) into (1):
7y +6(3y—-10)=30 7y+6(3y-10)=-30 | Ml
25y =90 25y =30 '
y=36 y=12
Sub y=3.6 into (4): Sub y =1.2 into (4):
x=3(3.6)-10 x=3(1.2)-10
x=038 x=-64 [N.A]

Possible coordinates of E are (0.8, 3.6).

A1l [with rejection]

3




Preliminary Examination 2015 Solution

Additional Mathematics Paper 1 (80 marks)

1 sin(4+B)=0
sin AcosB +cosAsmB=0

sin A _\/1__5 + cosA[l)= 0
4 4

\[I_SSinA+cosA=O

\/l—gsinA =-—cos A4
smA 1

cos A - \/E

tanA:——l-

J15

Level: Sec4E

M1: Addition
Formula

M1: Find cosB

Al

2 2x+16
y:
x—1
dy _ (x-1)2)-(2x+16)1)
dx (x—l)2
_ 2x—2-2x-16

(x=1)

18

(x-1y
dy__,dx
dt dt
dy _dy dx
dt dx dt
b _dy ds

dt  dx  di
v_,
dx
18 __
(x-1)
(x-1 =9
x—1=13
x=4 or -2 (N.A)
When x =4,
:2(4)+16
4-1
Ty=8

Ml

Ml

Ml

Al
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Level:

Sec 4E

(Bk-1) - a(kXk)<0
(Sk-1)k-1)<0

l<k<1
5

3 x+1 A Bx+C
et . = +
(x+2)(x"+4) (x+2) (x"+4)
x+1=A(x? +4)+(Bx+ CYex +2) Ml
Sub x=-2: —2+1= A|-2) +4] ~
-1=84
A=
8 M2.
Comparing coefficients of x’: 0= A+ B ,
B=l |_Any 2 correct
8 1 mark
Sub x=0:1=44+2C
2C=1—4(—-1)
8
c=2 .
4
1.3
x+1 _ 1 N 8x 4
(x+2)(x* +4)  8(x+2) (x’+4)
__x+6 1 Al
8(x*+4) 8(x+2)
4 | kx(x+3)=x—k
Jo +(3k-1)x +k =0 M1
(3k—1)2_4(k)(k)>0 M1l: b? —4ac >0
9k* -6k +1-4k*> >0
S5k —6k+1>0 M1: Factorise
(5k-1)fk-1)>0
1 Al
k<= or k>1
5
4 Ml: b’ -4ac<0

Al




Preliminary Examination 2015 Solution

18 3

18 3
=]+(§—k)x+[n(n——])—ﬁ]x2 +

18 3 3
Sub (1) into (2):
3k(Bk-1) 3k 7

18 3 3
Ok* -3k -18k*+42=0
—9k*-3k+42=0
3k +k-14=0
Gk+7fk-2)=0

k=—2—1~ or k=2
3

Sub k=—21 into (1): n=3(—21)
3 3

Sub k=2 into (1): n=3(2)
=6
“n=6,k=2

n=-7 (N.A) .. Reject k= —2;

Level:

Sec 4E

M1

Ml

M1

Mi

Al
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cos? x—sin’ x

Sec 4E

f(zj = —1c052(£)+1sin3(£)+c
6 2 6) 3 6

LHS = -
1+2sinxcosx M1: Factorise
- (cosx —sin x)cos x +sin x)
= = - numerator
sin” x+cos” x+2Simnxcosx
(cosx—sin x)(cosx+ sin x) i
= Y M1: Factorise
(cosx+ sin x)
~ (cos ¥=5in x) denominator
(cosx +sin x)
cosx _ sinx
_ COSX _€OSX
cosx  sinx
COSX COSX Al: Divide by
1-tanx
e cosx
1+tanx
= RHS (shown)
611 | cos’x—sin’x 2
— = —tanx
1+2sinxcosx 3
I-tanx 2tanx
1+ tanx 3
3—3tanx=2tanx+2tan’ x
2tan’ x+5tanx-3=0
(2tanx—1)tanx+3)=0 M1
1
tanx = —
Basic £ =26.565
x=26.565,180+26.565 M1 Find basic
B OR angle (both
tan.r = -3 correct)
Basic £ =71.565
x=180-71.565,360-71.565
. x=26.6°108.4°206.6°, 288.4°
: Al
7 | f'(x)=sin2x+cos3x
f(x)= j(sin 2x+ cos3x) dx
1
=——c052x+—]—sin3x+c Ml




Preliminary Examination 2015 Solution Level: Sec4E

2
__1 Ml
12
1 | 1
x)=——cos2x+—sin3x— —
f( ) 2 3 12
f"(x)=2cos2x~3sin3x M1
f"(x)+9f(x)=2c052x—3sin3x+9(—%c032x+%sin3x—%
. 9 . 3 M1
=2c052x—3sm3x—5cos2x+3sm3x-z
3 5
=—-———cos2x (shown
3 3 ( ) Al
81 y:]()k—n.r
lgy = (k - nx)lgl0
lgy=-—nx+k
_2-(7) M1
1-4
=-3
-n=-3
n=3 Al
At (1,2), 2=(=3)1)+c Mi
c=5
k:5 A]
8" y= 105—3x _____ (])
y=10" - (2)
Sub (1) into (2): 10" =10" M1
x=5-3x
4x=5
x:]l
4
1. )
Sub x=1—mto (2): y=10"*
4 M1
y=17.783
lgy=1g17.783
=1.25
.. Coordinates are (1.25,].25) Al
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Level:

Sec 4E

=1+In3x
At P(1,In3), YD1y In3(1)
dx
=1+In3
At P(1,1n3), y—1In3=(1+In3)x-1) M1
y=(+In3)x-1
When y=0, (1+In3)x=1
.
(1+m3)
x=0.477 M1
Coordinates of Q are (0.477, O)
tan&:ln_:s_i M1
1-0.477
=2.0986
6 =64.5° Al
ou Gradient of normal = — ]
1+In3x
1
C1+In3x Mi
]+ln3x=l
2
lnf’u(:—l
2
R
3x=e? M1
1 1l
x=—e?
3
=0.202 Al
10i | [x+(2x2)]x[y +(1.5%2)]=825 M1
(x+4)y+3)=825
y+3= Ly
' x+4
- 825 _3 M1
T ox+4
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Level:

Sec 4E

10 | dA _ (x+4)825)—(825x)1) "
i) ax (x+4Y M
_ 3300 3
(x + 4)Z
3300
——=3=0
(x+4) MI
(x+4) =1100 Mi
x+4=31100
x=292 or -37.2 (N.A) Al
101 424 -2(3300)
mo o . 4)3
When x=29.2,
d’4 _ -6600
dx*  (29.2+4)
=181 B1: Show
2 d’A
Since - < 0, this value of x gives the poster the largest 7 <0
dx dx
printing area possible.
i y (2,12)
4 B1: V-shape graph
(-1,9) B1: Correct x- and
y- intercepts and
end-points labelled
2
> X
2
7
1T 14x-4)=3x
11
2|7x-2|=3x
3
|7X_2l25.\' M
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Level:

Sec 4E

5—x=2 8§—x=2
4 -~} Mi
11 17
8 xsi or x2—
11 Al
11 | 1 intersection; Bl
itia | Line parallel to L.H. arm cuts R.H. arm at only one point. B1
11 | O intersection; Bl
iiib | Line parallel to R.H. arm; for intersection, ¢ > -2. Bl
12 | m,p =mgc
y-0_ 6
= e Mi
x-=5 =2
y=-3x+15 ----- §))
1
Mg ==
Moc
y-6_1
x+2 3 Mi
1 2
j=—x+6— ----- 2
y=3 5 (2)
Sub (1) into (2): —3x+]5=%x+6§ Ml
3lx = 8l
3 3
x-?.l
) M1
1. 1
Sub x=2— mto (1): y:—3(2—)+15
2 2
y:7l
2
. 1 1
Coordinates of B are (25, 7—2—) Al
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12 L. 0+(-2) 0+6
;i | Midpoint of 0C=(——g——), —2—) Mi
=(_]’ 3)
Gradient of perpendicular bisector of OC = —(L?,)
-
3
At (-1, 3), y—3=%(x+])
1 1
Y 3x 3
120105 x 2 0
M oi20 0 y 6 o v
|5y +6x—(-2y)=30
|7y +6x]=30
Ty+6x =30 ----- (1) or Ty+6x=-30 -—-(2)
3y=x+10 -—--- 3)
From (3): x=3y-10 -—--- 4)
Sub (4) into (1):
7y +6(3y-10)=30 7y+6(3y-10)=-30 | MI
25y =90 . 25y =30
=36 y=12
Sub y =3.6 mnto (4): Sub y=1.2 into (4):
x=3(3.6)-10 x=3(1.2)-10
x=08 x=-64 [N.A]
Possible coordinates of E are (0.8,3.6). A1l [with rejection]
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax’ +bx+c=0,

Binomial Theorem

n __ _n n n-1l n =232 n n-ryr n
(a+b)" =a" + . a" b+ 2 a” b’ +...+| @b +...+b
r

where n is a positive integer and( ) = n = n(n - ]) """" (n T 1) .
r) (n- r)r!

2. TRIGONOMETRY

Identities
sin” 4+cos’ 4=1
sec’ A=1+tan’ 4
cosec’A=1+cot’ 4
sin(4+ B)= sin Acos B+ cos Asin B
cos(A+ B)= cos Acos B ¥sin Asin B
tan 4 ttan B

1+ tan Atan B
sin2A4=2sin Acos A

cos2A=cos’ A—sin’ A=2cos’ A-1=1-2sin’ 4

tan(4+ B)=

]1-tan® 4
Formulae for AABC
a b e

sin 4 —sinB_sinC
a’> =b? +¢?-2bccos A

A= %bcsinA



1

3

Answer all the questions.

Section A (59 marks)

The diagram shows triangles ABC and BCD whose vertices lie on the circumference of a

circle. The chords BD and AC intersect at E and AC is parallel to FG. FG is a tangent to the

circle at B.
D
4 £ 5 C
F B G
Show that
(i) ABCD is similar to ABEC, [2]
(i) BC’=BDxBE, [m
(ili) AABC is anisosceles triangle. [2]

A company buys an engine at a cost of $120 000. The value of the engine decreases with time
so that its value, $V, after r months is given by

V =120 000e™™,
where k is a positive constant. The value of the engine is expected to be $75 000 after 30
months.

(i) Calculate the value, to the nearest $100, of the engine after 20 months. (4]
It is only economical to replace the engine after its value reaches 5 of 1ts original value.

(ii) Determine, with working, whether it is economical to replace the engine after 40

months. (2]

(a)  An equilateral triangle has sides (3 + \/7) cm in length. Find, without using a
calculator, the area of the equilateral triangle. (3]
(b) A cuboid of volume (30+ ]2\/5) cm’ has a base area of (4 - 2\/5) cm?. Find, without

using a calculator, the height of the cuboid. [3]

€3
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(a) Solve the equation log3(2x—1)—1510g3 (x* +2)=log, 5. [5]

(b)  Evaluate log,32xlogg p. [3]

It is given that f(x)= 2x> +ax’ +x+b.

a

()  Find the value of @ and of b for which 2x” + x —1 is a factor of f(x). 4]
(ii)  Solve the equation f(x)=0. [2]
I 3 a, 1 .
(iii) Hencesolve —x" +—x" +—x+b=0. [2]
4 4 2 .

A curve has the equation y =(2x +2)v2x—1.

d kx
(i) Show that A , where k is a constant and state the value of k. [4]
dx  J2x-1
Gy H aluate | E__ [4]
i ence evalua -~
5 242x-1

The diagram below shows an experimental setup where a weighted spring is released from a
stretched position and follows a periodic up-down motion. The length of the spring, / cm,
during the experiment is modelled by the equation, / = acoskt+16, where a, k are constants,

and 1 is the time in seconds after releasing the weight from the lowest position.

20 cm

Highest position

Lowest position

The length of the spring is 20 cm when the weight is at its Jowest position and it takes 2
seconds for the weight to move from the lowest to highest position.

(i) Find the value of a. [1]

i)  Show that the value of k is % 2]



10

5

(i)  Find the length of the spring when the weight is at its highest position. [1]
(iv)  Sketch the graph of /=acoskt +16 for 0<t<4. [2]
v) Find the time interval which the length of the spring will be longer than 18 c¢cm for

0<t<4. 3]

(a)  The equation of a curve is y = x’ +4x” + kx+3, where k is a constant. Find the set of

values of & for which the curve is always an increasing function. [4]
(b) A curve with equation in the form y=ax+ % has a stationary point at (3, 4), where
: x

a and b are constants. Find the value of a and of b. [5]

Section B (41 marks)

Begin this section on a fresh sheet of paper.

The equation 3x” +kx+3=0, where k>0 has roots @ and f. A second equation

3x’ —2x+3=0 hasroots &’ and af3’.

(i) Show that a’ + p’ :g. [3]
()  Find the value of k. (3]
(ili)  Form an equation whose roots are o® and f°. [3]

The diagram shows part of the curve y = 2sin(2x + 7) — 1, meeting the x-axis at the points 4

and B.
¥
A
X
B
(i) Find the x-coordinate of 4 and of B. [4]

(i)  Find the total area of the shaded regions. 8 "3 [6]



11

12

6

A particle, travelling in a straight line, passes a fixed point O on the line with a speed of

2 ms”. The acceleration, a ms™, of the particle, ¢ s after passing O, is given by a =—4e™" .

@) Show that the particle comes instantaneously to rest when ¢ = —ln% :

(ii) Find the total distance travelled by the particle between 1 =0 and 1 =2 .

(iii)  Find the average velocity of the particle during the first 2 seconds.

(4]

(6]
(1]

A circle, C}, passing through the point 4 (4, 8) has the same centre as another circle C;. The

equation of C, is given by x> + y* —16x-10y+5=0.
(i) Find the equation of C;.

AB is a diameter of C;.
(ii) Find the coordinates of B.

(iii)  Show that the equation of the tangent to C; at Bis 3y =4x—42.

The lowest point on the circle C; is D.

(iv)  Explain why the x-axis is a tangent to the circle at D.

v) Find the equation of another tangent to circle C; passing through the origin.

END OF PAPER

[3]

[3]

(1]
[2]
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Additional Mathematics Paper 2 (100 marks)

s

2i
2ii V =64124.098
It is not economical to replace the engine after 40 months as
the value of the engine has not reached half its original value
of $120000
3
: Area of equilateral triangle = %(&/—5 +3v21 ) cm’
3b Height of cuboid =48+ 273 cm
4a x=35 or x=-1 (rej)
4b
log,32xlog, p= l%
b=-2
a=5
50
" x=—orx=-]or x=-2
51 x=lorx=-2 or x=-4
61 k=6
611 13 3x
——dx =26
‘L 2v2x-1
71 a=4
711 k= L4
2
7111 Length of string = 12 cm
T [/ cm
207
SN |
] - 1 —
: : t/s
0 2 4
v

Timeimerval=0$1<g or 3%<1S4




Mid-Y ear Examination 2015 Solution

Sec 4E

Level:

8
e k> 51
3
8b b=12
8 L 3
a=—
9
7 a’+f = 2
3

9ii

k= —ig- (N.A.) or ﬂ_g

3 3

9iii

Equation: x’ - 2—9—6 x+1=0
M x coordinate of 4 = Z—;[ , x coordinate of B = ]lﬂ
1011 Shaded area=4.38 unit’
11 1

t=-In—
111 Total distance travelled=1.77m
11iii | Average velocity=-0.271m/s
121 Equation: (x—8)" +(y—5)* =25
12ii | Coordinates of B = (12, 2)
12v . 80

Equation of tangent: y = % X




Mid-Year Examination 2015 Solution Level: Sec 4E

Additional Mathematics Paper 2 (100 marks)

DC altemate set to)
ZBCE = ZCBG (alternate angles, AC//FG)

-

4BDC = Z/BCE Ml
ZCBD = ZEBC (common angle)
Since the corresponding angles of the triangles are equal,
ABCD is similar to ABEC Al
i Since ABCD is similarto ABEC
BC _BE BI
BD BC
BC’ = BDx BE
liii ZBDC = ZBCE (from (i)) ZCBG = ZACB (alt £)
£ZBDC = ZBAC (£ insame seg) or ZCBG = ZBAC (alt seg) | M1
£BCE = ZBAC ZACB = Z/BAC Al
AABC is an isosceles triangle. AABC is isosceles.
2i 75000 =120 000e Ml
]né =-30k
8
k= _1 In 3 M1
30 8
After 20 months
i J% T
V=120 OOOe{ % 8} Ml
=87720.53215
= 87700 Al
211 {-,'— InS)MO)
V =120000e * ** * MI
= 64124.098
It is not economical to replace the engine after 40 months as
the value of the engine has not reached half its original value
of $120000 Al
3a Area of equilateral triangle
1 .
=5(3+\/7)281n60 Ml
~1or6v7+7 ' ‘
2 2 M1
-~ 63 +6421)
=%(8\/§+3\/2—])cm2 Al

186




Mid-Y ear Examination 2015 Solution Level: Sec4E

Height of cuboid
3041243
T 4-243 M
_30+1243 44243
T a-23  4+28
_120+108V3+72 -
16-12
=48+27V3 cm - Al

i log3(2x—l)—%]og3 (x* +2)=log,, 5

]0g3(2)c—])—%]og3(x2 +2)=% M1

2log,(2x—1)—log, (x> +2) =1
log,(2x-1)* —log, (x* +2) =1
2

g3 ((3; +12)) =1 M
(2x-1)° _3
(x*+2)
4x’ —4x+1=3x"+6
x’ —4x-5=0
(x+D)(x-5)=0 M1
x=5 or x=-1 (rej) Al
4b log,32xlog, p

M1

_ log, 32 N log, p
log, p log,8 MI
log, 2’

= @ M1

3.2 Al
8 3

51 2x2+x—l=(2x—l)(x+l)

(2x—l) and (x+]) are factors

(i
£y (3 .




Mid-Year Examination 2015 Solution

Level:

Sec 4E

—+—a+—+b=0

4 4 2

a+4b=-3 ———(1)

f(-1)=0 .

2(=1) +a(-1f +(-1)+b=0 Ml

—-2+a-1+b=0

a+b=3 ---(2)

(1)-(2): 3b=-6 M1

b=-2

a=5 Al
5ii flx)=0

2x° +5x2 +x-2=0

(2x? +x-1)x+2)=0 Mi

(2x-1fx+1)x+2)=0

x=% orx=—] or x=-2 Al
o1 lx3+£x2+lx+b20

4 47 2

Let x=2

1e ) }; 1 M

—2y) +=0yy +-(y)+b=0

7 2v) +5 @) +5 @)+

2y’ +ay’ +y+b

From (11), y=% or y=—lor y=-2

x=]lorx=-2or x=-4 Al
6i iy ] r :

a=(2x+2) E(2x—1)'(2) +(2x-1)'(2) M1

= (2x-1) " {2x+2)+22x 1)) .

=(2x- 1)“: {6x}

_ 6x

A 2x—1 Al

k=6 Al




Mid-Year Examination 2015 Solution

Level:

Sec 4E

6n 13 3
L =[(2x+2)\/2x—1£ -
13 1 3
—~ :—(2x+2) 2x -1 Mi
I A e s 221
13 x ]
(28)\/_5 (12)V/9 Ml
=26
T 20=acosk(0)+16
a=4 Bl
7
1 2_71r=4 Ml
k
/1
k=5 A]
7iii Length of string=20-8 =12 cm Bl
Tiv mw B1 — correct shape
\ B1 — correct values
20’
\ __________________
12}----------==
t/s
0]
Tv
4cos£t+]6=]8
2
T 1
coS—1=—
2
Basic angle = cos'll
sic angle 5 M
2 3 3
Y Al
373
L 2 1 Al
Tlmemterval=OSt<g or 3§<t$4




Mid-Year Examination 2015 Solution

Q=3x2+8x‘+k
dx

aﬁ(a’ +ﬂ2):§
](az +ﬂ2): %

2
ad+p ==
P 3

M1
. . dy
For curve to be always increasing, a always > 0 M1
b’ —4ac<0
64—-4(3)(k)<0 Ml
1
k>5=
3 Al
8b dy  2b
& e Ml
dy
Atstat. pt. —=0
2b
a—?=0
Sub x=3, y=4
2b
@y T MI
2b
a=— ---(1
> (M
Sub x =3, y =4 to equation of curve
b
4=a(3)+—
) 3? M1
36=27a+b ---(2)
Sub (1) to (2):
36=2b+b Mi1
b=12
o248
27 9 #l
9 aff =1
5 3 2 M1 — either one
a prap ‘g correct

M1

Al




Mid-Y ear Examination 2015 Solution

Sec 4E

Level:

3
_38
3
8
(a+ﬁ)1=§ M1
_2fe 26
3
_k_26  2J6
2 3 3
k=—i/§- (N.A.) or 1[6— Al
3 3
i SOR=a*+p
=(a+,3)(a2—a,8+,87)
_(_2de 3_1)
3 3 Mi
_2J6
9
POR.=a’p’
=(ap)
=(1) =1
., 246
Equation: x° — x+1=0
9 Al
101 2sin(2x+7)-1=0 M1l
1
sin(2x+ ) =—
( ) 5
a:sin-llzz M]
2 6
Vg T
x+mr==, 71—-—, —+27, A-—+27
TS T 6 6 MI
st _a Ix
12 127 127 12
x coordinate of 4 = % , x coordinate of B = Hz Al




Mid-Year Examination 2015 Solution

Shaded area |

1%

VL4
- jon 2sin(2x+ 7)1 dx+ [2 2sin(2x + 7)1 dx
12
7 x
=-[-cos@x+7) - x]t}z + [— cos(2x+ ) — x];,f
12

Level:

Sec 4E

M2 — 1 for limits, 1
for expressions

M1 —int. sin -> cos
M1 — times 1/2

=—[-2.69862-1]+ [ 2.01377- (-2.69862)] M1
=438 unit? Al
113 v=j—4e" dt
=4e" +¢ Ml
Whent=0,v=2
2=4¢"+c
c=-2 Mi
v=4e" -2
At instantaneous rest, v =0
4" -2=0 Mi
o1
e’ =—
2
t= —lnl Al
2
1 s=j4e" —2dt
s=—4e™ -2t+c M2
Whent=0,5=0
0=—4¢"-2(0)+c¢ M1
c=4
s=—4e”"' -2t+4
Distance travelled before instantaneous rest
) f
_ 2) ol 4t
=—4e 2( In 2) +4 M
=0.61371
Distance from instantaneous rest to 2s
_ -
=0.61371— (- 4e™® -2(2)+4) -
=0.61371-(-0.54134)
=1.15505
Total distance travelled
=0.61371+1.15505=1.77m Al
11m Average velocity
Bl

- ﬂ]}ﬁ =-0271m/s




Mid-Y ear Examination 2015 Solution Level: Sec4E

Centre of C; =Cemrof C,= 5)
Radius of C;=+/(8—4)> +(5-8)* =5 M
Equation: (x-8)% +(y-5)* =25 Al
12ii | Coordinates of B = (8+4,5-3) Mi
=(12,2) Al
121 -
n Gradient of normal at B= S5=2 = 3 Mi
8-12 4
Gradient of tangent =§
Equation:
y—2=§(x-12) Ml
4
y= 5 x—14 Al
3y =4x—42 (shown)
12iv | Centre is at (8, 5) and radius is 5
The lowest point D is at (8, O) and the circle touches x-axis at
D. Thus x-axis is a tangent to the circle at D Bl
12
Y tand = >
o _ )
tan26 = tan2 = ; Mi
l—tan” @ 1 (5)
8
_ 50
39
Equation of tangent: y = %x Al
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Secondary 4
CANDIDATE
NAME
CLASS ' INDEX NUMBER
ADDITIONAL MATHEMATICS : 4047/01
Paper 1 Tues 30 June 2016

2 hours
Addltional Materials: Wriling Paper

READ THESE INSTRUCTIONS FIRST

Write your name, class and index number on the work you hand in,
Write in dark blue or black pen.

You may use an HB pencll for any dlagrams or graphs.

Do not use staples, paper clips, highlighters, glue or correction fluid.

Answer all the questions,

Write your answers on the writing paper provided,

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal In the case of angles in
degree, unless a different level of accuracy Is specified in the question,

The use of a scientific calculator Is expected, where appropriate.

You are reminded of the need for ¢lear presentation in your answers,

At the end of the examination, fasten all your work securely together,
The number of marks is given in brackets { ] at the end of each question or part question.

'The total number of marks for this paper is 80.

This document consists of 6 printed pages.
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax? + bx + ¢ = 0,

5 ~bx b —4ac
2a ’

Binomial Theorem

(a+b)"=a"+(';)a"‘ b+ (;) d’"b’+...+(")J"b’+-...+b",
r

where n is a positive integer and n] SO S (ol VR Ul )
r (n=r)ir! rl

2. TRIGONOMETRY
Jdentilies

sinf A +cos®A=1

sect A=1+tan* 4

cosec? A=1+cot’ 4
sin (4 % B)=sin 4 cos B £ cos 4 sin B
cos (4 # B)=cos A cos B *F sin 4 sin B
tan A tan B
l¥tan dtan 8

sin24=2sinA cos A
cos 24 =cos’ A —sin* A=2cos? A~ 1 = | - 2 sin* 4
2tan 4

l-tan® 4

tan (4 & B) =

tan 24 =

Formulae for AABC S
a, b ¢
sind sinB sinC

a* = b2+~ 2be cos A

&=L besin g
>

4047/1/Sac4Prelims 1'15
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3

Find the range of values of & where k = 0 if the roots for the equation
o & (k = 2)x +4k =0 arereal,

A particle moves along the curve y=6+ —l,- such that the y-coordinate of the particle
x

is decreasing at a constant rate of 0.04 units per second,

Find the rate of change of the x-coordinate when x = 2,

(4]

[4]
Given that fl [j(x) B l]dx =§, evaluate
3
M [/, [2]
" ) =}
) [0+ 0dx= [T/ +1dx. [2)
(i)  Write down the first three terms in the expansion, in descending powers of x,
l 7
of |2x=—|, 3
( § 3x) (3]
i
(i) Hence find the coefficient of x*in the expansion of (x’ + 2{2:— -3'—-) . (2]
X
Given that the roots of 2x* +3x-6=0 are 2a+ B and 2 +a, find & quadratic
equation whose roots are @ and S. (6]
[Turn over
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4

A bowl of hot soup was left to cool such that ¢ minutes later, its temperature, H°C,
is given by H =25+70e""!, where k is a constant.

When ¢ = 2, the temperature of the soup is 80°C. .
(i) Show that k= 0,1206. [2]
(if)  Find the time taken for the soup to reach 40°C, (2]
(i) Explain why the temperature of the soup reaches 25°C after a long time, | [
(iv) Sketch the graph of H against 1. (2]
(8) If @**b* =a""b’, prove that (2+x)Iga = xlgb. (3]
(b) Solve (2log,x + 5)log, x =3, ) [4]
The diagram shows part of the curve y = In x and a tangent to the curve at x = &
which also passes through the point (0, ~1).
YA
y=lnx
0 %
S
(i)  Find the equation of the tangent. (5]
(i) Write down an inequality for m if the line y = mx ~ | where m >0
(n) intersects the curve exactly 2 times, (1]
(b) does not meet the curve, (1]

4047/t /SecAPrelims 1'15
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X
P
A
B
Q
Y
The diagram shows points A, P, B and Q lying on a circle with diameter 43,
The tangent to the circle at B meets AP produced at X and AQ produced at Y.
(i)  Prove that triangle APB is similar to triangle ABX,
Hence express AB? in terms of AP and AX, (4]
(i) Express AB* in terms of AP and PB. [(r]
(iii) Using your answers in (i) and (ii), show that PB* = AP x PX., (2]
7
~N
0 " x
The diagram shows part of the curve y = x’. Points P and R lie on the x-axis.
The line OR intersects the curve at Q(2, 8). QP is perpendicular to the x-axis.
Given that the ratio of the shaded aren to the area of triangle POR is 2: 5.
(i)  Find the shaded area. (3]
(i)  Find the coordinates of R, [{3]
(iity Determine whether QR is the normal to the curve at Q. (4]
[Turn over
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The tidal height, y metres; at a jetty on a particular day can be represented by
the equation
y=1.6+14cos(kr)
where f is the time in hours after midnight and & is a constant.
The time between the first high tide and the next high tide is 14 hours.
() Show that k = i_;-

(i) Find the minimum'tidal height for that day and the time it first occured.

(ilf) For how long between the first high tide and the next high tide was the tidal
height at most 1 m high?

2
Given that 4x +13x 0% l==a:c-o-b-o-—T'E-tE—-—,
X' +x-2 X +x-2

(i) find the value of each of the integers a, b and ¢.

Hence, using partial fractions and the values of a, b and ¢ obtained in part (i), find

. 4x’ +3x* - 8x~1
(")I 2+x-2 dx

End of paper

1]
(3]

(5]

(4]

(6].

4047/11SecAProfims 1'15



Answers
I. --2~sk$—2-,k==0 -

3 L
2. 0.16 units/s
3.(i 4 i) 8

) Jar 148 RV
4(') 128x -TX +—3—-.\’ Fpsennes (li) =224
5. x4+ vl-x —-l= 0
2
6.(i)) 12.8 min (iv) H 1\
9s

28 henowasonsaresmenses
> !
2b) x=—=or 3
27
8.3y y=x-1 (iifa) 0<m<l1 (B)ym>1
9() AB'=APxAX
10.() 4units? (i) (4.5, 0) (iii) OR is not the normal to the curve at Q.
11.Gi) 0.2 mat 7 am (i) 5.03 h
e——xz3 B 25t x> “Zynix—
12.(i) 4x~-1+ G- (i) 2x x+3!n(x+2) 3In(:c D+c

404711/SecAPrelims 1°15 t 15
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2015 Sec 4 Prelim | Add Maths P1 Coa b
No. . Solution Remarks
1 (k = 2)! - 4(k)(4k) 2 0 Ml Correét sub for
discriminant
& (5k=2)(=3k-2)20 '
(Sk-2)3k+2)50 M1  Factorise
—g-sks-z-,kato Al
3 5
Total | 4 m
2 Q__‘_Z_ M1
dx X
=y & _dy dx
=2 2 pacal
Atx e X ”
_004-_-__2..,(51"_. ! MI Zc}nwnhsub
’ 2 d Bl -;;-:-0.04
& _0.16 Al
dl
Rate of change of x = 0.16 units/s
Total [dm
3() , . . M1 For splitting
[redx= [ () +1de-[1ax
=8-[x]f,
=4 Al
3(it) M1 Change signs &
3 1 s
[/ +1dex [ rx)+ 1k Hmits
= s(x)+1ax
Total |4 m
. Y v (Tl 1Y (e of 1Y
4(i 2x-—| =(2x) + 2x)’| = — |+ 2x) | -— M1
0 (x BxJ (%) (1 ) 3x) (2)(;:)( 3x)
128 i‘@. s 321 Y B2 Expansion
3 i
— 1 mark for each
error
4(ii
) &’ +2)(128x’ —ﬂx’-f-z-z-ix’ ..... J
coeﬂ:Z(—ﬂ +.ggi Ml
3 3
=-224 Al
Total | Sm
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y J i"l'y:a‘; (.‘:'v.a. ;“»6 \'-:M-‘; .l\"o-_J 1;':“ 3.,‘0' l.’-.—;" V(\l‘ a;:i.tl i s Yor
2015 Sec 4 Prelim 1 Add Maths P1
No. Solution Remarks
3 2a+p+2ﬁ+a=~% Ml Findsum=-—b-
a
a+/3=-l ¢
2 Bl
Qa+ pY2f +a)=-3
4ap +20° +2a +af =-3
Ar2l . d M1 Find prod= <
saf +2(a + B) ~2a8)=-3 a
1
op =-3-z(— -;-) M1 Using (a + B)*
o Bl
aff = >
1 7
23
X' t=x-==0 =
Equationis 2 AL/ must=0
Total
6(i) | 80=25+70e" M1 Sub/=2, H=80
- _ 35
T
2k =in2 M1 Take In both
70 sides & result
k = 0.1206
6(ii) | 40=25+70e >
Goner 13
70
-0.1206t = |n.l..5. M1 Using In on both
70 sides _
({=12.8min Al or 12 min 46 scc
6(iif) | Asrbecomes very large, 70¢™ approaches zero, Bl
So the temperature reaches 25°C after a long time,
Gl sha
o o
Gl 95,25 seen
p1] T
> !

7m

Total




2015 Sec 4 Prelim | Add Maths Pi

7(a)

an'l ol aJ-x = bh +bh
axd-)or - bh-h
(4+2x)Iga=2xlgh

(2+x)lga=xgb

M1 Group/Rearrange

M1 Indices or log law
B1 Taking !g on both
sides and result

7(b) 2a* +5a~3=0 M1 By sub to get
Leta= log, x (@+3)2a-1)=0 quad eqn
1
=-3 =2 Bl
a or a=
i
logyx==3 or log,x:i
x=e o x=43 AL Al
Zl
Total| 7m
8(i) dy | M1 Differentiate
lde x
dy 1
= k'-—- 2—y= In k
0T
1
)""“k:‘k‘(-"'k) M1 Find eqn at x=k
-1=-’k-(0)-l+lnk M1 Using (0,-1)
ink=0 Bl wvalueofk
k=1
Egnofigt: yex-1 Bl
80D 1 @yo<m<1 B1 / accept
m <their grad
Bl facupt
(B)ym>1 m >their grad
* their grod must
be >0
Total | 7r

204K Ser d Add Mathe Prelime 1 P{ MS

XL B BT BN A e



2015 Sec 4 Prelim | Add Maths P1

No. Solution Remarks
(i) LPAB= £BAX (Common angle) Bl
ZAPB =90° (£ in semi circle) Bl
ZABX =90°  {tangent perpendicular to radius) Bl
So AAPB is similar to AABX.
4B _AX
AP AB
AB' = APx AX B1
o(ii) By Pythagoras Thm,
AB' = AP + PB’ Bl
9(iii) | AP*+PB*=APx AX M1 Equating (i)
PB? = APx AX — AP
PB} = AP(AX ~ AP) M1 Factorising seen
. PB? = AP x PX (shown) & result
Total 7 m
100) | Shaded Area = [ xdx B
=[P = C M1 correct integration
4[;: ﬁ = dunits Al
10(ii) | Areaof triangle PQR = 10 units’ Bl
1
-2-xPRx8=IO MI use
PR=2.5 area/discriminant mthd
R(4.5,0) Al
10(iii) | gradientof QR=-3.2 Ml
@ =3x?
222 La12 BI
dx
Since grad of normal = —Tli- # gradient of OR, M1 grad of nonmal
So QR cannot be normal to curve at Q. B1 correct conclusion
Total | 10 m
145

7015 Qe 4 Add Mathe Pralime 184 MQ ..
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2015 Sec 4 Prelim | Add Maths Pl
No. . Solution Remarks
T
no |2z_,, M1
k
n
: =2 (sh
7 (shown)
11(11) - M1 soi
cos(—~1)=-l
7
Minimal tidal height = 1.6 +1.4(-1)
=02m B1
Al7 am Bl or 0700
11(i Ml F &=1
) 1.6+1.4cos(£r)=1 | Famis
7
cos(%r) = -0,42857
Basic angle = 1.1279
%::2.0137. 4.2695
1=4.4868, 9.5132 b1 BY
M1 2™ ans~ 1" ans
Duration = 5.026 h Al
Total | 9m
12(i)
Ax -1 x—3 M1 use long div .
(x+2)(x=1)
AJ value of a,b,c
12(ii) x=3 _ A + B MLl correct PF
(x+2)(x~1) x+2 x-1
x=3= A(x~ 1)+ B(x+2) Mi
x= I.B = __% w A1l Both answers
x=-—2,A=—5-
3
fax-1 S
3(x+2) 3(x-1) M1 first 2 terms
R ) 2 Ml both In (...) seen
=2x x+3ln(x+2)—-51n(x-l)+c Al 4o soon ;
[ooddx (-1 markif dx
missing)
Total | 10 m
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READ THESE INSTRUCTIONS FIRST

Write your name, class and index number on the work you hand In.
Write in dark blue or black pen,

You may use an HB8 pencll for any diagrams or graphs.

Do not use staples, paper clips, highlighters, glue or correction fluid,

Answer all the questions.
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Give non-exact numerical answers correct to 3 s!gnlﬂcant figures, or 1 decimal In the case of angles in
degree, unless a different level of accuracy Is specified in the question,

The use of a sclenlific calculator is expected, where appropriate,

You are reminded of the need for clear presentation in your answers.

At the end of the examination, fasten all your work securely together.
The number of marks Is given in brackets [ ] at the end of each question or part question.

The total number of marks for this paper is 100.
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Mathematical Formulae

'1. ALGEBRA
Quadratic Equation )

For the equation ax’ + fin g 0,

-bi*sz~4ac

Btnomial Theorem

(@a+b)'=d+ [’;)a”" 'b+[2) d"’b2+...+(")¢f"b’+...+b",
: '- r

nl_ n(n=N...(n-r+l)

. e n)’
where n is a positive integer and ( ) =
oA

2, "r;l'ucouommy

Identities
sm A+cos A=1
sec2A=l-\-tan A
oosecA I+cotz.4
sm(A:!:B)ﬂsmAcosB:kcosAsmB
cos(A:tB) t:osAcosB:FsmAslnB
tan A+ tan B
tan (A4 B) =
L *,) 1Ftan 4tan B
sm2A 2smAcosA
cos 24 =cos? A ~sin* A=2 cos’ A~ 1= 1 =2 sin? 4
tax{ZA= 2tan';4
[—tan® A
Formulae for A4BC
a b ¢

sind sinB sinC
a*= b+ c*—2be cos A

A= -l-bcsinA
2

LY

40 ralims?* g
47/250c4Prelims1'15 [Tum over



(3+443)cm

N
7 O

N
>
(7+243)cm

The diagram shows a trapezium ABCD in which 4B = (7+243 ) em and
DC=(3+ 43 ) cm. AB and DC are perpendicular to CB, Given that the area of the
trapezium is (14 + «/ﬁ) cm?, find the exact valve of CB in the form of (a + bv3) cm.

A B

(4]
A function has an equation where
4-
fix)= ]?( X) ,x <4,
*
(i)  Obtain an expression for [ "(x). (3]
(i)  Showing full working, determine whether ['is decreasing for x <4 ¢, (3]
(i)  Sketch the graph ofy =[2x~1|-3. (2]
(i)  Explain why the minimum value is = 3. ' (1)
(i) A liney= kx, where k > 0, is drawn on the same axes with the graph of
- y=[2x~1|~3, Find the range of values of & for which there is only one
point of intersection. (m
(i)  Prove the identity 2 COS_ZA i cos' Lk =cotl A. (4]
2sin2A4+sin A
(i)  Hence, solve the equation . cos‘6x+ cos: R S for0<sx< . {4]
2sin6x+sin3x
404772SecAPrelims1'15 ' "
{Tum over




It is given that sin A= -—IJ?- . wher’e’A"i:;i.s ari‘iic\igc.aﬁgle; Without using a calculator,
@ . findtan4. % ' 2
Given further that tan (4+B) =2, whcrc B xs an acute angle, "
i) find the exact valuc of an B.. g (4}
(i)  Sketchthe graph of y= 2;:2 oF %> 0. . f1}
(i)  On the same diagram, skelch"ghc gra'pl_x of y= Sx’ forx> 0. 1
(ii)  Find the x-coordinate of ,th;: Qbidﬂbf: _ihterseclion of your grap'hs. [2j
(i)  Differentiate xtan® x .w'it‘h respccttolx i = 13
AT v
() Showthat [¥tan’ xax =02146.. " [4
(i)  Hence, find L';x tanxsec? xdx. . ,j. . (4]
Given that f{x) = 2x* + ax*+ bx - 3, where q and b are constants, has a factor of
x -3 and leaves a remainder of - 20 when dmded byx+1, :
find the value of gand of b,  *~ . (51.
4047mSerAPraImsHS
g '.:__' ‘T'f. .
el [Tum over



The points A(3, 0) and B(9, 6) lie on a circie C; such that the x-axis is a tangent to the
circle at A.
()  Find the equation of the perpendicular bisector of 4B. [4)
(i)  Hence, or othenwise, find centre of the circle Cy and the radius. {3]
(i)  Show that the equation of the circle is x* +y* — 6x = 12y + 9 =0, 2]
Another circle Cs is fonmed afier circle C) is being reflected in the fine x = 8,
(iv)  Find the cenue of circle Cs. (1}
(v} Explain why the point (12, 9) lies within circle C;. (2]
10

The diagram consists of a parallelogram ABCD and a rectangle APQD. .

It is given that CD = { m and that the angle CBF = 60° and angle CFA = 90°,

The rectangle has sides AP = x m and PQ = 3x m.

The perimeter of the diagram is 10 m.

(i)  Express/in terms of x and show that the area of the diagram is

15V3
31~ 243} +S—;/.-xm2. 3]
(i)  Given that x can vary, find the value of x for which the arca has a stationary
value, (3]
(iti)  Determinc whether this value of area is a maximum or a minimum. (2]
404712SecAPrelimsy'15 '
[Turn over
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The variables x and y are connected b¥-the eguation y = ax + & , where @ and b aré'
gied Py 2

constants. Experimental values ofx and y were obtained, A graph is drawn in which
xy was plotted against #%. The straight line which was obtained passed through
the points (1, S)and (3, 11), =~ .

Find

@) the value of @ and of b, "..,' N [4)

(ii)  the coordinates of the poini on the line at which y=—x+ bl . 4]
s X ’

A particle travels in a straight line, so that ¢ scconds after passing through a fixed point

0, its velocity, vms™, is given by v= 22 . 2 .The particle comes to instantancous

1 +2)?
rest at £. Find
() the \}aluc of t when the particle is at instantaneous rest, - {3)
(ii) distance OP, : | _ (4]
(i) distance travelled for the :ﬁrSt 8 seconds, [2]
(iv)  the acceleration of the-pz;r_ti_clc:at t= 8 seconds. [3}
‘ R -m?msfd.Premnsrw Ll-é
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A
13
Tm
183m
g D
] 9
C : B
A playground is to be built in the shape of the figure shown in which ADC is a straight
line and angle E4B = angle DCB = angle EDC = 90°, The length of A£ is 7 m and AB is
18 m. The angle ABC is 6, where 0°<8<90°.
The perimeter of the playground is given by L m.
0] Show that L can be expressed as p+ g cosé + r sind , where p, g and r are
constants to be found, * (3)
(i)  ExpressL in the form p+ Rcos(6~-a), where R > 0 and a is an acute angle.(4]
(iii) Given L=351m, find 6. (2]
(iv)  Find the maximum value of the perimeter and the corresponding value of €. [3]
End of paper
1y-26+1643
2') |- 11’)(4 -:-zx)
(x~4)
3)
Yy A

Ny
0.5, -3)

3ij) Since
Rx-120,
x-1-32-3

4047/21SecAPreiimsi’1S
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Min value is =3
i) k22
4ii) x= 0.0658,,1.1 1,2.1%

SiylanAd = : . . kS
5ii) tan B

6i) y ﬂ\

.ulu."""‘

|
(y=2x3

N‘v-

(i y=

L
3"

> X S

6il) x=8 © B

7i) tan? x+2x tan xsec® x PURT I B

7ii) 0.2146 ’ BRI AS S

7iif) 0.285 : RN

a=-38 SRS

8) .o
b=1

9i) y==x+9

9ii) Centre is (3,6)

Radius =6

9v) (13,6)

%iv) JTH < radius 6

(12.9) lies within circle

10§) [ =5-4x

10ii) x = 0.879

2

105ii).‘-3x—;‘1=6(1-2~/§)<0 =
maximum SEY By "
i)a=3,b=2

o g b T
1) (=,— w1

) (2 2) . S
12i) 1 =2,~6(rej) R
12 OP=4m

126i) 11.2m
12iv) a = ~0,064 m/s?

13ii) L =25+ 764 cos(8 ~ 66.25°) |
13ii)) 84.1°,48.4°

13iv) 6 = 66.3°,426.3°(rej), Max =25 + J74 52 3m-

7 TR

. 4047/2ismpr_,omhs1‘15.

mes ooty | s v re
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Marking Scheme 2015 Prelim Add Mathematies P2
No Solution Marks Remarks
B Use of
: 14+ 2= L7423 +3+43)CB i Cusrect g raperum s
2 formula or
e TR 243 w3= W3 M1 rationalise gRisewite
S+3J3  5-33
70 - 4243 + 1043 - 6(3) M1 simplify surds | (topand
= bottom)
25-9(3)
=-26+163 cm Al L
~ 4 marks
2(i) -1 MI use of quotient
(x-4)-‘i-—-;-ln(4--x)(l) .| rute
Fx) = o) B1 diff. In(4 — x) -1
_1-In(4-3) correctly :c ;_nx
(x~4) Al
2(ii) x<4-¢
Y4 ¢ —g ) M1 knowing to show
f'(x) +ve and -ve
4-x>e
In(4 -x)>Ine ;
In(4-x)>1 MI manipulate
1-In(4d-x)<0
S SU(x) <0 B1 correct
[ is decreasing conclusion including
stating ()% is +ve
6 marks
331
ST correct
y 1\ shape/symmetrical
B1 vertex and y-int
: / - seen
N -
-2
(0.5,-3)
3(ii) Since B1 with explanation
l2x-1] 20,
x~1-32-3
Min value is—=3 "
3(iii) Gradient of R.H, arm =2 gD
k2 Al
4 marks

Page 1
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Marking Scheme 2015 Prelim A_d'd-:Mgthemaﬁcs rn
LI '. I ..' S
No Solution " - Marks Remarks
4(i) LHS " ]
_2(2cos’~1)+cos A+2 s i Bl c;oxble angle for
B : : or’ M cos
e ST AtdAriEnd . R Bl double angle for
_ Acos A+CcosA sin 2A
sin A(4cos 4 +1) S
cos A(4COS A+ l) M1 factorise both
= sin A cos A+ 1) Bl B4 cord
— sind |
4(ii) cot3x =S5 Bl
1
tan3x = 3 M1 reciprocal of
cot3
15 =0,19743.339,6.481 * .
x=10.0658,1,11,2,16 A2 - 3 correct Ans must
Al -2 correct be in rad
8 marks
5(i) an A = 1 M1 use pyt thm to Must
T find length show
Al working
5(i1) tan A+tan B =2
1-tan Atan B B1 use of tangent
1 formula SOI
—+tan B
2= ] M1 subst tanAd
l-—tan B
5 an
2—tanB=-1-+tanB M simplify
2 :
tan 8= :::- Al
6 marks
6i)(ii) y 4 '
Bl With
label
Bl ,
Shape
must be
correct
Must
touch
origin
6(iii) |2 ,;. 5
—xl - Zx > . . .
3 E M1 simplify indices
x'=6
x=+6 Al mustrcj—\/g ﬁ

Page 2
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Marking Scheme

2015 !’rellm Add Mathematics P2

No Solution Marks Remarks
n , 4 marks
i . . M1 use of pdt rul
10 i—xtan’x: tan? x + x(2tan x)sec’ x = disf;c:a:zx e _—
and 2 correctly seen
=tan’ x+ 2xtan xsec” x BI presentation E 4
&
7(i1) L1 [ M1 use of identi
: L‘ tan’ xdx = fsec’ x - ldx Bl integrate sccg
' . M] evaluate
= [tan x = x]§ integral(must show
=D.2HE sBulwr)&ccmation E
(0.214602) P B [
(i) . L]
L‘ tan? x + 2x tan x se¢’ xdx = [xtan? x]§ B1 work backwards | ECF
L L |
fotanxsec‘ xdx = [xtan® x}¢ —Etan’xdx M1 make subject
. - ] v
=0.7854 - 0.2146 - °"‘;“(’f‘°. i
- show subst)
Ex tan x sec’ xdx = 0.285 '
' ' Al (min 3sf)
11 marks
8 f(3)=203)’ +9a+3b-3 B1 13) = Oith
0=51+9a+3b subst
~17=3a+ b......(1)
Bl {(~1)= =20 with
b
et w3 subst
-20=-5+a-b
~15=a-b.urd(2) M1 solve sim
a=-8 Al Al
b=17
S marks

L

Page 3




Marking Scheme 2015 Prelim Add Mathematics P2
No Solution Marks Remarks
9(i) Midpoint of AB = (6, 3)
. Bl
Grad AB=1
M1 find grad. of
Grad of perpendicular bisector=~1 pe_:rpendxcular
' bisector
Y T o
y=3=-Ux=6) M1 form eqn
y=-x+9
Al o.e.
9(ii) Let centre be (3, &) Use
k=-3+9 _ Ml find y-coord of | other
: : : centre mtd such
Centre is (3,6) LT ~y Al as
Radius = 6 , . Al distance
o) | (x~3)1+(y-6)' =36 Coae el B! scen ECF
' ' - ' M1 expand and
2 2 =
X"ty "61"“2)’1"9—-0 simplify
3wy | (13,6) TR Al
50| et ot (12.9) be M. Let centre of Czbe 0.
- — 6 +(12-13)? St M1 find distance
i ‘[(9 @ _+ U249 B! comparison made
=10 < radius 6 and conclusion seen
(12,9) lies within circle
12 marks
10(i) Sx+3x420=10 Al
/=5~4x
Area = 3x* +3xsin 60°(5 - 4x) Ml ﬁn;i area of
al) am
2 B B parallelogr
=3¢+ 15 ——12x" — e
2 2 " |Blsin60= “=seen
2 \[5 T ) 2
=3(1-23)x +15 - ST
10(ii) M1 attempt to diff.
U2 fyer1sd G
dx 2 -
_d4 g N
At stat value, o B1 dA _ 0 seus
x=0.879 , : d
Al
10(i1) | g4 M1 know 2%
e i 6(1-243) <0 derivative or sign »
maximum test ;
Al :
8 marks
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Marking Scheme 2015 Prelim Add Mathematics P2
No Solution Marks Remarks
11(1) xy=axl+b B1 manipulate into
grad s 3 . grad-intercept form
X5 4 M1 using correct
x} -1 subst
xy=3x"+2
a=3,b=2 ALAI
LG | xy==x?+4..0) M1 use similar eqn
oyl
xp=3x+2..(2) M1 solve
Aol simultaneous eqn
2
-
V=3
17
- AlLAI
(2. 2)
- 8 marks
12(i) 32 220 Bl
(r+2)
P =i M1 solve eqn
1 =2,~6(rej) Al
12(ii) o 32 32
5= (,+2)1"2d e e M1 integrate (ok if | Give
Att=0,s=0,¢c=16 no +c) marks if
32 use
S=——E-2+16 . definite
! Bl integral
Atr=2, I:
Ol s M1 find distance
(sub t=2)
Al
12(iii) | Atr=38, M1 () +2(4) scen
§=-3.2m
Distance=32+4+4=112m Al
12(iv) ___ 64 M1 Knowing to
T2y differentiate

Att=8, a=-0.064 m/s?

B1 acc expression
seen

Al

12 murks

Page 5
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Marking Scheme ... 2015 Pretim Add Ma__th'cmatics P2 ,
No Solution . . - Marks Remarks
13(i) L=T7+18+18cos@+7siné +18siné —7cosd
=25+ 11cos 6 +25sin 6§ . B1,B1,B1
13¢ii) it i = _ﬁ_ Bl
a = 6625° Bl
R=4146 B1 /764 or 27.31
L =25+ 764 cos(6 - 66.25°) seen
B1 statement
13(iii) | WhenL=51m,
51=25+4746 cos(d - 66.25°) Ifuse
cos(@ - 66.25°) = 0.95193 ' MI solve 27.3, will
et
=84.1°0r48.4° g=84.00
BY) |Max=25+J746=523m - > * Al B Penalise
At max value, oA ¢ if
cos(8-66.25°) =1 5 183(1)005(.-.)=1 seen | -extra
o o AZho lor...=0 ans
6 ~66.25° = 0°, 360 ~ans in
0 = 66,3°,426.3°(re/) rad .
Al
12 rparlu
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TEMASEK SECONDARY SCHOOL

. O Level Preliminary Examinations 2015

ADDITIONAL MATHEMATICS 4047/01
Paper1 2 hours

Question Booklet
~ Additional Material: Writing paper (8 sheets), Cover page (1 sheet)

READ THESE INSTRUCTIONS FIRST
Do not open the booklet until you are asked to do so.
You are not required to submit this booklet at the end of the paper.

Wirite your class, index number and name on alf the work you hand in.
Write In dark blue or black pen on both sides of the paper.

You may use a soft pencli for any diagrams or graphs.

" Do not use slaples, paper clips, highlighters, glue or comection fluid.

Answer all queslions.

Write your answers on the separate Answer Paper provided,

Give non-exact numerical answers correcl lo 3 significant figures, or 1 decimal
place in the case of angles in degrees, unless a different level of accuracy is
specified in the question. ,

The use of an approved scientific calculator is expected, where appropriate.
You are reminded of the need for clear presentation in your answers,

Al the end of the examination, fasten all your work securely together,

The number of marks is given in brackets [ ] at the end of each question or part
question.

The tolal number of marks for this paper is 80.

)\3

No part of the paper Is 1o bo reproduced whhout the approval of the Principal of Temasek Secondary School.
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This document consists of 7 printed pages and 1 blank page.

Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the cquation ax’ +bx+ ¢c=0,

-bxVbH -4ac
Xs —
2a

Binomial expansion

(a+b) =2a" +(I;}a""b+{g)a""b’ +...+(:)a""b’ o b"

n - nn=1)..(a-r+l)
A(n=r)! A ’

. A n
where nis a positive integer and ( ) =
r

2. TRIGONOMETRY

sin? A+cos’ A=1
Identities sec? A=1+tan’ A
cosec’A=I+cot* 4
sin(A £ B) =sin Acos B+ cos Asin B
cos(A £ B) =cos Acos BFsin Asin B

tan Attan B

1Ftan Atan B
sin2A = 2sin Acos A

cos2A=cos’ A—sin®? A=2cos? A-]=1-2sin’ 4
2tan A
| ~tan? 4

tan(At B) =

tan2A=

Formulae for A ABC .a = b ..
sinA sinB sinC

al =b? +¢c? —2bccos A

= -l-absinC
2

No pact of the paper Is 16 be reproduced without the appraval of the Princlpel of Tomsesek Secondary School.,
[Turn over
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(a)

(b)

(2)

(b)

()

Given that X +2x—3is a factor of f{x), where f(x) = x' +6x* +2ax + bx—3a,
find

M)
(if)

Answer all the questions.

Given that sin(A+ B) = 3sin(A— B) , show that tan A=2tan 5.

Hence solve the equation sin’(x+30°) =9sin’(x-30°) for 0° < x <360°.

The cqualion—2f ~2x+1=0has roots zand . Find the quadratic

equation whose roots are —2-and-2—

@ p
The equation of a curve is y=(3+m)X* - (8 +4m)x+3+4m, where
mis a constant, For y = 0, find the value of m for which

()  oneroot is the negalive of the-other,

(i)  oneroot is the reciprocal of the other.

l-'oz
2(4)3"" — 2
6' x3l-h'

Simplify and express in the form of k(3)™, where k and
n are integers,

Find the values of a and b such that Ig (-!—2-2) =alg(by)—-4lg y forall
J

positive values of .

Solve the equation 2log, e” + : !

logs(2—-3€").
08,5 = log,( )

the values of 2 and 5,
the other quadratic factor of flx).

Explain why f{x) = 0 has only two real roots.

No part of the paperis to bs reproduced without the spproval of he Principal of Temasek Secondary School,
[Turn over
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The diagram shows a circle C, with centre (4, = 6).
Acurve y* =x and the circle C, have the y-axis as the common tangent.

Both curves interscet at the point (4, —2).

T
Y=x
> X
o
4, -2)
G
(i) ~ Write down the radius of circle C, and hence the equation of C,. [2)

(1)  Find the area bounded by the curve y’ = x, the circle C, and the y-axis. [3]
(iii) A second circle, C, is the reflection of the circle, C, in the line y=2.
Write down the equation of the second circle, C, in the form

Xy +2gx+2 fp+cm=0, (2]

A curve is such that dy =4x+ 5
dx (x+2)

oint (-l- —I-) )
P 22} ;

()  Find the equation of the curve, (3]

for x> 0and the curve passes through the

(i)  Find the equation of the normal to the curve at the point where x= —;— (2]

Na part of the paper is to be repioduced withou the approval of the Principet of Temasek Secondary School



P e
.

10

e T v B2 I v B B i B0 SR e S e B - B S

4 " 30 e e € - ¢ 3 1
oo Vv L A onrd Wed Lo P v ed wer.ey PR

Liquid is pourcd into a container at a rate of k m’/s. The volume of liquid in the

container is Vm® where V= -;-n'h’ (3% — k) and hm is the depth of the liquid in the
conlainer. Find, in terms of 4, the rate of increase of the tiquid level when the

depth of the liquid is -2-S-k-m. (4]

2 ) .
Given that L4 =-9y and y=acos® x+ bcos x where 2 and b are constants,

dx’*
cosx#0, show that 3a+45=0. : (6]

The curve LFY =-1-in(crsccts the line2x+ y+2 =0at the points 4 and B.
x ¥

Explain why 2 line joining points A and B is perpendicular to the line
2y~-x-6=0. (6]

On the same axes, sketch the graphs of

y=cosx+l and  y=|anA,
for 0° < x<360°. (4]
Hence, for 0° S x<360°, state the value or range of values of & for which the

equation |tan A = cos x+ k has

()  2roots, (1)
(1) 3 roots, (1}
(iti) 4 roots. (1]

No part of the paper [3 lo ba reproduced witholt the appraval of the Principal of Temeasek Secondary School.
. [Turn over
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11 The diagram shows a triangle AEG which intersects the citcle at points 4, B, C

and G. Dis a point on ABE such that BD= BE. Show that V .
() trangle AEG s similar to triangle CEB, (2]
(i AGxBD=GExBC. [2)

No part of the papat Is 1o be reproduced without the approval of the Princlpal of Temasek Sscondary School.



d " cosx
Show that —|J2 +sin x --J-—. 2}
12 (a) ow tha dx( 1 ) oy

™)

A 4
>

: cos X .
The diagram shows part of the curve y = ——=====, The curve intersects the
€ d 22 +sinx

x-axis at g— and 3—;-and the y-axis at the point C.

()  Find the coordinates of point C, in exact form. R { §

(if) Find the area of the shaded region bounded by the curve, the y-axis
and the x-axis. (4]

End of Paper

>6(

No part of the paper Is 1o be reproduced without the approval of the Principal of Temasek Secondary School.
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Seec 4E/SNA Prelim Exams 2015 AMP1

Marking Scheme

1 ®

sin Acos B+cos Asin B= 3(sin Acos B—cos Asin B) ‘ M1

4 cos Asin B=2sin Acos B

sin Ac(';s B -2 E_l:-_
cos Asin B |

tan A=2tan B

(i)

(sin(x+30°)' =(3sin(x~30%)’

sin(x+30%) = +3sin(x—30°) e

sin(x+30°) = 3sin(x—=30°) or
tan x=2tan30°
x =49.1° or 229.1° | a1

sin(x*30°) = —3sin(x—30°)
sin(30°+ x) = 3sin(30°-%) | M1
1an30° = 2tanx

. tan30°
tanx = ———

x=16,1° or 196.1

No part of the paper 1¢ to be reproduced without e approval of the Princlpal of Temssak Secondary School.
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2 (a)

222 =2x+1=0
a+p=1 :

‘1 B1
b=

sum of roots = —2-+—2—
a) ﬁ)

o+ B)

 (apy

_Aa+B)a’ ~af+ B
(aBy

_ 2a+BY(a+p)}~3aB)
(af)’

201 -2)
SR 4

T
( 2)
product of roots = (%I%)
=252 [
1
&)

equationis X +8x+32=0 (Al

M1

-8 Al

8+4m 5% ! 34+4m
H -— = = M] — = =’ Ml
() () @+(-a@) =5 —==0 (i) ‘“)(a) T
8+4m=0 3+4m=3+m o
m==2 Al m=0

Soq

No part of tha paper Is lo ba reproduced without the approval of the Principal of Temasek Secondary School, -
' {Turn over
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(a) .
Ly
2(4)1 - 2!0’ - 2(2)!‘0 __2!0! o
6: x3\-2! 2‘x3’x~3~
311
_2'(2'-2) -
= -———-——. 3
2% T
=10(3%) Al for k=10, Alforn=|
(b)
125 ‘
lp——+1g y =lg(by)* -
g 7 gy =lg(ty) -
1g(125y°) =g(by)’
(55 =y’ .
a=3 and b=5 |™

(c)
log, ™ + =logs(2 —3e") | M1 forchanging base
log,5

log, e** +log, 2 =1log,(2~3¢")

logs 26 =logs(2 -3e") M1 for using correct laws

26 +36"=2=0

(26" ~1)(e* +2) =0 M1 for the solving equation
x I X

€=3 or e" =~2(NA) | A1forreject e =2

X=1n.;. or ~ln2 or-0.693 | A1

No patt of tha paper Is 10 ba raproduced without the approval of the Principat of TemaseXk Secondary

School.
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4 (2 +2x=3)=(x+3)(x=1) .| B1
()
f(ll=0
a=b=Trerrcinne. ON R
f(~3)=0
5a=b=27uuwu(2)
solve(l) and (2)
a=5 and b=-2

(1)

M1

f(x)=x' +62 +104 —2x=15= (2 +2x=3)Q(x) | M1for long division or

Qx)=x +4x+5| a1

Show thal x* +4x+ 5= 0has no real roots

using b —4ac<0. Al

any correct method

M1 for correct coef of x.

Therefore f(x) has only 2 real roots

w

(i) radius = 4 units 81

Equation of the circleis (x—4) + (y‘+ 6)*=16. 81

L]
(iDArca = | fdy+4’-::-n(4)’ M1
-2 .

= [_)Bi]a +16-4m Alfor {%J

-1

= 2—§-+16-—4n=6.10 sq units

(iii) centre is (4, 10) | 81

81

Equation is (x~4)? +(y~-10)* =16

X+ —8x-20y+100=0

Al

'zbg

N¢ part of the paper Is to be reproduced without the approval of [he Princlpal of Temasek Secondory School,

[Turn over



et Pad ) Pen ‘}m m “\0‘ Y conrid 7,\'\.1 Qﬁ w“ oy :—a:au" rvw {w——; —— ’——.".
Co s {8 Sk [ BN s CR: ; : é : .
W (S r:‘.*l: e A5 XV} Covsl Ve waol vt A O e “y %rar @

14

6 (i) %zdx+(x+2)”

y=2x¢ ~——+C M1

Subst. (-;-—) y Ca— Al

. I 2
Equation of the curve is . y=2x¢ —=——+= . | Al
quat J x+2 5

(ii) at x=—-‘.—d—}-’-=.5—£

2 dx 25

Gradient of normal = —§—3 M1

Equation of normal is =-—-2-§-x+]—9- or 108y=~50x+79. 1
7=754" 108 Y A

7 V=-§zrh’(3k-h)=:rkh’—§-7rh’ o
av _ ppee
< 2mkh— nth B1
ﬂ:-‘iy—xs]-l—) M1
dat dh ar
a ok
. \ M1
& gy -n Xy
5 5
25

Tlemk s | Al
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L 3

y=acos’ x+ bcos x

d
Y~ 3a2cos’ xsinx~bsinx | M1for —(acos’ x)
dx dx
dy_ } 4+ 62c0s xsind X=b d . ot
o -3acos’ x+6acosxsin® x—bcosx M1 for —(=3acos’ xsin x)
' x
~ ~32c0s’x + 6acosx(1 - cos’x) = beos x

= ~3gcos® x+6acosx—6acos’ x-bcosx | M1 far using Identity

=-9acos® x+(6a— b)cos x Al

. .
% = -9y =-9acos’ x—9bcos x

(6a - b)cosx=-9bcosx | my

since cosx # 0

Sba-b=-9b

6a +8b=0 Al
Ja+4b=0

1.2 1
-— e o T -
x y 2
2y+4x=xy.

Subst. y=-2x-2into above equation | M1 -
2A-2x=2)+d4x=x(~2x=2)

2 +2x-4=0
Y +x~2=0 M1 for forming quad eqn
(x+2)(x~1)=0
x==2 or x=| Alfor(-2,2)
y=2 ory== Iitor(t,.4)
: v v N -4--2
Gradient of the Jine joining points Aand B= = =-2 | M1

gradient of the line 2y~x~6= 0=-;—

The product of the 2 gradient= ~| Al

1
the gradient of the other line

Or the gradicent of one of the line is equal to —
The lines are perpendicular. Ebﬁ

No part of the paper is lo be raproduced withoul the approval of the Princlpal of Temasek Secondary School.
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16

I

i

y
w ) ': 81 for cosx and Bl {or correct
1
: : ranges
1 |
2 ' t
) '
: :
1 ¢ Bl fqr tanx and B1 for absofute tanx
: :
- { > x
o 90° 180° 0" 360°
: :
| ! :
] ]
|} ]
' ]
{ )
i ]
t |}
1 1
] ]
1] [}
@iy ~1s k<l 81
@iy k=1 81
i) k> 1 Bl
®
LGAE=£BCE  (ext4eylicquad) | w1 for both conditions
LAEG=ZLCEB (common angles)
 AAEG is similar to 4CEB (AA,similarity)[" o o0 o ding the right test used
(shown)
(i)
AG GE ;
— = ——(from part (1
BC BE( Part®) 1f iting the ratios of sid
+BD=B E(givcn) M1 for writing the ratios of sides
ﬁg = Q_E_ f h ditton BD=BE
BC _BD ‘M or using the condition BU=

AGx BD = GEx BC (shown)
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)
12 (@) y=Q+sinx)?

<L
%zx = -;—(2 +sin x) ¥(cosx) | BiBl

CosX

" 22 +sinx
cosO l

Point Cis (0, ﬁ;) or (O.if-) Bnl

COS X

‘ £ 1
7 3
. cos X
i Arca = j dx+ M1
@) e 2 22 +sinx £232 +sinx
2

114 A1A1 for Integrate correct
= [«/2 +sin x},’: + ![JZ +sin xlﬂ’ using (2)
3

=[\/§'—\f2-]+ ‘l2+sin§g—‘j2+sin§-

- mm:(r A

=1,05 sq units

210
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TEMASEK SECONDARY SCHOOL
O Level Preliminary Examinations 2015

ADDITIONAL MATHEMATICS 4047/02

Paper 2 2 hour 30 minutes

Question Booklet

Additional Material: Wriling paper (8 sheets), Cover page (1 sheet),
Graph paper (1 sheet)

READ THESE INSTRUCTIONS FIRST
Do not open the booklet untit you are told to do so.

You are not required to submit this booklet at the end of the paper.

Write your class, index number and name on all the work you hand In.
Write in dark blue or black pen on both sides of the paper.

You may use a soft pencil for any diagrams or graphs.

Do not use staples, paper clips, highlighters, glue or correction fluid.

Answer all the questions.
Wrile your answers on the separale Answer Paper provided,

Glive non-exact numerical answers correct to 3 significant figures, or 1 decimal

place In the case of angles in degrees, unless a different level of accuracy is
specified in the question.

The use of an approved electronic calculator Is expected, where appropriate.
You are reminded of the need for clear presentation in your answers.

At the end of the examination, fasten all your work securely together.

The number of marks is given in brackels [ ] at the end of each question or part
question.

The total number of marks for this paper is 100,

This document consists of 7 printed pages and 1 blank page.
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation a¥ +bx+c¢ =0,

o — bt b ~dac
28 '

Binomial expansion

(a+p) =a" +(f)a”"b+(;)a""b‘ +...+(:}3""b' +o.tb",

a___ n(n-l)..(n—r-i-l)

An-r)! d

i b n
where n is a positive integer and (r) =

2. TRIGONOMETRY
Identitles

sin? A+cos® A=1

sec® A=l+tan® A

cosec’ A=1+cot’ A
sin{A B)=sin Acos B cos Asin B
cos(Ax B) =cos Acos BF sin Asin B

tan Attan B
+ B} = ———_——
(an(A B) 1Ftan Atan B

sin24 »= 2sin Acos 4
cos2A=cos’ A-sin? A=2cos’ A-1=1-2sin* A

2tan A
tan2 A = ————
1-tan® A

Formulae for AABC
a b _ ¢
sind_ sinB “sinC
a* = b + ¢ ~2bccos A

= labsin C
2

No part of the paper is (o be roproduced without the approval of the Principal of Temasek Secondary School,
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Answer all the questions,
Without using a calculator, find the value of a and of & for which E—Jg-gﬁ is the

solution of the equation 3072 + 1343 = x50 + /8., {4}

(a) Show that the expression x* + px—x+ p' +2, where p is a constant, is
always positive for all real values of x.

¥ —=3x-28

Hence, find the range of values of x for which — :
X+ px=x+p'+2

<0. (7

(b)  Find the range of values of & for which the line y=2x—k cuts the curve

¥’ = x+k attwo different points. (4]

(a)  Given that the ratio of the coefficients of X’ and ¥° in the expansion of

12
(x’ -—f:) is 1 : 4, find the possible values of . (5]
(b)  The first three terms in the expansion of (2.\'—-3{1 +—;:) , in ascending

powers of x, are p+ qx—% X, Find the values of n, pand q. (5)

2X =5 +11x-3
s +1)(x-2)

(a)  Express in partial fractions. [5)

sinxX+cosx Sin x—cosx

(b)  Prove the identity — -
sinx—cosx sinx+cosx

= —2tan2x. (3]

No part of the papat is 1o be reproduced whhout the spprovat of the Principsl of Temasek Secondary Schoot,
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The diagram shows part of the curve yalp(x-r)’ +ql. where p, ¢ and rare

constants and p> 0. The curve cuts the y~axis at 24 and (4, 8) is the tumning point

of the curve,
Y
4\
24
(4, 8)
> X
(0] A B
(i)  Find the values of p, gand r. (31
(D) Find the coordinates of A and of B. [3}

(i)  Write down, with explanations, the number of solution(s) to the equation
[p()t--r)z +qi=b|x-—k! for 3<k<Sand
() 0<h<l, , : (2]
(b) h<0, (2

A car Pmoves in a straight line such that, ¢seconds after the start of motion, its

velocity, yms™' | is given by v= t——-—s—.
2t+3

The initial displaccment of Pis () - -;—ln 3) m.

(i)  Find the value of twhen Pis at instantaneous rest. 3)
(iy  Find an expression, in terms of ¢, for the acceleration of Pand determine
whether Pcan attain maximum velocity. (2]

(iify  Find the average speed of P for the first 2 seconds. (4]
212
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7 Answer the whole of this question on a picce of graph paper.

The table shows experimental values of two variables, xand y, which arc connccted

by an equation of the form _yJ— = k(s/;)' +nx, where kand n are constants.

4,53 5.83 7.00 8.09

y 3.00

(i)  Using graph paper, plot ﬂf against 7‘- and use your graph (0 estimate
X

the value of kand of n, (6]
(i)  Use your graph to estimate the valuc of y when x=3.40. 2
(liiy By drawing a suitable line on your graph, find the solution to the
simultanedus equations yJ; = k(&) +nx and y= Jx+ x. [3]
8 S
l4c
F 8em
R
6

0 | r

The diagram shows a rectangle, PQRS, where the QR makes an angle 8 with a

horizontal line QT.

Given that PS= 14 cm, SR= 8 cm and 0° <6 < 90°, show that the perpendicular

distance, Hcm, from Sto the line QT is given by H =8cos6 +14siné. [2]

()  Express Hin the form Rcos(@ - ), where R> 0 and 0° <& <90°, (33
()  Find the maximum valuc of / and the corresponding value of 6. {2)
@y Find the value of & when H= 12, @

No pad of the paper s to be reproduced without Ihe approval of the Principal of Temesek Secondary School,
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The diagram shows a right circular cone in a sphere with centre O and radius 40 cm.
The vertex of the cone, N, and the circumference of its base lies on the sphere and
the centre of the sphere is on the axis of the cone,
(i)  Given that the radius, height and volume of the right circular cone are rem,
hem and Vem? respectively, show that V = g—(SOIz’ -K ) (3]
(i)  Find the stationary value of Vand show that this value is a maximum,  [5]
10 (a)

Find the range of values of x for which the curve y=x’e' isa

decreasing function.

(4]
(b)  Given that y=[ln(3-4x)]', show that . M where kis a
dx J-4x

constant to be determined.

-} G
Hence, evaluate I 2+33!n :-4)( dx. (7

-2 —4x

T3

No part of the paper Is (o be reproduced without the approval of the Princlpsl of Temssek Secondary Sehool,
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1 Solutions to this question by accurate drawing will not be accepted.

B

The diagrom shows a kite ABCD, M is thc midpoint of AC and the coordinntes of A
and Carc (2, 5) and (10, 1) respectively.

(i) Find the coordinates of M. m
(i)  Find the equation of BD, (2)
(i)  Given that Blies on the line 3x+2 y+4 =0, find the coordinates of B. (2]
(iv)  Given that —f—l% =3, find the coordinntes of D, [2)
(v)  Find the area of the kite ABCD. ' (2]

End of Papcr
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Prelims 2015 Sec 4E/SN -Additional Mathematics Paper 2
Marking Scheme

{ ‘\O

r""'

\-'nv

rwn ]
‘ >

ame D

Qn

Solutions and Marks Allocation *

]

3x/2 +xJ/343 = /50 + 8
727 ~2x2 =242 Mi
= - JEJ; J— ;://::;j: M1 ~ rationalise

=l4~/~+8

Al
335
a=14 and b=8 Al

2(a)

X +px-.é+p’ +2
=X +(p-Dx+p’ +2
~4ac=(p—-1) —4(l)(p* +2) Mi
==3p'-2p-7

2
==3 p+ 6~ |
(” 3) &

[\
Smce[ 3) 20, Mi

b ~4ac<0

Since the coefTic)

K =3x-28<0 Ml

(x=7Xx+4)<0 M1
-4 <x<] Al

X+ px~x+ p* +2 is always positive for all real values of x.

ero
Al

2(b)

Sub (2) into (1):
@x~kf =x+k M
4 ~(k+)x+k* ~k=0 Al

b ~4ac>0
(ak 1) =a@)(k* =k)> 0 M1
24k +1>0

]

k>~
24 i

No par of the paper Is 1o be reproduced without the approval of the Principal of Tamasek Secondary School,
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Lo

and

3(a)

)

T, = (’2)(- k) x4 Al for,#43r

r

Let24-3r=3,
r=1

2
Coefficient of X' = (17 )(— K ==1926" Al

Let24-3r=9
r=35

Coefficientof ¥ = (152)(__ kY =-792k* Al

=792k 1 M
-792k° 4

|
k=+— Al
2

3(b)

(2x-3{l +-3{)"

=(2x-3{l +-§-x+-ﬁ;l§-gf +) Al

= p+qx—--g-x’ +...

Comparing the constant ferm: p=-3 Al
Comparing the coefficient of x; g=2-n
Comparing the coefficient of ¥:

7_2 _nfn-1)

"3T37 g M
nt=5n-14=0
(n=7)n+2)=0

n=-=2 or n=7 Al
(reject)

Lg=-5 Al

No part of the paper {s (o ba reproduced without the approval of the Princlpal of Temssek Secondary School,
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&) | 205X +lx=3 _, Bx+C D M1
(¥ +1)(x-2) L+l x=2
20 =527 +11x=3 = Al¥ +1)fx=2)+ (Bx+ CYx~2)+ D{x* +1)
Comparing the coefficient of ¥ A=2
) =
Letx=2, D=3 AJA2A1A0
Let x=0, C=1
Letx=1, B=4
20 ~SK +llx=3 _, dx-1 3 Al
(X +1)(x-2) L4l x=2
4(b) LHS =S X+cosx _sin x-cos x
sinx-cosx sinx+cosx
_ (sin x+cos x)* = (sin x~cos x)’ M1
= .2 F
sin® x-cos' x
_ 4sin xcos x
sin? x~cos? x
ey Al for 2sin2x, Al for ~cos2x
~Cos2x
=-2lan2x
5(i) r=4 Bt
q=-8 Bl
Let y=24 when x=0,
24 =16 p-8
16p-8=24 or J6p-8=~24 B1
p=2 or p=-l v
(reject)
5(i) |Lety=0,
2(x-4) ~8=0 M1
(x=4) =4
x—=4 =32
x=2 of 6 Al
A2,0) and  B(6,0) Al
3(3ii) | The graph of y=Hx~ | is V-shaped and the vertex is located between 2= 3 and x
(2) =3 on the x-axjs, thus there will be 4 solutions. BIBI
S01) | The graph of y= hlx- kl is inyerted V-shaped and the vertex is located between x=
®) . = 5 on the x-axis, thus there will be po solution.  BIBI

No pari of the paper s 1o be reproduced without ihe approval of the Princlpel of Temasek Secondary School, .
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6(3)

Let v=0,
5
il=
2¢+3
20 +3t=5=0 Ml
@t+5)t-1)=0

Mi -

5
t=-== or | Al
z 0

(reject)

6(i1)

10
. 20
(2043)
Since a cannot have a value of zero, P cannot attain maximum velocity, Al

=|+ Al

e 6(iit)

:
s= -Ii-- -;—ln(Zt +3)+ ¢, where c¢is a constant. Ml

Let s= l-%lnB when ¢=0.

=3 in3=eSm3ec
el

c=]
sai-—s-ln(2r+3)+l Al
2 2
3 5 e
When (=1, s 3 2lnS-— 2.52359
When (=2, s= 3——;-ln7=—1.864775

When =0, s=| -——Z-lnS =-1,74653

(2.52359~1.74653)+(2.52359 - 1,.864775)

Average speed = 3

=0.718m/s  MIALI

No pert of tho papsr Is 10 be reproduced whhout the approval of the Principal of Temas ek Secondary School.
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From the diagram, h =8cosf and h, =14sinf, Bl each (working needed)
H =8cos0+14sin6
) | R=v260 =265 Al
a =60.26° Al
H =265 cos(6~60.26°) A
(D) [Maxvalieof H=2J65  BI
6 =60.3° : Bl
(iii) When H={2,
265 cos(6 ~60.26°) = 12
6
cos(0~60.26°) = M1
( ) =
6-60.26°=-4191°
8=184° Al

No pant of the papet (3 [0 bs reproduced whhoul the approval of the Princlpal of Temasek Secondary School,
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9()

(h=40) + 7 =40’ M)

r* =80h- A’ Al
l .

Ve ;nr’h

(80h-1* ) Al

[

wiy w3y

(Bos? - 1)

9(i)

¥ Zeos-34t) M
dh 3

1%
Sl=b,
Let 3

-’sf(nsoh—ah’)a 0

h=0 or h=53§- Al
(reject)

When A =53§.

V =79431.87 = 79400 (3sf) Al

d’v n
— T — 0~
0 (lﬁ 6h) Ml

When h=53-§-,

= <0

The stationary value of Vis maximum,

Al [proof is necded)

N6 pari of the papet I3 to ba reproduced wihout the approval of the Principal of Temasek Secondary School,
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10(a)

y=xe
Q=.€e""(—2)+3fe"" A2
dx

LB -2x)<0 M
3-2x<0

1
>l Al
>3

(b)

y=[in@-4xF
gl=2ln(3-4x(-——i-) M)
dx 3-4x

_ -8!n(3—4x)

3-4x
k=8 Al

'j»' 2 +3ln§3—4x!dx

J—-4x

4 3-4x B, J=4x
=~-;-[1n(3~4x)ﬂ -%{(111(3—4'())1': b2

o—%(ln%—lnll)-%[(ln?)’—(lnll)’] M1
=0.22599 + 0.73625
=0.962(3s() Al

--( -+ _ -
=] 2 dx*sj BIn3-4x) M3

No part of the paper is 10 be reproduced without the approval of the Princlpal of Temas ek Secondary School,

[Turn over



16

110)

M, 3) Al

(i)

- .

mAC 2

Mgp =2 M1

Equation of BD.
y=3=2(x-6)
y=2X=9 = )

Al

(iii)

Ix+2y+4=0--(2)
Solving (1) and (2):

Ml

Al

™

D@,7) M Al

V)

Area of kite ABCD
1!2 2 10 8 z‘

25 -5 1 7 s

=%(l02+18)

=60 sq.units

Ml

Al

v - No patt o!ihe paper is o be reproduced without the approval of tha Princlpal of Temasek Secondary School.
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PRELIMINARY EXAMINATION-TWO
SECONDARY FOUR

Additional Malerial: Answer Paper

READ THESE INSTRUCTIONS FIRST

Write your name, class and register number on all the work you hand in.
Wrile In dark blue or black pen.

You may use a pencil for any diagrams or graphs.

Do nol use paper clips, highlighters, glue or correction fluld.

Answer all questions.

If working Is needed for any question it must be shown with the answer.

Omission of essential working will result in loss of marks,

You are expected to use a scientific calculator to evaluate explicit numerical
expressions.
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give the answer to three significant figures. Give answers in degrees to one decimal
place,

For x, use either your calculator value or 3.142, unless the question requires the
answer in terms of 7
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M athematical F ornutlae

.- ALGEBRA
Quadratic Equation A S

o -
LR S

For the equation ax’ + bx + ¢ =0,

x=—b * ;\]‘.b,}“ ‘j‘aﬂ‘ '

4 .
Binomsial Theorem Q":: . X
ta +b) = d + (T)d‘"b +(; )a""’b2 + ok (:)a""b’ o e b,
where n is a positive integer and (:) .ﬂ';'l(n_}:.'. ;)l - .n(n-l)--’: l”"’ +1)

2. TRIGONOMETRY
Identities '
sit? 4 + cos? 4 =.1
sec2d = L+ tan? A4
cosec’4 = 1 + cot? 4
sin(A % B) =sin Acos B kcos Asin B
cos( A+ B) =cos Acos BFsinAsinB
lnn(A:_!:B)= tan 4 Ztan B
o7 IFuandwn B
sin 24 =2sin Acos 4
c0s24 =cos? A~5in® 4 =2c08"A~1=1-2sin’ 4

181;2A= 2’“;4
; l-—tgm A

Formulae for AABC
a__. b _ ¢
sindv sinB  sinC
a’ = b +¢* - 2bccos A

A = —;-absin C

VICTORIA SCHOOL e !ISIS«iPRZIAM(l
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1 Find the range of the values of x which satisfy both inequalities

0<x}—4x and x* =4xS3x+10. )

2 Solve
)

i) o= 5 (2]

R N T

(i) 3e*~e=2e", 3

l 3
3 () Find the coefficient of the term in x in the expansion of (x’ —;—;) . [3)
. X

(i) The coefficient of x* in the expansion (5—3x)(1+5x)" is 1785. Find the value of
n. (4]

4  The gradient to a curve is given by % =(Ioc +3)’ , Where k is a non-zero constant. The

cquation of the tangent to the curve at the point (1, 2) is 9x~y~5 =0, Find the

() valueof k, {2}
(i}  equation of the curve, 2]
|
5 Sketch the graph of y==|x+1|+2 for <4 Sx32. 13)

(i)  Statc the range of values of p for which lhe equation -|x+l| = p-2 has at least |

solutions for -4 Sx <2, M
(i) Using your graph, state the number of solutions for —~|x+l‘+ 2=x+3. 1))
6 (i) Find the exact value of x in the equation V) 12x +5 = JIx+19. (4}
(#) A cuboid with a square base of length 3+l cm, has a volume of
H
(5v2) =843 cm’. Find the height of the cuboid in the form @-+5+3. 4)
220
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7 A curve has the equation y =xe*,

(i) Find 5'1-)-’» [2}-
() Hence show that j 4xe"clr=16fn2—3§- : “
(iii) Fmd the range of values of x for wh'ch lhe functxon y=xe'" is decreasing. 21

'

" .

8  ABisachord of thecircle x* + y% —8x-2y -‘33’.=9 and M (%, 2%) is the midpoint of

chord AB. Find the N ;:-“. ey
(i) radiusand the coordinates ofthe cenu:e' ofthe cnrclc, [2]’_-.
(i) cquation of chord 48, i . :';‘;{."f"» - ) [31.

If P is a variable point on the circlc,"ﬁnc'};.ih'e T

(il)) maximum area of triangchBl%";.".', ) . et (4] .

9  The function fis defined, for 0 S x s 2n', by f (x) =2 cos ax+b where a and b are

integers, The minimum value of fis =1 “and thc pcnod of fis 2%,

(i) State the amplitude of . . ' g : m
(i) Swte the values of a and of b.. . (1 |
(iii) Using the values of @ and b found m part (ni),
(r) solve f(x)=0 for OSxSer !eavmg your answers in terms of 7, 4]
(b) sketch the-graph of f (:c) =2cosax+b for 0 SxS2m. i3]

. L,

10 A particle moves in a straight line such that ¢ s'tt:é:dﬁds after leaving a fixed point O, the
velocity v m/s, is givenby v =3¢ —¢~10. Find the. .

(i) initial acceleration of thc'particlé,'“ ) : [2} o

(i) minimum velocity of the particlc,' (2]

(iii) total distance travelled by the particle in the first 3 seconds, (4}

(iv) average speed of the pasticle dixting’ the first 3 seconds. (2]
VICTORIA SCHOOL 15/S4PR2YAM/I
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11 Solutions to this question by accurate drawing will not be accepted.

The diagram shows the trapezium ABCD in which BC is parallel to AD while B4 produced
is perpendicular to CD produce at point E. The point 4 is (=1, 5), Cis (5,3) and D is

(3,2).

Y
ﬂ\
B
A(=1, 5)\
\
\
\
M c(s3)
\
N e D(3,2)
a -
[ £
0 "X
(i)  Show that the coordinates of B are (-3, 9). (6)
(i) Find the area of trapezium ABCD. (2]
. . arcaof AAED | .
(ili)  Given that s ol ABEC "1 find the coordinales of E. {3}
End of Paper

This document is fatended for Internol cirenlation in Victoria Schuol only. No parl of this document moy be reprodhced. siored in a retrievol
system or irarsmitred In ony form or by any meons, electroni¢, mcclwnlcaf phetocopying or clh:rwlse. withoul the prior permission of the
Vietoria School Iniemal Exams Commtree,
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Answer Key

Cd . wrd  bod  aed Wi

e

wed

I ~122<x<0 or 4<x<822

2) 1-;- 2i) x=1

3(i) Coefficientof x=~7  3(ii) n=6
i ke D 13-
YTITT T

YA .
- - 2 b

-41/-3 a4 ol iz it -

5() ~1<ps2

5(ii) There are infinite number of solutions.

il

60) x==y= 6(i) height= 62-333

26 Laet(axet) i x<my

8()) centreofcircle is (4,1)
(ii) radius=4.47 units .
(ifi) Max area = 22.2 units*

o) Amplide =2, (i) a=L5, _b=l..

(i) (a) x=—=, =, —

J 10G) =1 mvs?

“(ii) min velocity= ~10%£ m's
(iii) Total Distance =20.5 m

_‘(iV) Ave Speed =6% or 6.83 m/s

-

1 11¢i) Area=15 units?

iy E(1,1)

o(iiiy (b) £&)

{
0 Lﬂ\%f/
2 N
: 4 3

> 1

N
9 - 3 9
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PRELIMINARY EXAMINATION TWO
SECONDARY FOUR

Additional Materlal: Answer Paper

READ THESE INSTRUCTIONS FIRST

Wrile your name, class and register number on all the work you hand In.
Write in dark blue or black pen.

You may use a pencil for any diagrams or graphs.
Do not use paper cllps, highlighters, glue or correction fluid.

Answer all questions.

If working is needed for any question it must be shown with the answer,

Omission of essential working will result in loss of marks,

You are expected lo use a scientific calculator to evaluate explicit numerical
expressions. _

If the degree of accuracy is not specified in the question, and If the answer is not exact,

give the answer to three significant figures. Give answers in degrees o one decimal
place,

For 7, use either your calculator value or 3.142, unless the question requires the
answer in terms of 7.

Al the end of the examination, fasten all your work securely together.

The number of marks is given Inbrackets [ ] al the end of each question or part

question.

The total number of marks for this paper is 80. -
2

This paper consists of 5§ printed pages, including the cover page.
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Math e'{nan'cql Formulae

1. ALGEBRA
Quadratic Equation
For the equation ax’ + bx + ¢ = 0,

2a

Binomial Theorem

n]d"'b..-;- (”)r’b? P (")d"'b’ -
1 2) r

n)  w.onlc o n{n=t).(n=r+1)

r) Fn=0r rl

(a+b)"=a"+(

where 2 is a positive integer and (
rj).

. 2. TRIGONOMETRY
Identities
sin? 4 + c0* 4 =1
sec’A’= 1 + tan® 4
cosec’4 = 1"+ cot? 4
sin(A £ B) =sin Acos Btcos Asin B
cos( A+ B) =cos Acos BF sin Asin B
tan(A2:H) = ALt B
S  FundunB
- sin24 =2sin Acos 4
c0s2A4 =cos? A-sin? 4=200s? 4~1=1-2sin* 4
fan2A =
¢ 1=-tan® 4~

Formulae for AABC
a ___ b _ ¢
sind ~ sinB  sinC
a* = b* + ¢* "= 2bcoos A4

A= -l-absinC
T2

53
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1 Find the range of the values of x which satisfy both inequalities
0<x®-4x and X -4x<3x+10,

0<x®-4x and  x’-4x$3x+10 !
i -

x}-4x>0 x}=7x-1030
x(x~4)>0 for x* ~7x-10=0

=N £ J(=7) =4(1)(-10)
X =
2(1)
=-122 or 822
L x=Tx-10<0
-1.22<x<5822

x<0 orx>4

Hence the solutionis —1.22Sx<0 or 4<x<58.22

2 Solve

M =

i
37. 3“"
2-~x=2x =-'--?5-
2

anx

2
x=§-=ll

3 3

(i) 3e*-e=2e"",

3(e’) —e-et =2 =0
(e -e)(}e‘ +2e)=0

t=e or Je’ = -2e

e
x= (NA)

VICTORIA SCROOL 15/S4PR2/AM/

223

4

i2)

(3]



s ¥ !
3 (i) Find the coefficient of the term in x in the expansion of (x’ --i-l;)-) ' (3}

For term in x, 116_-5:: =]
Sr=15
r=3

CoefTicient of x = [8)(5—'1), '
. 3 2 '- .

il

i) The coefficient of x? in the expsins_ion_'(_S,'—-3k):(_l+5x)" is 1785. Find the value of
n AT (4]

b T

(5-3x)(1+5x)

=(5 -3x)(1+( )(5:)-!-( j(sxi .+ )
=(5- 3x)[1+5nx+—%x2§x +: ]

cocfficient of x! m thc abow: cxpans»on = 1785
125% 2 2 -3(5n)x1785

125n(n~1)- 30n=3.5,7(.),. ':,"
1257 ~125n-30n~3570 =0,
1257 1550 ~3570=07 e
25m} ~3In=714=0. -
(n— 6)(25n+ll9)=0 LY
n-6=0 or 25n+l!9=0 ' ,

n=6 or n=--]-1—9 (NA)

5 % ’»;"_}: '-','., ." '.‘.
VICTORIA SCHOOL 15/S4PR2/AM/] .
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4  Thegradient to a curve is given by % =(kx +3)’ , where k is a non-2zero constant, The

cquation of the tangent to the curve at the point (], 2) is 9x—y=-5=0. Find the

(i) valueof &,

9x-y~5=0
y=9x-5
Gradient of tangent = 9

At (1,2), 5;{-=9

(k+3)’ =9
k+3=3 or k+3=-3
k=0 (N.A) or k=-6

(if) equation of the curve.

Equation of curve is,
y=[(~6x+3)" dx

)
.2

3(-6)
(3-6x)

= ——C
~i8
AL (1,2),
3
2= -(—?__—6.1.4—6
~18
L]
2
. equation of curve is,
)
S0y 1
-18 2
13 —-2x)’

—

2 2

c=

VICTORIA SCHOOL 15/S4PRUAM/I
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5§  Sketch the graph of y =-lx+l[+2 for 4 $x<2. {3)
YA v :
. - - -
1]
]
]
!
!
! -
\ .
H .
. 47-3 ¥
1
L R
-1
(i)  State the range of values of p fo't;' which the equation —lx+l|= p~2 has at least |
solutions for 4<x<2, ~ T 0
-1$p<2’
(i) Usingyour graph, state the number of solutions for -—[x+ l[+2 =x+3 m
There are infinite number of é';olt'xt.ions'._ . "

VICTORJIA SCHOOL  18/S4PRVAM/I,
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7

6 (i) Find the exact value of x in the equation A12x+5=Tx+19. (4]
J12x+5=J7x+19 J12x+5=fTx+19
4Tx~JTx =14 - N2x=7x=14
3«ﬁx=]4 ' : (Jﬁ-ﬁ)xﬂt&
x=_l_‘_‘_xﬁ.. o 14 JUuz +47

Wi SN T I N T I
LA 14447 +147
21 TP
i , 5637 +1447
3 . TY
, 7047
T
_2§7
EN

(1) A cuboid with a square base of Jength 3 +1 cm, has a volume of
(5~/'2—)z ~843 em?’, Find the height of the cuboid in the form a+6+/3, {4

(4 -85
(B+1)

_25(2)-38 4-23

T 4428 4283
_200-1004/3 =324/3 +48
- 16-12
24813243
e
=62-333

Height =

25
VICTORIA SCHOOL 1S/S4PRUAM/|



7 A curve has the equation y =xe**.
. ., dy
d —=,
(i) Fin rp

y=xe”
Y o xget et (1)
dx

=" (dx +1)

(i) Hence show that ﬁnzttxe"dx =l6ln2—3%.

L e"(4x+l)d.x [xe l

Imaixe“é-e"d.t In2xe'™ -0

Imhe“ dx+J " e dx =In2xe"*
0 s

Imdxe dx=In2x16~ I dx'l

=161n2-j° e de

' : IPh
= 51,,2_[&..1._ _
4 -

= slnz—-’-('c"‘"—-eﬁ':'

6In2—- l{‘"" -1)
~16m2-L(16-1).
n2-5(16-1)

=16ln2--31
4

(iti) Find the range of values of x 'for'which_thé function y = xe* is decreasing.

Fory to be decreasing,  °

dy <0
e (4x+1) <0
Since e*' >0 for all values of x,
then 4x+]1<0

1 g

X < m - ; .
4 ; AT
VICTORIA SCHOOL CIsISapRIAMIL .
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8  ABisachord of the circle x* +y* -8x—2y~3=0 and M(% 2%} is the midpoint of

chord 4B, Find the

<

(i) radius and the coordinates of the centre of the circle, (2]

x}+yl =Bx~2y-3=0

x4yt +2(—4)x+2(~1)y+(-3) =0
g==4, [f=-1, c¢=-3

Hence centre of circle is (4,1)

radius of circle is \/g’ +f1ec

=4+ (1) - (=)
=20

=4,47 units (3 sf)

(ii) equation of chord 48,

Let the centre of circle be C.

.-

- gradient of CM = _AL

——-4
5

all

16

j 16

., gradient of chord 4B = -:'-

Hence equation of chord A3 is,

VICTORIA SCHOOL

(3]

15/S4PR2Z/AM/I

If P is a variable point on the circle, find the

(iiq maximum area of triangle ABP. (4]

e
Length of CM =J(4--) +(1-2-)
5 5

= lz.l_

q 5

Length of BM =BC?* -CM?

91’20-121
3
, 4
=.7—
5

Length of chord 4B =2x BM

=2x.,7-4-
5

Area of AABP is maximum when P, C & M
are collincarand PM is L AB.
.’ maximum area of A4BP

=—;-xABxPM

=%xABx(CM +CP)

e

=22.2 units” (3 sf)

v
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9 v The function f is defined, for 0 S x <2, by f(x)=2cosax+b, where a and b are
integers. The minimum value of f is ~1 and the period of fis 4-1

(i) State the afnplitude of £
Amplitudg =2

(i) State the vhlues of a and of b.

a

a‘=27r+ =15

b=l

(iif) Using the values of a and b found in part (ii),
(a) solve f(x)=0 for 0 <x=2x, leaving your answers in terms of 7,

2cos(-3'x)+l-0
2
(3 ) l
cos| —x (=——
2 2

2x=—:r—--’-r-, -, 2n+(}}*—] ‘
2 3 R
3, .27 Am 87
27 373" 3 g
47 8x 6m N
X =, /™, —/ O
9" 9 9 g

(b) sketch the graph of f (;);.%Zc_o; ai+b for 0 SxS2m,
f(x) % L
A

3

VICTORIA SCHOOL 15/S4PRYAMI
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10 A partjcle moves in'a stmght line such that r seconds after leaving a fi xed pomt 0, the

11

velocxty v mis, is ngen by v--3tz ~{=10. Find the

(M

v=31" =1=10
dv

a=—
dr

=6/-1

Initial acceleration = 6(0) =1

== m/s?

(if) minimum velocity of the particle,

initial acceleration of the particle,

Minimum velocity of the panicle occurs when a =0

6r-1=0

l
=~
6

2. minimum velocity of the particle,
Y (1) I
=3 =| ={=|-10 =-10=
(&) (&) "

(iii) total dis(ance. travelled by the particle in the first 3 seconds,

sujzt’-r-lo dt

=f~lﬂ—4w+é
2
Atr=0,5=0, -.c=0

Hence, s=1 —3(’ -10¢

Atl=2, ‘
s=2’—-;-(2)’—10(2)=-—14
At1=3,

vty o06)=aL
s=¥~2(3) -10(3)=-75

m

(2]

(4]

.. total distance travelled in the first 3 seconds

3 ~1-10=0 =20.5 m
(3¢+5)(t~2)=0 o 20,50
31+5=0 or (-2=0 1=2, T )
- =-14 v ,
(=2 (Na) =2 t=35=~15, R
3 0
(iv) the average speed of the particle during the first 3 scconds. 12)

Average speed of the particle during the first 3 seconds

_, lotal distance _ 20.5
total time - 3

==6-Z- or 6.83 m/s

VICTORIA SCHOOL

15/S4PRUZAM/I
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11 Solutions to this question by accumtc drawing will not be accepted.

The diagram shows the tmpezxum ABCD in Whlch BCis paralle] to 4D while B4 produc»d 4
is perpendicular to CD produce at pomt E: Tﬁe ﬁomtA is (~1,5), Cis (5,3) and D is

(3.2). PR 1
I N .
(i)  Show that the coordinates of B are" (—3._9)’."} _ (6)
Gradient of BC = Grad&entofAD e A(=L 5)\ :
_ 52 o ' | C(S- 3)
".;'3 | ‘" D(3,2)

Sub (5, 3) into y =—%—x+c. : 3=-—-§{(5)+c
P . 3
c=6~

. . 4
y ¢ 3 3. '
Equation of BC isy = --Zx+6z.~

-

[

Gradient of CD =

f

l:-'

=

Nl—- W

Gradient of B4 =2 _ .
Sub (~1,5)dntoy ==2x+d,  5=-=2(=1)+d
: o d=3
Equation of B4 is y = —2x+3 Co

..1“.52,_2”.3
4 4

=3x+27=—-8x+12
Sxe-1S
X——""‘3 e
whenx==3| y==2(~3)+3
=9
B(-3,9)

VICTORIA SCHOOL: ISISAPRUAMI)
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11 (i) Find the area of trapezium ABCD. y 2]
Area of trapezium ABCD B(-3, 9) t
118 -3 -1 3 5
213 9 5 2 3
. . A(-L1 5
=%[(45-1§-2+9)—(-9~9+ls+|o)] ACL9) % c(5,3)
1 ' -
=—=(37=7 27 D@32
£(7-7) £ 00.2)
=15 units? 0
area of AAED 1 .
iii) Given that —————— =— find the coordinates of £. 3
(i) arca of ABEC 4 Gl
i imi)
Since AAED and ABEC arc similar, Sub(3,2) intoy=—l-x+ /
ED _E4_ L.l 2
EC EB V4 2 2,.1(3)+f
~. D and E are the midpoints 2
of EC and EB respectively, S/ =—;~
LctE(m, n). ' Equation of CD is y =%~x+-§-
5+m 3+n)=(3 2) Equation of B4 is y = ~2x+3
272 ’
5+m 34n 11
— =] ——=) —X =2
) > 2x+2 2x+3
ms= n= x+l=~4x46
(.5} = A + 5x=5
x =]
or
=3+m 9+n
2 * 3 whenx=1, y=-2(1)+3
=(~1,5) =
~E(),1)
End of Paper.
>3y
VICTORIA SCHOOL 15/84PRUVAM/
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Mathematical Forntrlae
t. ALGEBRA
Quadratic Equation ' '

For the cquation ax’ + bx + ¢ = 0,

- b+ Jb’— dac

2a

Binomial Theotrem

(@+b) =a+ (';)a""b + (;)a""b’ + oo (:)a""b' bt b,

. nl _n{n=1..(n=r+1)
Sl -~ rl

2. TRIGONOMETRY
Identities
sin? 4 + cos’A =1
secc?d =1+ tan’ 4
cosec’d ="1"%.cot? 4
sin(4 £ B) =sin Acos B xcos Asin B
cos( A+ B) =cos Acos BFsinAsin B
lon( A% B) = tanf«-i:htanB
- 1FuandanB8
sin2A4 =2sin Acos 4
<F52A =cos? A—sin® A=2c0s* 4-1=1-2sin* 4

: L=tan® 4

Fornulae for AABC
a 5 b - ¢
sind  sinB : sinC
at = bz.,;+ et - 2bccos A :

; .'L—_..-;-,:ab:é_ix_'j(..'

BRI

e

539
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16em

48 cm

T

hem 4
} ‘
Water from a tank in the shape of an inverted cone flows out at the rate of 5 em’ /min. The

height of the conc is 48 c¢fn and the base diameter is 16 cm. Afier / minutes the water level
is hem,

' 3
(i)  Show that the volume of water in the tank, Vem’, ot time ¢ is given by ¥ = % (2]

(i) Find the rate of change of the water level when h=6. (3]

(iiiy State, with a reason, whether this rate will increase or decrease as ¢ increases. (1

2 The displacement, y mm, of a mass fixed on a vertical spring can be described by the
simple harmonic motion equation, y = Asin (1), where A and o are constants and ris
the time in seconds after the mass is displaced from its equilibrium position, O mm.

Given that the maximum displacement of the mass is 20 mm and that the mass first retumns
1o its equilibrium position after 0.25 seconds.

(i)  State the positive value of 4. M
(i)  Show that the value of @ is 4sr radians per second. (2}

(iif) Find the exact value of ¢ when the mass first reach a position 10 mm below its
equilibrium position. (3)

3 (i) Given that f{x)=2x" +ax’ +bx~30 has a factor (x-+3) and leaves a remainder of
~28 when divided by (x—1). Find the values of a and of b and solve fix)=0. (6]

() Hencesolve 2(y+1)’ +a(y+1) +by+5-30=0. (2]
|
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The diagram shows points 4, B Cand D lymg on a circle. The chords 8D and AC intersect
at G. EF is a tangent to the circle at C. AD'is produccd meet the tangent at /" and .
ZABC = £BGC. , .

- Prove that ; "_1
() BDispallelto BF, . @7 i (2)
() wiangle CFD and triangle AFC aré similar,: 2}
(i) FC'=FD'=FDxDA. . . - (3]
: 32’1 +}0x . ) "_';". Co e
5 i) Express ———————in partial fractions, - 5
L i (JH-2)(J:2 -4) p,j,' tain &)
(ii) * Using your answer from (1), ﬁr;d.:j' 3?.:?';]01. — dx and hence show that
R (x+g)_§;’-4) .
« 3x+10x (24) "
i T el | Fh 4
L (x+2)(x* ~4) "5 |15 & [ _]

6 (a) The quadratic equation 3x* ¥2x+;¥ =0.has roots 3a+ fand a+34.

(i) Show thatthe valucs of a:+ ﬂ -=-6- and aﬁ --l-sg (4]
(1) 1fthe roots of the cquntién p:’ —-;hx-‘;l =0 where g and h are constants, are
@ and B, find the valuc‘of'g'énd of he i 2
(b) Find the mnge of values of & for whtch (k +3)x +kx +1 is always positive for all
real values of x. » ‘ [4)
VICTORIA SCHOOL lS/§4PR2/AM(2 ) 3P
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Answer the whole of this question on a shect of graph paper.

The table shows experimental values of two variables, x and y,

x | 04 0.6 0.8 1.0 1.2
Y 222 2.13 1.97 1.73 1.37

It is known that x and y are related by the equation y* =(ax+1)x—b, whercaand b are
constaats.

(i)  On graph paper, plot (y2 -x) against x?, using a scale of 2 cm to represent 0,2 unit
on the x*- axis and 4 em to represent 1 unit on the ( » -x) - axis. Draw a straight

line graph to represent the equation p* = (ax +1)x~b. -3

(i) Useyour graph lo estimate the value of a and of b. ")

(iif) By drawing o suitable straight linc on your graph, solve the equation (a -2) = !..".'52
x

(2]

-

A picce of wire 160 ¢cm long is bent to form the shape shown in the figure. This shape
consists of a semi-circular arc whose diameter is given by the length DE, and a right-

angled triangle ABC on the opposite ends of a rectangle of length y cm. The length of 3C
and AB are 5x cm and 13x cm respectively,

E y
Rl
' )
] I
' |
] i
| !
¢ ] ]
' |
! '
!
'. 0
D o
(i) Expressy in terms of x. 2)
_ (i) Show that the area cnclosed, 4 cm’, is given by 4 = 960x-6(37+13)x". (2}
(ifi) Determine the value of x for which 4 has a stationary value. 3]

(iv) Find the stationary value of 4 and determine if it is 2 maximum or 2 minimum value,

3]
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i)  Prove that cos A = 22 tan'Asin 4. 3
(i) Provethat cos oy !m (3]
(i) Solve, for 0°< 4 <360°° cos A=tan Asin A =-I. [5)

Given cosf = -% and 8 is m the third quadrant. Without using a calculator, find the

value of cos -g- _ ‘ g ' (3]
Solve the equation log, -S!l- =log, x~log, (9x-2). (3)
Given that log, (x+3)~(logs:y)(log, 2)=2, express y in terms of x. (3]
(iy Differentiate Incosx: - RN (1}

(if) State the principal value of tan™ 1, giving your answer as a multiple of 7. [I]

1
0|

The diagram shows part of the graph y=tanx. The shaded region is bounded by the

.. n Sr
curve, the x - axis, lincs x=—é-., x=— and y=|,

» (i) Using your results frqin (i) and (ii), or otherwise, {ind the area of the shaded

VICTORIA SCHOOL 15/SAPRYAM/2
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A L-shaped structure, OPQ, can be rotaled about O. OP and PQ measures 5 mand | m
respectively. OP makes an acute angle, 8, with the ground. Given that L m is the shortest
distance from Q to the wall,

(i) showthat L =5cos&~siné, (2]

(i) cxpress L in the form Rcos(8+ ), where R>0 and 0°<ar <90°, [4)

(i) state the minimum value of L and find the corresponding value of 8, (3]

(iv) find the value of @ when L=3, [2)

(v) cxplain why the maxirr;um vah;e of L is not R. M
End of Paper

This document (s Intended for Internal ciraulotion in Viciorla School only. No part uf this document may be reproduced. stored in a retricval

system of tearnsmiitedd In ony form or by eny means, elecironic, mechanicul, phatocopylng vr otherwise, withovl the prior permission of the
Viclorio School Internol Exams Comuminiee.
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Answer Key RBE A
1Giy 9= -1.59 em /min 7| Salii) A=60%180°300
dt o] e e o
S RTY
(iii) As 1 increases, i decreases, I fary
Since dh =80 s inverﬁéi ; L
T AT - --3 "
proportional to 47, : 10g) x=7 o =2
hence rate of changc of water level mcrcases ' _ 3)3
when h decreases. ®) y= (x+
._ 64
Or - gl g
dh_-180 . d'h_360 CEOLE () ~tanx
di -l ot . ~ (if) Principal value of tan~1=2
~——Since /* >0 for all positive A, then 1-?->(J. 4 A A g 2 4
dt L o le L0 Gil) Area= 2.04 units
Hence % is an incrensing function. R
; &1 1iG) " L =5.10cos(8+11.3°)
i) A=20 (iii) p=r i1 IR
2 “| i) MinL =0 when 6=78.7°
() a=7, b=-7 ’ (1v) =427
x==3 or x=2 or x==2.5
. (v) If L=R then 9<0°
(i) y=~4 or y=lor y==3.5 " Since 0°$0<90°, .. maximum L#R -
( Since 620°, maximum L occurs when : -
4 Planc Geometry 6 =0° maximumL=S5. )
. 2 l 2
L7 + +
() x=2 x+2 (x—}-Z)z
! 8
Ga(t =-3}— hw——
a(i)) g= s T
6b -2<k<6
i) a=-3.00 b=-5
7(iii) Drawy® —x=2x" +] . oewy
x=%0.894 T Ee )
B(i) y=80-3(7+3)x SR L
8(jii) x=3.57 sia L
8(iv) Stationary value of 4 = 1710 s ks = B
A is maximum RN R
VICTORIA SCHOOL IS/SAPRUAM2 232
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Answer all queslions,

If working is needed for any question it must be shown with the answer.

Omission of essential working will result in loss of marks.

You are expected to use a scientific calculator to evaluate explicit numerical
expressions.

If the degree of accuracy is not specified in the question, and if the answer Is not exact,
give the answer {o three significant figures. Give answers in degreés to one decimal
place, ’

For m, use elther your calculator value or 3.142, unless the question requires the
answer in terms of .

At the end of the examination, fasten all your work securely together.
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2.

Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax! + br + ¢ = 0,

~b £ Jb* - dac
X = !
2a

Binomial Theorem

(@+b) =a+ (")d"‘b + [:)d"’b’ + o+ (")a""b’ + ot b,

] r

: , ny i oAl “1)..(n=r+
“where nis a positive integer and - -J=' "l.' = n(n l) (n L l)

ri(n = r)l rl

2. TRIG
Identities’ . R,

» Bt

ONOMETRY

- sin®d +-co? 4 =1
sec’ 4 = 1°#, tan® A
cosec’d = 1 + cot® A
$in(A % B) =sin Acos B tcos Asin B
cos(Ax B)=cos Acos BFsin Asin B
tan 4 L tan B
IFtanAdtan 3
sin 24 =2sin Acos A
c0s24 =cos’ A~sin® A=2008* A~1=]~2sin* A

tan24 =220 4
I-tan® 4

an(Az B) =

Formulae for 44ABC

a_ h e
sind. sinB sinC
a® = b+ ¢ - 2bécos A

A= -;—absinC.

z33
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1 Water from a tank in the shape of an inverted cone flows out at the ratc of 5 cm’ /min. The
height-of the cone is 48 cm and the base diameter is 16 cm. After { minutes the water level
is hem.

3
(i)  Show that the volume of water in the tank, ¥ cm’, at time { is given by V = % 2}

Using similar triangles,
roh, h %

. —

- ——-

Volume of water , V = —;»m"h

: .
4
= -l-n'(b.) h 8
- 3 \6
)
Rl =£L'-
108 v
Y

(i) Find the rate of change of the water level when h =6. 3}

dh 36

dv dV _dh

P L : Sesad

dt dh dt

b
_5 - .’Iﬁ_x 9_'1
36 dr

. dh _-180

Tde oan

pheg L.l

dt 6
=~1.59 em’ /min  (3s0)

(iii) State, with a reason, whether this rate will increase or decrease as / increascs. m

As t increases, h decreases, Since i) = ——IQ, LA is inversely proportional to K,

dt xR’ dt

hence rate of change of water level increases when A decreases.

VICTORIA SCHOOL 1$/S4PRUAM/2
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2 Thedisplacement, y mm, of a mass- ﬁxed ona vcmcal spring can be described by the
simple harmonic motion cquation, y = Asin (wl whercA and @ are constants and ¢ is
the time in scconds after the mass is dlsplaccd from its equilibrium position, ¢ mm.

¢

Given thal the maximum dlsplacementof the mass i 20 mm and that the mass first relums
to its equilibrium position after 0.25 scconds. :

() Statethe positive valueof 4.  ~ ST (1)

A=20

»~

T '_.=-..'v
v

(i) Show that the value of @ is 4r.radian per second.. [2)
0=20sIn @(0.25)
"
—2=0
sin 2 0)

lw=mﬂ
4

=0 (rej), 47

(ili) Find the exact value of / wben the mass ﬁrsl reach a position 10 mm below its .
equilibrium position. - . _ El)

~10=20sin4m

sindmt = ~-L
2

. -|(l) T
a =sin - |==
2) 6

dmt=n+—
T

[ = oo X s -
6 dn
7

=—
24
VICTORIA SCHOOL "15/S4PRUAM/2 53k
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5
3 (i) Giventhat fix)=2x" +ax* +bx~30 hasa factor (x+3) and leaves a remainder of
-28 when divided by (x~1). Find the values of a and of b and solve fx) =0,  [6)

C(=3) =2(=3) +a(-3)' +b(=3)-30=0 .

-54+92-36-30=0
la=b=28 -(1)

q1y=2(1) +a(1)+5-30=-28
atb=0 +(2)

(1)+(2): 4a=28 .

sl 22 +x-10
] x+3)2x’ +7x* =7x-30
2% +6x°
fep=0 x=7x
2X +7x* ~7x~30 =0 5 4
X X
(x+3){2x +x-10)=0 . Ty
(x+3)(x~2)(2x+5)=0 —10x=10
x==} or x=2 or x=-25 0
(i) Hence solve 2(y+1) +a(p+1) +by+b6-30=0, (2]

2(y+1) +a(y+1) +by+5-30=0
2(p+1) +a(y+1) +b(y+1)~30=0

Letx = y+l,
y+l=-3 or y+l=2 or y+i=-25
y=-4 y=I y=-3.5 '
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C F
The diagram shows points 4, B, C and D lying on a circle. The chords BD and AC

intersect at G. EFisa tangcm to the cnrcle at C AD is produced meet the tangent at F and -
ZABC = LBGC. .

Prove that

(i) BDis parallel to‘EF, = e B (2]
ZACF = ZABC (Zs in altemate segment)
ZABC = £BGC  (Given)

S LBGC = LACF
By the angle property of alternate angles, BD ‘is parallel to £F,

(i) triangle CFD and triangle A'FC. are ;iinilar. (2]

LCFD = LAFC (Common £)
ZLDCF = LCAF (Zsin alternate segment )
Hence ACFD is similar to AAFC,

(il FC'~FD'=FDxDA, , _ (3]

Since ACFD is similar to AAI‘ C

FD _CF

o F }

FC! = FDx AF
=FDx(FD+DA)
= FD? + FDx DA"

A FC*~FD' = FDxDA (Proven)

335
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6 (i) Ifthe roots of the equation gx* ~hx~1=0 where g and h are Constants, are
a and B, find the value of g and of A. [2)
h . Alternative solution:
a+f=— .
2—'— — T
_|.=_{z_ X 6x+[6 0
6 ¢ 16 , .8
e 3 e v | =)
heko. ) ST
61 & - hx =-1=0
aff = —
4
5 _~16
2 uct e
16 g
1
o6 =33
858
| .
==3= 3
calfy i
ey SAT:
Sub g=-—3-5- into (1) hu--§-
| X IS
Sh==3—26
5
=23 -
15 * !

i

(b) Find the range of values of k for which (k+3)x’ +kx+1 is always positive for all
real values of x.

(4]
(k+3)x’ +hkx+1>0

Since the expression is always positive,

k+3>0 and b’ —4ac<0

k>-3 K -4(k+3)(1) <0
k' =4k =12<0
(k-6)(k+2) <0
n=2<k<6

Hence k>—;3 and —2<k<6
... the solutionis =2 <k <6
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T
“7 r* Answer the whole of this question on'a sheet of graph paper.

The table shows experimental 'vali.ncs of two Variables, x and y.

x 0.4 06 |- 08 1.0 J:2
Y 432 213 a 197 L 1.37

It is known that x and y are rclalcd Ey the cquanon Y= (axH)x-—b where a and b arc
constants,

())  Ongraph paper, plot (y* ~x] agamst x’ usmg ascale 0f 2 em t fepresent 0.2 unit’
on the x* axis and 4 cm to Ecpment i umt on the (y’ -x) axis, Draw a straight lino

graph to represent the equaflon’ y (ax-H)x—-b ' i3]'
2 [ 0160 | 0360 ] 0640 .00 [ 144 _
Y-x | 453 | -394 - 7308 | 199 | 0677 :

(if) Use your graph (o estimate the ;'aluc;ofq aﬁd_ of b. f4]

¥ =(ax+1)x=b
V' =ax® +x-b
yl-x=ad -b

Gradient =a
5-3.5

0~0.5
soa=-3.00 (3sf).

Gradicnt =

(» -x)—-intcrccbl =<b

~b=5
“b==5 R
(iii) By drawing a suitable straight line on your graph, solve the equation (a~2)= l +b.
b ' (2]
+
-2)=— ¢ ..
(e=2)=1%
o =2xt =1+b s
al ~b=2x"+]
Draw y* = x =2x" +1
From graph, x* = 0.8 ’ ; >3(
x=1+0,894 (3sf)” - -
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8 A picce of wire 160 cm long is bent to form the shape shown in the figure. This shape
consists of a semi-circular arc whose-diameter is given by the length DE, and a right-
angled triangle 4BC on the opposite ends of a rectangle of length y em. The length of 8C
and A B arc 5x cm and 13x cm respectively,

£ 4

c,__,___...——-—

A
I
I
)
]
]
I
0
L8
1
0 .
_ ~C S5 B

(i) Expressy in tgms of x. L L 2}

4C = J(13=)]~ (52 =125
Perimeter of figure = Length of wire

2y+-x—l22-§-+ll'3x+5:=160

2y+6mx+18x=160
y+3rx+9x =80
5 y=80-3(7+3)x

() Show that the arca cnclosed, Acm?, is given by 4=960x~6(3r+13)x". (2)

A =—;—n(6:c)’ +}J(12x)+-li~(5§-)(l2x): . :
,=1anx’+30x’+|2x[ao.-3(§_'r':¥;3)}:3f'-t' -

= (187 +30)x* +960x —36(};}3)‘%’; ‘ '

(187 +30~36 (7 +3)]# 4 960% <% 1

= (187 +30~367—108) % +960x. © .

< (~187-78) +960x - T i

=960x -6 (37 +13)x’ o

VICTORIA SCHOOL 15/S4PRUAMN2
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8  (iii) Determine the value of x for which A has a stationary value,

A=960x~6(37+13)x"
dA
~—=960~12(37+13
- 960-12(37+13)
For stationary value of 4,
dA

acnd [}
dx o

960~-12(37+13)x =0 .
-
12(37+13)
=3.567
=3.57 (3sf)

s

PR
S
<

By~ o

(iv) Find the stationary value of 4 and determine if it is a maximum or 8 minimum value,

Stationary value of 4 = 960 (3.567)~6 (37 +13)(3.567)
%1712.39
=1710 (3 sf)

.
"Exé.-.-nz(snm)

. d*4 ; .
since -E—x-,- <0, 4 is a maximum value,

(3]

9 (a) () Provethat cosd= 395-2—4 +tan Asin 4.
cos A

RHS=——-——-C052A +tan Asin A
cos A
2c05° A-1 sinA
= + .
cos A4 cos A
_2cos’ A-1+sin’ 4
cos A
n2cos’A—-l+l—cos’A
cos A
=cos’ A
cos A
=008 4

=LHS

sin A

VICTORIA SCHOOL IS/S4PRUYAMA2
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Solve, for 0°< A<360° cosA—tan Asin 4=~I,

cosA—-tanAsin A =~1
Cos24 _
cosA

" 2cos’ A~1==cosA

2cos’ A +cos d~1=0, .\ o
(cosAH)(ZcosA-'l)-*-.('): w7

cos A =~1 or- - cosA=%-
A=180° T a0

Ta T A%60°,360°-60°
gt ‘3'7-‘—'6,(.)°.30°°

%5 7

TN

..

vk w0l warl e d

5]

(b) Given cosd n—% and 6 isin'the Lhir&"qui'd;'ant. Without using a calculator, find the

value of wsz. . .. 3]
c030=—-5- o 180°< 8 <270°

6 4 T g
2c0s? ——]==u L 90° < —<135°

zZ2 & ) 2

Since

90°<2<l35°, cosgé-f—q-
2 210
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10 (a) Solve the equation log, -;-' =log, x—log, (9x —2). (31

log, ;~ = log, x~log, (9x~2)

log, (9x —2) =log, x ~log, -;—
.l..o.g.z..(_g.:.t-:-z)- = ]ogz (x.;..l—)
log, 4 2

CACS N

log, (9x—2) =2log, 2x
log, (9x~2) =log, (2x)

5 9x =2 = 4x?

4x' =9x+2 =0
(4x=1)(x-2)=0
dx~1=0 or x=2=0

1
(R w2
X 2 or x

(b) QGiven that log, (x+3)~(log, »)(log,2)=2, express y in terms of x. 13)

log, (x +3)=(log, y)(log,2) =2 log, (x+3)~(log, y)(log,2) =2

1 log, 2
lo +3)-log, yX =2 | x+3)-1 —_=2
s;(x )-log, y a3 0g, (x+3)—log, yx o, @

log, (x+3)—-|—9-851—)-’-=2

log, (x+3)-‘38;-'z=2

3log, (x+3)—log, y=6 log, (x+3)-1log, fy =2

’ -
log, (x+3) —log, y =6 - (x+3 -
(x+3) I
log, =6 (x+3)
=2
(x+3!’ . 9)’
=2 g
y ) (X+3) ___4)
64y =(x+3) y
3
(x+3) y,.(_’.‘.ia..
y= 6 64
VICTORIA SCHOOL 15/SAPRYAM2
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10 (c) (i) Differentiate Incosx. L m
-sin x
cosx
=—tanx

d
—Incosx =
dx

(i) State the principal value 9{ tan

Principal value of tan™ 1 =-§- .

Y
A \
1
1
]
!
!
'
I
-1
'
. 1
] ¢ !
—| 3 3 2 X
0 r A S
6 4. | 6

The diagram shows part of the graph y =tan.x, The shaded region is bounded by the

curve, the x ayis, lines x=% and y=l.'

(iii) Using ypur results from (i) dhd (ii), or otherwise, find the area of the shaded
region, : e

(4]

' Arcu=rlanxdx+'-5-’-£1-,-1 ,
£ 6 4

£ Iro
——[lncosx]%+—l—2-

¥ A L
=—[lncos-—-lncos-—- +—_
4 6 12

| B o L

==ln—=+Ip—+-—
;) n

2 125
! =llnz+2—’£
2 2 12

=2.04 units? (3sf)

’
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A L-shaped structure, OPQ, can be rotated about O, OP and PQ measures S m and | m
respectively. OP makes an acute angle, 8, with the ground.,Given that L m is the shortest
distance from Q to the wall,
(f) showthat L=5cos&@~sin, 2]
PY .
58 =~—
o S
PY =5co0s8

s;no=£l’i

PX =sin@

LL=PY-PX
=5cos0~-sind

(1) express L in the form Rcos(@+a), where R>0 and 0° < <90°, [4)

L =5cos8@-siné

= Reos(9+a)

= Rcosfcosa ~RsinOsina

Recosa =35 ([) Rsing =1 ...(2)

(1) +(2):  Ricos’ a+R'sin’a =5 +I*

R=26
=5.10 (3s6)
Q_)_ Rsina _1|
()" Reosa 5
——
|
=13 o
a n 5

=11.31° (2dp)

. L=510cos(0+11.3°)  (3sf, Idp)
VICTORIA SCHOOL 1SISAPRUAM2
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18
"= 11 (i) statc the minimum valuc of L and ﬁnd' the corresponding value of 8,

_ Minimum £=0, when cos{+11.31°) =0
§+11.31°=90°
6=178.7° (1dp)

(iv) find the vathe of & when L =3,

3=26cos(6+1131°) - .. .
3
2

8+1131°) =
COS( +11.31 ) 736'
af 3 .
= =53,96°
x=eos [75'2'] s ;

8 +11.31°=53.96°
6 =42.7° (1dp)

(v) oxplain why the maximum valué of L is g;iol R,

If L=R then 8 <0° Since 0°56<90f, Somaximum L2 R
[ Since 8 20° maximum L occurs when 6'=0° maximum L=5, ]

. -
Tt

weud

(3}

(2]

1

End of Paper .
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